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Exercise 17: Find the general solution to the differential equation

=1 )

by separation of variables. In particular, calculate the solution to the initial-value problem

x(t) = +—+1, z(1) = zo.

Hint: Derive an equation for y(t) := x(t)/t, as an intermediate step.

Exercise 18: Let f : X — X = R"™ be locally Lipschitz continuous and J(xy) =
(t_(zo),t4(zo)) the maximal interval of existence of the solution to the initial-value problem

#(t) = f(z(t),  2(0) = zo.
(i) Prove: the map x +— t,(xo) € (0, 00] is lower semi-continuous.

(ii) Is the above map upper semi-continuous (and thus continuous)?

Remark: A map g is called lower semi-continuous if

Ve>0 30 >0 Vo (| —x0| <d=g(x)—g(xg) >—¢), inthecase g(zg) < oo,
Ve>0 30 >0 Vo (|l —xo] <d=g(x)>1/¢e), in the case g¢(zg) = 0.

It is called upper semi-continuous if —g is lower semi-continuous.

Exercise 19:  Consider a continuously differentiable vector field f: X xR — X = R™
Let x(t,to) denote the solution at time t of the associated initial-value problem

x(t) = f(x(t), 1), z(to) = xo.

Prove: For any fixed 7 such that x(7 + ¢, to) exists, there exists a neighborhood U of ¢, such
that the map
(to —e,to+¢) — X, s (T + 8, 8),

is differentiable with respect to s, for s € U. Which differential equation is solved by v(t) :=
Dtol'(t + t(), to) ?



Exercise 20: The initial-value problem

has a solution for —oo <t < 1 with “blow-up”, lim;_; z(t) = 4o0.

Let (zx)rew be the series of Picard iterates:
$O<t) = 17
¢
rialt) = 1+ [ flao(s)ds.
(i) Prove: z(t) is defined for all k € N and ¢ € R.
(ii) Calculate z1(t), z2(t), x3(t) and z4(t) explicitly.

(iii) Determine all ¢ € R such that xj(t) converges to the solution z(t) of the initial-value
problem, as k — oc.



