AM 0219: Nonlinear Dynamical Systems
Differentiation of the solution to an initial-value problem with respect to initial time

Exercise 19:  Consider a continuously differentiable vector field f : X xR — X = R"™. Let x(¢, o)
denote the solution at time t of the associated initial-value problem

&(t) = f(x(t),1), x(to) = xo.

Prove: For any fixed 7 such that z(7 + o, ) exists, there exists a neighborhood U of ¢y such that
the map
(to —e,to +¢) = X, s — x(T+s,s),

is differentiable with respect to s, for s € U. Which differential equation is solved by wv(t) :=
Dtoa:(t + 1o, to) ?

Solution A: [Direct approach]

z(t) = z(t,tg) = zo+ ttf(:c(;to),c)dg
= wot [ @) 9ds = Fla(-)t)®)

to

F is differentiable w.r.t. z(-) and tp. Banach’s Fixed-Point Theorem implies

w = Dyx(-,tg) = Dyzx = (Id — Oy (mo)) 18t0F wit0)’
and therefore
w = Oy \F (m,to)w + 8t0F‘(m’t0).
Thus .
wit) = %ef(@ls),q)wls)ds = flz(to), to)
and

v(t) = Dyx(t+to,to) = w(t+to)+ f(z(t+to),t +to)

B /t+t0 8, F(2(e).<) (U(g —to) — f(x(s), g)) de — f(z(to), to) + f(x(t + o), t + to)

to

_ /tt+to O f(2(5),¢) v(s — to) ds — /t+to (Dgf(x(g), <) — O f(2(5), g)) de¢

Fato).to) + Flalt+to)st+ 1)

= /Ot Oz f(2(s +to), s +to) v(s) ds + /Ot Ouf(x(s +1o),s + to) ds

and finally
0(t) = Oxf(x(t+to,to),t+to) - v(t) + Ouf (x(t + to, to), t + to),
v(0) = 0.



Solution B: [Differentiation w.r.t. initial condition]
t

w(t) = wo+ | fla(s),¢)ds.
to

A change of the initial time corresponds to a change of the initial value in direction of the vector
field. That can be seen by inverting the flow direction:

xm>::mw-fﬂamom

hence
w = Dtox('at07x0) - _onx('at())x()) 'f(x()?t())
solves the variational equation
w(t) = Ouf(x(t),t) - w(t), w(to) = —f(zo,to)
As before
U(t) = DtOZL‘(t + 1o, to) = w(t + to) + f(fL‘(t + to), t+ to).
Therefore

b(t - tO) = 8xf(x(t)a t) ' w(t> + 8xf($(t)’t) ’ x(t) + 8tf($(t)vt)
= 8xf(x(t)7t) ’ (’U(t - tO) - f(x(t)vt)> + &J(x(t),t) ' f(:L’(t),t) + 8tf(x(t)7t)

and finally
o(t) = Ouf(x(t+to,to),t+to) v(t) +Ief(2(t + to, to), t + to),
v(0) = 0.

Solution C: [Differentiation w.r.t. parameter]
t
z(t) = xz(t+to,to) = mo+ / f(z(s + to,to),s + to) ds
0

_ m+4%@@g+mmg = F@GE(),to)(®)

F is differentiable w.r.t. Z(-) and to. Banach’s Fixed-Point Theorem implies

-1
Oy, F
(i7t0)> to

v o= Dtox('—i-to,to) = Dtoi — (Id—&g()F

(@,t0)’

and therefore
v = (956( . )F N

'rzto)

v+6t0F‘(jt0).
Thus . .
o(t) = /Oaxf(i(c),<+to)v(c)d<+/0 O f(z(s),s +to) ds

and finally
0(t) = Ouf(x(t+to,to),t+to) v(t) + Ouf(x(t + to,t0),t + to),
v(0) = 0.



Solution D: [Differentiation w.r.t. vector field|
v = Dyz(- +to,to) = Dysa(-,f)g with g = 0if.

Again -
l‘(t) = l‘(t,f) = X+ f(l‘(gatO)ag)dg = F(m()vf)(t)

to

F is differentiable w.r.t. z(-) and f. Banach’s Fixed-Point Theorem implies

v = Dsz(-)g = <Id—8x(.)F (:p,f)) 18fF wn?
and therefore
vo= am(_)F’(m’to)v+8fF (MO)Q.
Thus t+to t+to
o) = [ sl vl ~to)ds + [ glats),)ds
and finally (using g = 0.f)
0(t) = Ouf(x(t+to,to),t+to) v(t)+ Ouf(x(t +to,to),t +to),

v(0) = 0.



