Dimension Estimates for Invariant Sets of Dynamical Systems

Volker Reitmann

University of Technology Dresden, Department of Mathematics, Mommsenstr. 13, D-01062 Dresden

Abstract We investigate the relationships between various types of dimension like characteristics (e.g. Hausdorff, box, and Lyapunov dimensions, topological entropy) of dynamical systems and the geometric complexity of invariant and limit sets (e.g. isolated equilibria, global attracting or unstable cycles, products of Cantor-type sets and regular objects). We consider both flows and discrete-time dynamical systems of smoothness C^1 on n-dimensional smooth Riemannian manifolds which possess compact invariant sets. We formulate our results in terms of the singular values of the linearized evolution operator and consider additionally global informations such as the homology group and curvature properties of the manifold, natural Lyapunov functions and Losinskii norms, and the degree of non-injectivity of the generating map.

1 Introduction

The first general result for upper Hausdorff dimension estimates of flow invariant sets in R^n in terms of singular values of the linearization are given in [8]. This approach was extended in [47,31,4,51] to map-invariant sets on Riemannian manifolds and in [32,34] by including Lyapunov functions into the contraction conditions for outer Hausdorff measures. In [10,55] the results by Douady-Oesterlé were extended to estimates for invariant sets of evolution systems in Hilbert spaces. Hausdorff dimension estimates for invariant sets of general flows using the eigenvalues of the symmetric part of the linearization are deduced in [54] for the R^n and in [47,35,37] for manifolds. Douady-Oesterlé-type estimates for piecewise smooth maps on manifolds are given in [51,46] (see also [53]). The hyperbolic or quasi-hyperbolic structure of the invariant set was used in dimension estimates in [12,22,16] where also an entropy term was introduced into the dimension bound. Several dimension upper bounds of invariant sets allow conclusions on the dynamical behaviour of the system. The key step in the papers [54,33,34,47] is to use properties of sets with Hausdorff dimension less than two. One can show ([54,5]) that such a compact invariant set contains no simple closed piecewise smooth invariant curves. On the basis of Hausdorff dimension estimates a generalization of certain global stability results for ODE’s of Hartman- Olech and Borg ([25]), but also of other types of classical results from the Bendixson-Poincaré theory were derived in [34,41,42].

Parallel to Hausdorff dimension estimates a number of upper and lower bounds for the box dimensions of invariant sets were deduced in [4,60,29,2,36,43,55,26]. The box dimension of a set is never smaller than the Hausdorff dimension and gives important informations about the possibility to use embedding strategies. Recently it was shown ([14]) that certain embedding homeomorphisms can be chosen generically with Hölder-Lipschitz continuous inverse which enable conclusions for dimension estimates. Hausdorff and box dimension estimates for flow invariant sets are very effective if appropriate types of local, global and uniform Lyapunov exponents are introduced ([10,31,32,55,60]). On the basis of such Lyapunov exponents various types of Lyapunov dimensions of a dynamical system with respect to an invariant set were defined (Kaplan-Yorke formula [18]) and it was conjectured that in typical cases these dimensions coincide with the Hausdorff dimension of the invariant set.

Parallel to the dimension and stability investigation of invariant sets of discrete-time and continuous-time dynamical systems various types of dimensions of invariant measures have been developed ([31,48,59]). Defining for the invariant ergodic measure of a dynamical system the Lyapunov exponents one can introduce the Lyapunov dimension of this measure which is an upper bound of the Hausdorff dimension of the measure. As in the measure free case various stability and convergence properties of the underlying dynamical system may be derived from the magnitude of the Lyapunov exponents of the measure. It is shown in [9] that if the invariant measure of a flow is ergodic and all Lyapunov exponents of this measure are negative, the support of the measure is a stable equilibrium point. If exactly one exponent of such a measure is zero and the remaining ones are negative, the support of the measure is a stable equilibrium or a stable limit cycle.

An important class of invariant sets of dynamical systems have locally the structure of a product of a smooth (often one-dimensional) submanifold directed “along the attractor” and a set, “transversal” to the attractor. Thus, it is naturally to investigate the dimension of such sets and stability of orbits of such attractors considering surfaces which are transversal to the flow-lines. The use of transversal intersections is well-known in stability investigations of flow lines: contracting or expanding behaviour in sections transversal to the flow line directions is the main reason for the stability or instability of the orbit ([25,34,37]).

The paper is organized as follows. In Section 2 we present a short review on attractors and Lyapunov functions. In Section 3 we introduce singular values of differentials, the covariantly written variational equation and basic facts on Losinskii measures and measure-free Lyapunov exponents. In Section 4 we give the definitions of various types of dimensions and of the topological entropy. A number of upper and lower dimension estimates (especially of Hausdorff dimension) of invariant sets are contained in Section 5. In Section 6 upper Hausdorff dimension bounds for flow-negatively invariant sets are formulated in terms of the eigenvalues of the symmetric part of an associated system in normal variations. In Section 7 we give upper Hausdorff dimension estimates for systems with an equivariant tangential bundle splitting. As a special case flows on manifolds with negative curvature are considered. In the last Section 8 the cardinality of pre-image sets is used to get dimension estimates for non-injective maps.

2 Attractors, Dissipativity and Lyapunov Functions

Suppose M is an n-dimensional C^k-manifold with Riemannian metric g. Let on M be defined a dynamical system {φ^t}_{t∈Γ} with Γ ∈ {Z_+, Z, R, R_+ }. In the discrete-time case (Γ ∈ {Z_+, Z}) we assume that the dynamical system {φ^t}_{t∈Γ} is generated by a sufficiently smooth map φ ≡ φ^1 : M → M. In the continuous-time case (Γ ∈ {R_+ , R}) we assume a smooth vector field f : M → T M as generator of {φ^t}_{t∈Γ} . If Γ = R we speak also about a flow. If Γ ∈ {R, Z} we call the system invertible. Further we use the notion Γ_+ := Γ ∩ R_+ .

A subset A ⊂ M is called invariant with respect to {φ^t}_{t∈Γ} if φ^t(A) = A for all t ∈ Γ and positively invariant if φ^t(A) ⊂ A for all t ∈ Γ_+. A compact set B_0 ⊂ M is absorbing for {φ^t}_{t∈Γ} if the following properties hold:

1) φ^t(B_0) ⊂ B_0 for all t ∈ Γ_+.

2) For every bounded set B ⊂ M there exists t_B ∈ Γ_+ such that φ^t(B) ⊂ B_0 for all t ∈ Γ_+ with t ≥ t_B .

A system with a compact absorbing set is also called dissipative. A set E ⊂ M is called minimal for {φ^t}_{t∈Γ} if E is non-empty, closed, and invariant, and has no proper subsets with the same property.

Suppose {φ^t}_{t≥0} is dissipative with respect to the bounded set B_0. Then B_0 contains a minimal set. To see this, note that since B_0 is bounded, the nonwandering set Ω(φ) of φ = {φ^t}_{t≥0} is non-empty, closed, φ^t-invariant, and Ω(φ) ⊂ B_0. Moreover, Ω(φ) is bounded. But any bounded, closed invariant set contains a minimal set.

A set A ⊂ M is called attractor for {φ^t}_{t∈Γ} if A is compact, invariant and if there exists an open set U ⊃ A such that for any ε > 0 there is a time t_ε ∈ Γ_+ with φ^t(U) ⊂ N_ε(A) for all t ∈ Γ_+ with t ≥ t_ε. The set W^s(A) = {p ∈ M : φ^t(p) → A for t → ∞} is called domain of attraction. A set A is a global attractor for {φ^t}_{t∈Γ} if it is an attractor and for any bounded set B ⊂ M holds dist (φ^t(B), A) → 0 for t → ∞. If {φ^t}_{t∈Γ} has a compact absorbing set B_0 then A = ⋂ t∈Γ_+ φ^t(B_0) is the global attractor for {φ^t}_{t∈Γ} .

An effective tool for the characterization of attractors or dissipativity regions are Lyapunov functions. For a given dynamical system φ = {φ^t}_{t∈Γ} on M a smooth function v : U ⊂ M → R is called Lyapunov function in U_1 ⊂ U if L_φv(p) ≤ 0 for all p ∈ U_1. Here L_φv denotes the Lie operator of v with respect to {φ^t}_{t∈Γ} , defined as

L_φv(p) = v(φ(p)) − v(p) if p, φ(p) ∈ U_1 (discrete-time case),

v̇(p) = d dt v(φ^tp)|_{t=0} if φ^tp ∈ U_1, |t| < ε (continuous-time case).

Lyapunov functions are important in the description of attractors and absorbing domains. It is well-known ([3]), that if A is an attractor for the flow {φ^t}_{t∈Γ} on M, then there exists a C^k -Lyapunov function v : W^s(A) → R_+ such that v(p) = 0 on A, v(p) > 0 and v̇(p) < 0 on W^s(A)\A and v(p) → +∞ for p → ∂W^s(A). Hence, any attractor of a given flow may be described by means of a Lyapunov function v as {p ∈ M : v(p) = 0}, which shows ([3,21])that any attractor has the shape of a polyhedron.

We now describe a useful method for verifying the existence of Lyapunov functions for a dynamical system {φ^t}_{t∈Γ} which shall be used in the following. In the continuous-time case we assume for this that the flow is given by a vector field in feedback-control form ẋ = Ax + bu, u = ϕ(c^∗x) , (1) where A : E_n → E_n, b : E_m → E_n, and c : E_l → E_n are linear operators, ϕ : U ⊂ E_l → E_m is a C^1-function (E_k denotes an Euclidean space of dimension k).

In the discrete-time case we consider the system x → Ax + bu, u = ϕ(c^∗x) , (2) where A, b, c, and ϕ are as above. We say that the pair (A, b) of (1), respectively (2), is stabilizable if there exists an operator h such that the spectrum of A + b h^∗ is in the continuous-time case contained in {z ∈ C : Re z < 0} and in the discrete-time case contained inside the complex unit circle. The following theorem is proved by V.A.Yakubovich ([58]) and is called frequency-domain lemma.

Theorem 1. Consider a dynamical system {φ^t}_{t∈Γ} of (1) or (2) and assume that (A, b) is stabilizable. Let F : E_n × E_m → R be a quadratic form. Then there exists a Lyapunov function v(x) = ⟨x, Hx⟩ generated by an operator H = H^∗ : E_n → E_n and satisfying L_φv(x, u) < 0 for x ∈ E_n, u ∈ E_m with F (x, u) ≥ 0 and ‖x‖ + ‖u‖ > 0, if and only if there exists a δ > 0 such that F^c(x, u) ≤ −δ(‖x‖^2+‖u‖^2) for all x ∈ E^c_u, u ∈ E^c_m such that λx = Ax+bu for all λ ∈ S, where S = {iω : ω ∈ R} in the continuous-time case and S = {λ ∈ C : |λ| = 1} in the discrete-time case. (Here is L_φv(x, u) = 2x^∗H(Ax + bu) in the continuous-time case and L_φv(x, u) = (Ax + bu)^∗H(Ax + bu) − x^∗Hx in the discrete-time case. F^c denotes the Hermitean extension.)

Remark 2. Using the frequency-domain lemma and a procedure which is called averaging over the group we can construct Lyapunov function for factor manifolds. Consider a dynamical system {φ^t}_{t∈Γ} on M which is equivariant with respect to a finite group G of homeomorphisms of M, i.e. for any t ∈ Γ and g ∈ G we have φ^t ∘ g = g ∘ φ^t. Suppose also that v : M → R is a Lyapunov function for φ on M, i.e. L_φv(p) ≤ 0 on M. We want to consider the dynamical system on the factor-set M/G, which is assumed to have the structure of a factor manifold. We define a new scalar-valued function on M by w(p) := 1 |G| ∑ g∈G v(gp). It is easy to see that

w(gp) = 1 |G| ∑ g^′ ∈G v(g^′gp) = w(p) for any g ∈ G and

w(φ^tp) − w(p) = 1 |G| ∑ g∈G v(gφ^tp) − v(gp) = 1 |G| ∑ g∈G v (φ^t(gp)) − v(g(p)) ≤ 0 for p ∈ M and t ∈ Γ . Thus w has all properties of a Lyapunov function on M/G. 3 Multilinear Operators Acting on Bundles

3.1 Singular Values of Operators Acting Between Different Spaces

Let E and E^′ be two n-dimensional Euclidean spaces with the scalar products ⟨·, ·⟩_E and ⟨·, ·⟩_E′ , respectively. If L : E → E^′ is a linear map, we denote by L^{[∗]} : E^′ → E the unique linear operator satisfying ⟨L^{[∗]}u, v⟩_E = ⟨u, Lv⟩_E′ , for all u ∈ E^′ and v ∈ E. L^{[∗]} is called ⟨·, ·⟩_E, ⟨·, ·⟩_E′ -adjoint, or shortly adjoint ([20]). If L = L^{[∗]} the operator is called self-adjoint. Using the definition it is easy to see that L^{[∗]}L is self-adjoint.

Example 3. Consider the special case L : (R^n , ⟨·, ·⟩_{G1} ) → (R^n , ⟨·, ·⟩_{G2} ). We identify L with its matrix in the canonical basis and assume scalar products given by positive-definite matrices G_1 and G_2. Then L^{[∗]} = G^{−1}_1 L^∗G_2, where L^∗ denotes the usual transpose of the matrix L. It follows that L^{[∗]}L = G^{−1}_1 L^∗G_2L and (L^{[∗]}L)^{[∗]} = L^{[∗]}L. The matrix L^{[∗]}L is non-negative, by which we understand that all eigenvalues of the generalized eigenvalue problem L^∗G_2L = λG_1 are non-negative.

The singular values of a linear operator L : E → E^′, denoted by σ_1(L) ≥ . . . ≥ σ_n(L) are defined to be the eigenvalues of the positive part of L, i.e. of the positive semi-definite operator (L^{[∗]}L)^{12} : E → E. (They are ordered with respect to their size and algebraic multiplicity). The definition of the numbers σ_i(L) agrees with the min-max characterization (Courant-Hilbert theorem) of the eigenvalues of the operator (L^{[∗]}L)^{12} : For every integer m ∈ {1, . . . , n} we have

σ_m(L) = sup_{F ⊂E}

dim F =m inf_{v∈F} ‖v‖_E =1 ‖Lv‖_E′ . (3)

Using the singular values of L : E → E^′ we can define the absolute value of the determinant by | det L| = [det L^{[∗]}L]^{12} . The geometric meaning of the singular values is the following (see [55]). If L : E → E^′ has the singular values σ_1(L) ≥ . . . ≥ σ_n(L) > 0 and B is a ball in E of radius r then LB is an ellipsoid in E^′ with the length of semi-axes σ_ir, i = 1, . . . , n. With E^{∧k} or ⋀_k E we denote the k-th exterior power of the n-dimensional Euclidean space E and we define the k-th exterior power of L by L^{∧k} : E^{∧k} → E^{′ ∧k} and the k-th additive compound operator by L_k :=^d_{ds} (id + sL)^{∧k}|_{s=0}. It is easy to see that (L^{∧k})^{[∗]} = (L^{[∗]})^{∧k} for k = 1, . . . , n. If L is unitary, i.e. L is bijective and L^{−1} = L^{[∗]}, then L^{∧k} is also unitary.

By means of the singular values σ_1(L) ≥ . . . ≥ σ_n(L) for an arbitrary integer k ∈ {0, 1, . . . , n} we define ω_k(L) := { σ_1(L) · . . . · σ_k(L) = ‖L^{∧k}‖_{op} for k > 0 , 1 for k = 0 .

Further, for a number d ∈ (0, n] written as d = d_0 + s (d_0 ∈ {0, 1, . . . , n − 1}, s ∈ (0, 1]) we put

ω_d(L) := ω^{1−s}_{d0} (L) · ω^s_{d0+1} (L) = ‖L^{∧d0} ‖^{1−s}_{op} ‖L^{∧(d0+1)}‖^s_{op} .

We indicate that the generalized Horn’s inequality holds ([46,47]): Suppose that E, E^′ and E^{′′} are n-dimensional Euclidean spaces, L : E → E^′ and L^′ : E^′ → E^{′′} are linear operators, and d ∈ [0, n] is an arbitrary number. Then ω_d(L^′L) ≤ ω_d(L^′) · ω_d(L).

3.2 The Vertical Part of the Variational Equation and Liouville-Inequalities

For a given smooth dynamical system {φ^t}_{t∈Γ} on the smooth n-dimensional Riemannian manifold (M, g) let us consider the linearization, i.e. the first order Taylor expansion

φ^t(exp_p v) = exp_φt_p((d_pφ^t)v + o(v)) (4)

with p ∈ M, v ∈ T_pM, t ∈ Γ, |t| ≤ c. (exp_p denotes the exponential map around p.) If the system is time-continuous the differential of the time t-map is described by the covariantly written variational equation with respect to the infinitesimal generator f of {φ^t}_{t∈R},

f(x) := d dt φ^t(x)|_{t=0} ∈ T_xM .

The variational equation with respect to the motion t → φ^tp is given by Dy dt = ∇f(φ^tp)y , (5) where the linear operator ∇f(p) : T_pM → T_pM is the covariant derivative of f in p, defined in local coordinates with the help of the Christoffel symbols Γ^k_{ij} by v = v^i∂_i(p) ∈ T_pM → ∇_if^kv^i∂_k(p) with

∇_if^k = ∂f^k ∂x^i + Γ^k_{ij} f^j . (6) Dy dt denotes the absolute derivative along the integral curve t → φ^t(p) and is in local coordinates of a chart x given by^{Dyi}_{dt} = ∇_lf^iy^l. In order to investigate the stability of orbits and the deformation of k-forms in the tangent space we consider the operator S∇f(p) :=^1_2 [∇f(p) + ∇f(p)^{[∗]}] : T_pM → T_pM, which in a chart x is given by the matrix S^i_m =^1_2 [g^{ij} ∇_j f^kg_{km} + ∇_mf^i]. The eigenvalues of the operator S∇f(p) are defined as the eigenvalues of the symmetric quadratic form (deformation tensor)

e_{si} =^1_2 [f_{s,i} + f_{i,s}] with f_{s,i} = g_{st}∇_if^t , (7)

i.e. λ is a zero of the equation det[e_{si} − λg_{si}] = 0. In general, for an arbitrary number k ∈ {1, . . . , n}, we consider the k-th compound variational equation Dw dt = [∇f(φ^tp)]_kw , (8)

where [∇f(u)]_k : ⋀_k T_uM → ⋀_k T_uM is the k-th additive compound of ∇f(u). If y_1(·), . . . , y_k(·) are solutions of the variational equation (5) with respect to φ^t(p) then y_1(·) ∧ . . . ∧ y_k(·) is a solution of the k-th compound variational equation (8) since D dt [y_1(t) ∧ . . . ∧ y_k(t)] =

Dy_1(t) dt ∧ . . . ∧ y_k(t) + . . . + y_1(t) ∧ . . . ∧ Dy_k(t) dt .

Suppose that in the time-continuous case σ_i(d_uφ^t), i = 1, 2, . . . , n, are the singular values of d_uφ^t for u ∈ M and t ∈ R_+ . Assume further that α_1(u) ≥ . . . ≥ α_n(u) are the eigenvalues of the operator S∇f(u). Then for any t ≥ 0 the generalized Liouville inequalities have the form ([47])

σ_1(d_uφ^t) · . . . · σ_k (d_uφ^t)

ω_k(d_uφ^t)

≤ exp ∫_t 0 [α_1(φ^τ u) + . . . + α_k(φ^τ u)]dτ (9) and σ_n(d_uφ^t) · . . . · σ_{n−k+1}(d_uφ^t) ≥ exp ∫_t 0 [α_n(φ^τ u) + . . . + α_{n−k+1}(φ^τ u)]dτ . (10)

As a special case we get the equality | det(d_uφ^t)| = exp ∫_t 0 divf(φ^τ u)dτ. 3.3 Losinskii Measures on Bundles

In order to improve the contraction properties of the singular value function with respect to a given metric we also consider on M, parallel to the Riemannian structure, a Banach space structure in the tangent spaces T_uM, given by a family {‖ · ‖_u} of norms on T M.

Let us consider at first the general situation T : E → E, where T is a linear operator on the n-dimensional space E with norm ‖ · ‖_E. The functional m : L(E, E) → R defined by

m(T ) := lim_{s→0+0}

‖id_E + sT ‖_{op} − 1 s is called ([6]) Losinskii measure (Losinskii norm or logarithmic norm). The Losinskii measure has several basic properties which follow directly from its definition: (1) m (S + T ) ≤ m(S) + m(T ) for S, T ∈ L(E, E) . (2) m (αT ) = αm(T ) for α ≥ 0 . (3) m (T ) ≤ ‖T ‖_{op} .

Instead of the generalized Liouville inequalities, using the supplementary Finsler structure on the Riemannian manifold (i.e. the family of norms {‖·‖_u} on the tangent bundle T M), we get the following inequalities: Suppose that m(·) is a Losinskii measure on the tangent bundle. Then there exists (see [5]) a continuous function ρ : M → R^+ such that for any k ∈ {1, . . . , n}, t ≥ 0, and u ∈ M the inequalities

σ_1(d_uφ^t) · . . . · σ_k(d_uφ^t) ρ(φ^tu) ρ(u) ≤ exp ∫_t 0 m[∇f(φ^τ u)]_kdτ (11) and ρ(φ^tu) ρ(u) σ_n(d_uφ^t) · . . . · σ_{n−k+1}(d_uφ^t) ≥ exp ∫_t 0 −m[−∇f(φ^τ u)]_kdτ (12) are satisfied.

Note that in the special case, where the norms are generated by the Riemannian structure, it holds m([∇f(φ^tu)]_k) = α_1(d_uφ^t) + . . . + α_k(d_uφ^t), and choosing ρ(u) ≡ 1, we get the inequalities (9) resp. (10).

3.4 Lyapunov Exponents

Suppose that {φ^t}_{t∈Γ} is a smooth injective dynamical system on the Riemannian manifold M. Let σ_1(d_uφ^t) ≥ . . . ≥ σ_n(d_uφ^t) > 0 denote the singular values of d_uφ^t : T_uM → T_φt_uM, i.e. the eigenvalues of the positive definite operator ([d_uφ^t]^{[∗]}[d_uφ^t])^{12} : T_uM → T_uM. Let K ⊂ M be a compact invariant set of {φ^t}_{t∈Γ} . Define for any j ∈ {1, . . . , n} and t ∈ Γ_+

ω_{j,K} (φ^t) = sup_{u∈K} ω_j (d_uφ^t) and ω_{0,K} (φ^t) = 1 . (13)

For any j ∈ {1, . . . , n} and u ∈ M the local Lyapunov exponents ν_j (u) of {φ^t}_{t∈Γ} are defined iteratively by [10,55,56]

ν_1(u) + . . . + ν_j (u) = lim sup_{t→∞} 1 t ln ω_j (d_uφ^t) . (14)

The global Lyapunov exponents ν_1, . . . , ν_n are defined by

ν_1 = lim_{t→∞} 1 t ln ω_{1,K} (φ^t) and ν_j = lim_{t→∞} 1 t ln ω_{j,K} (φ^t) ω_{j−1,K} (φ^t) (15)

for j = 2, 3, . . . , n. Note that these limits exist because of the subexponential property ([55]) of the singular value function. The upper Lyapunov exponents are given by

ν_k = lim sup t→∞ 1 t ln sup_{u∈K} ln σ_k (d_uφ^t) (k = 1, 2, . . . , n) .

4 Basic Definitions from Dimension Theory

4.1 Topological, Hausdorff- and Box Dimensions

Let X be a topological space. We say that X is finite dimensional if there exists an integer n ≥ −1 such that, for every open covering α of X, there exists another open covering β refining α such that every point of X belongs to at most n + 1 sets of β. (Recall that a covering α = {A} of X is open if all sets A of α are open. A covering β of X refines another covering α of X if for any B ∈ β there exists an A ∈ α such that B ⊂ A.) In this case the topological dimension of X, dim_T X, is defined as the minimal number n satisfying this property (see [30]). Then dim_T ∅ = −1, dim_T R^n = n, and if K is a compact finite dimensional space, it is homomorphic to a subset of R^n with n = 2 dim_T K + 1.

Suppose that (X, ϱ) is a metric space, E is an arbitrary subset of X, d ≥ 0 and ε > 0 are real numbers. Let us cover E by at most countable many balls of radii r_j < ε and define

μ_H(E, d, ε) = inf ∑ j r^d_j , where the infimum is taken over all such countable ε-covers of E under the convention that inf ∅ = +∞. It is obvious that μ_H(E, d, ε) increases with decreasing ε. Thus, there exists the limit (which may be infinite)

μ_H(E, d) = lim_{ε→0+0} μ_H(E, d, ε) ,

which is called the outer Hausdorff-d-measure of E. For any fixed E ⊂ X there exists a critical value d_{cr} ∈ [0, +∞] such that

μ_H(E, d) = { +∞ for all 0 ≤ d < d_{cr}, 0 for all d > d_{cr} .

This critical value is defined as the Hausdorff dimension dim_H E of E. Let (X, ϱ) be a metric space, K ⊂ X a compact subset. For any ε > 0 denote by N_ε(K) the minimal number of balls of radius ε which are necessary to cover K. Define the box dimension (or upper box, fractal, entropic dimension) of K, and the lower box dimension of K by

dim_BK = lim sup ε→0+0 ln N_ε(K) − ln ε and dim_BK = lim inf_{ε→0+0} ln N_ε(K) − ln ε , respectively.

It is well-known ([48]) that for any compact set K it holds

dim_T K ≤ dim_H K ≤ dim_BK ≤ dim_BK .

4.2 Topological Pressure and Topological Entropy

Suppose that M is an n-dimensional Riemannian manifold and {φ^t}_{t∈Γ} is a dynamical system on M. For g ∈ C(M), p ∈ M and t ≥ 1 define S_tg(p) = ∑_{t−1} i=0 g(φ^ip) in the discrete-time case, and S_tg(p) = ∫_t 0 g(φ^sp)ds in the continuous-time case.

In the discrete-time case a set E ⊂ M is (ε, T )-separated with respect to {φ^k}_{k∈Γ} if p, q ∈ E, p ≠ q, imply that ϱ(φ^kp, φ^kq) > ε for some integer k ∈ {0, . . . , T − 1}. In the continuous-time case a set E ⊂ M is (ε, T )- separated with respect to {φ^t}_{t∈Γ} if p, q ∈ E, p ≠ q, imply ϱ(φ^tp, φ^tq) > ε for some t ∈ [0, T ]. For a dynamical system φ = {φ^t}_{t∈Γ} on M, g ∈ C(M), ε > 0 and T ∈ Γ, T > 0, define

Z_T(φ, g, ε) = sup

E:(ε,T )−separated ∑ p∈E exp S_T g(p)

and P (φ, g, ε) = lim sup_{T →∞} 1 T ln Z_T(φ, g, ε) . Then there exists the limit P (φ, g) = lim_{ε→0} P (φ, g, ε) which is called ([48,57]) topological pressure of g.

In particular, taking g ≡ 0, we get the topological entropy h_{top}(φ) = P (φ, 0). For expanding and hyperbolic systems which are both expansive ([52,57]) we have the following property. There is some ε_0 > 0 such that for any ε < ε_0 and any continuous function g

P (φ, g) = lim sup_{T →∞} 1 T ln Z_T(φ, g, ε) . 5 Dimension Estimates of Invariant Sets

5.1 Upper Hausdorff and Box Dimension Estimates

Suppose there is given a C^1-map φ : U ⊂ M → M on an open set U of an n-dimensional Riemannian C^k-manifold. Further we assume that K ⊂ U is a φ-invariant compact set. In order to estimate various types of dimension of this set we consider the singular values σ_1(d_uφ) ≥ . . . ≥ σ_n(d_uφ) ≥ 0 of the differential d_uφ : T_uM → T_{φ(u)}M in any point u ∈ U and for a fixed d = d_0 + s (d_0 ≥ 0 integer, s ∈ (0, 1]) the singular-value function

ω_{d,K} (φ) = sup_{u∈K} ω_d(d_uφ), where ω_d(d_uφ) = ω^{1−s}_{d0} (d_uφ)ω^s_{d0 +1}(d_uφ) .

For p ∈ U the local Lyapunov dimension of φ at p denoted by dim_L(φ, p) is defined to be the largest number d ∈ [0, n] such that ω_d(d_pφ) ≥ 1. If σ_1(d_pφ) < 1 let dim_L(φ, p) = 0. For a compact set K ⊂ U let dim_L(φ, K) = max dim_L(φ, p) be the Lyapunov dimension of φ on K ([18,29]). A basic result for various upper dimension bounds is the following theorem ([47,46,31,4,51]). Note that the introduction of a Lyapunov function in the dimension estimate for the phase space M = R^n was first done in [33].

Theorem 4. Suppose that φ : U ⊂ M → M is as above, K ⊂ U is a φ-in-variant compact set, d ∈ (0, n] is a fixed number and ρ : U → R_+ is a continuous function such that sup_{u∈K} ρ(φ(u)) ρ(u) ω_d(d_uφ) < 1 . (16)

Then dim_H K ≤ d.

Remark 5. The basic constructions of the proof of Theorem 4 are the following. There exists an ε > 0 such that the exponential map exp_p is an embedding of the closed ε-ball B_ε(0_p) = {v ∈ T_pM : ‖v‖ ≤ ε} into M for every point p ∈ K. This gives closed neighbourhoods V_p = B_ε(p) of p ∈ K. The local coordinates describing V_p depend continuously on p. If ϱ(p, q) < δ we can use the radial isometry of exp_p, i.e. we can pass to coordinates on V_p in which q ∈ V_p ⊂ M corresponds to a point z ∈ T_pM with ‖z‖_{TpM} = ϱ(p, q).

Using these properties of the exponential map we can fix a D ∈ [0, n] and show that for any b_0 > 2 √ n and C_0 > 2^Dn^{D/2} there is an ε_0 > 0 such that for all u ∈ K and all A ⊂ B_{ε0} (u) μ_H(A, D, bε) ≤ Cμ_H(φ(A), D, ε) for all ε < ε_0, where C = C(C_0, n, D) and b = b(C_0, n, D).

Remark 6. It is useful to compare condition (16) with the following situation. If φ : M → M is a diffeomorphism on the manifold M and ρ : M → R_+ is the density of a φ-invariant measure with respect to the canonical volume form then ρ(φ(u)) ρ(u) ω_n(d_uφ) ≡ 1 . To illustrate how the frequency-domain lemma (Theorem 1) can facilitate the application of Theorem 4 we consider the special case of a map in the feedback-control form (2). The following result was shown by A. Noack in [45].

Corollary 7. Consider the map (2) and assume that K ⊂ D ⊂ E_n (D open) is a compact invariant set for (2). Assume further that the pairs (A, b) and (A^∗, c) from (2) are stabilizable and that for certain real numbers d ∈ (0, n], κ > 0 and λ > 0 the following conditions hold:

(1) All eigenvalues of^1_κ A lie outside the complex unit circle.

(2)^1_2 η^∗([ϕ^′(c^∗x)]^∗ + ϕ^′(c^∗x))η ≤ λ‖η‖^2 for all η ∈ E_m and x ∈ D.

(3) Re χ(κz) + λχ^∗(κz)χ(κz) ≤ 0 for all z ∈ C with |z| = 1.

(4)^1_{κn−d} det[A + bϕ^′(c^∗x)c^∗] < 1 for all x ∈ D .

Then dim_H K < d.

We now formulate a direct consequence of Theorem 4 for the Hausdorff dimension estimation of flow-invariant sets (see [47,5]). Note that using the results of [19] the following bound is also true for the box dimension.

Corollary 8. Suppose that the flow {φ^t}_{t∈R} on the n-dimensional manifold M is generated by the C^1-vector field f and α_1(u) ≥ . . . ≥ α_n(u) are the eigenvalues of the symmetrized covariant operator S∇f(u) : T_uM → T_uM. Suppose that there is an integer d_0 ∈ (0, n − 1] and a real number s ∈ (0, 1] such that for a t > 0 sup_{u∈K} ∫_t 0 [α_1(d_uφ^τ ) + . . . + α_{d0} (d_uφ^τ ) + s α_{d0+1}(d_uφ^τ )]dτ < 0 . (17)

If K is a compact set and φ^t(K) ⊃ K, then dim_H K ≤ d_0 + s.

Proof. For small t the singular values of the operator d_uφ^t : T_uM → T_φt_uM are the eigenvalues of the matrix √ [id_{Tu M} + tB(x^k ) + o (t, x^k )]^{[∗]} [id_{Tu M} + tB (x^k) + o (t, x^k )],

where B(x^k ) = ∇_if^i(x^k ) is the representation of the covariant derivative in a chart x. Since [ id_{TuM} + tB(x^k ) + o (t, x^k)

]_{[∗]} [ id_{Tu M} + tB(x^k ) + o (t, x^k) ] = = (id_{Tu M} +^1_2 t [B^{[∗]}(x^k) + B(x^k )])^2 + o (t, x^k )

we get for i = 1, 2, . . . , n

σ_i(d_uφ^t) = √ (1 + tα_i(u))^2 + o (t, u) = 1 + tα_i(u) + o (t, u)

and, consequently,

ω_d(d_uφ^t) = (1 + tα_1(u)) · . . . · (1 + tα_{d0} (u))(1 + tα_{d0+1}(u))^s + o (t, u) =

1 + t[α_1(u) + . . . + α_{d0} (u) + s α_{d0+1}(u)] + o (t, u) . ⊓⊔ Remark 9. Let us consider the special case of a smooth vector field f on the manifold M = R^n with the metric (g_{ij} (x)) = ρ^2(x)I, where ρ : R^n → R_+ is a C^1-function. To verify condition (17) we have to compute the eigenvalues of the deformation tensor e_{ij} , defined in (7), which is in this case^1_2 [J +J^∗]+^{ρ′}_ρ I, where^1_2 [J + J^∗] is the symmetrized Jacobi matrix. If we take ρ(x) = e^{v(x)d0+s} , where v is a C^1-function, we have^{ρ′}_ρ =^{v̇}_{d0+s} . It follows that if α_i(x) are the eigenvalues of^1_2 [J(x) + J(x)^∗] +^{v̇(x)}_{d0+s} and ~α_i(x) are the eigenvalues of 1 2 [J(x) + J(x)^∗], then α_i(x) = ~α_i(x) +^{v̇(x)}_{d0+s} for i = 1, 2, . . . , n.

For embedding techniques it is very important to have not only upper bounds for the Hausdorff dimension but also for the box dimension. The next theorem gives such an upper bound ([4]) under the additional condition (1), which, as was shown later in [29,2,19], is not necessary .

Theorem 10. Suppose that φ : U ⊂ M → M is defined as in Theorem 4, K ⊂ U is a compact φ-invariant set, and ρ : U → R_+ is a continuous function. Suppose further that the following conditions are satisfied:

(1) ω_n(d_uφ) = const ≠ 0 for all u ∈ K.

(2) There exists a number s ∈ (0, 1] such that sup_{u∈K}^{ρ(φ(u))}_{ρ(u)} ω_{n−1+s}(d_uφ) < 1.

Then dim_BK ≤ n − 1 + s. Further if ρ(u) ≡ 1 then dim_BK ≤ dim_L(φ, K).

The full proof of Theorem 10 is given in [4]. Let us only note here that for the proof of the theorem the new metric ~g_{ij} (x) = ρ^2(x)g_{ij} (x) on M is considered. Note that the transition to an equivalent metric in M does not alter the box dimension. Thus, the singular-value function which is taken with respect to a fixed Riemannian metric, can be replaced by the singular-value function with respect to an adapted metric ~g.

Example 11. Consider a mapping which describes a model for repeated impacts of a bouncing ball on a sinusoidally vibrating table and which is given by the map φ_{α,γ} : R^2 → R^2 through ( x y ) → ( x + y αy − γ cos(y + x) ) . (18)

(See also [7].) Here γ plays the role of force amplitude for the table motion and 0 < α ≤ 1 is the dissipation. An approach of the dynamics can be found in [23].

For any pair of parameters (α, γ) the map φ_{α,γ} is a diffeomorphism. The determinant of its Jacobian matrix is equal to α, which means that φ_{α,γ} generates a dissipative dynamical system for α < 1. For that case all orbits enter and remain within the strip bounded by y = ±γ/(1 − α). Since (18) is invariant under coordinate change x → x + 2πn for n = ±1, ±2, . . . the phase space can be interpret to be the cylinder S^1 × R. Furthermore, there is an compact attracting set K within the absorbing set (ε > 0 small) D ⊂ {(x, y) : |y| ≤ ε + γ/(1 − α)} ⊂ S^1 × R. With the standard metric for factor manifolds given by (g_{ij} (x)) = I in any chart, S^1 × R is a 2-dimensional smooth Riemannian manifold, the flat cylinder. The largest singular value of d_pφ_{α,γ} for p = (x, y) ∈ S^1 × R with respect to this metric is given by

σ_1(d_pφ_{α,γ} ) = 1 2 (√ (α + 1)^2 + r(x, y) + √ (α − 1)^2 + r(x, y) ) , where r(x, y) = 2γ^2 sin^2(x + y) + 2γ sin(x + y)α + 1, and σ_1(d_pφ_{α,γ} ) > 1 for all p ∈ S^1 × R and all α ∈ (0, 1). Estimating the box dimension Theorem 10 yields

dim_BK ≤ 1 + 1 − ln α ln (√ (1 + α)^2 + b + √ (1 − α)^2 + b ) − ln 2 −1 ,

with b = 2γ^2 − 2γ + 1. For parameter values α = 0.5, γ = 10 considered in [23] we obtain dim_BK ≤ 1.790.

Example 12. We consider the Hénon map φ_{α,β} : R^2 → R^2 given by ([27]) ( x y ) → ( α + βy − x^2 x ) (19) with parameters 0 < α, 0 < β < 1. The map has the two fixed points p_± = (x_±, y_±) with y_± = x_± =^1_2 (β − 1 ± √ (β − 1)^2 + 4α). Define a function

v : R^2 → R by v(x, y) = γ(x + βy) for γ = [ (−2x_− + β − 1) (√ x^2_− + β )]_{−1} and introduce the metric tensor g in the standard chart around p = (x, y) as e^{2(1−s)v(x,y)} (_{√β 0} 0 1 ) for some s ∈ (0, 1). The singular values with respect to this metric are given for p = (x, y) by σ_{1/2}(d_pφ_{α,β}) = e^{(1−s)γ(α+(β−1)x−x2)} (√ x^2 + β ± |x| ) . Consider the case β = 0.3, α = 1.4. For any φ_{α,β} -invariant compact set K ⊂ R^2 Theorem 10 gives dim_BK ≤ 1.496. The result agrees with the one obtained in [36], where the estimate is obtained using a coordinate transform and the function v as a Lyapunov-type function instead of making use of a certain metric. For every compact invariant set K which is located in the square −1.8 ≤ x, y ≤ 1.8 using the flat metric on R^2 gives the estimate dim_BK ≤ 1.523 (see [29]). We refer to [45] for another application on choosing Riemannian metrics which implies even smaller bounds. Following the observation in [36] it can be seen that the global Lyapunov dimension dim_L(φ_{α,β} , K) is equal to the local Lyapunov dimension dim_L(φ_{α,β} , p_−).

Example 13. We consider the complex Lorenz equation which is introduced in [15] and which may be written as ẋ = −c (x − y), ẏ = −xz + rx − ay, ż = −bz +^1_2 (x^∗y + xy^∗) .

(20)

In this system c and b are positive parameters and a = 1−ie resp. r = r_1 +ir_2 are complex parameters (e, r_1, r_2 ∈ R).

For r_2 = e = 0 we have the real Lorenz equation. If either Im (r − a) ≠ 0 or Im (r − a) = 0 and Re (r − a) ≤ 0 system (20) has the only equilibrium point (0, 0, 0). For Im (r − a) = 0 and Re(r − a) > 0 the system has a continuum of equilibrium points ([39,38]).

Writing x = x_1 + ix_2 and y = y_1 + iy_2 we obtain from (20) the real ODE system in R^5

ẋ_1 = −cx_1 + cy_1, ẋ_2 = −cx_2 + cy_2, ẏ_1 = −x_1z + r_1x_1 − r_2x_2 − y_1 − ey_2, ẏ_2 = −x_2z + r_2x_1 + r_1x_2 + ey_1 − y_2, ż = −bz + x_1y_1 + x_2y_2 .

(21)

Note that if f denotes the right-hand side of (21) then divf ≡ −2c−2−b < 0. In order to prove the dissipativity of (21) we use a Lyapunov function as in [39].

Put κ_0 = min{1, b, c} and take real auxiliary constants κ_1 ∈ (0, κ_0), κ_2 > 0 and κ_3 satisfying κ_2 (c − κ_1)(1 − κ_1) −^1_4 |c − κ_2r − κ_3|^2 ≥ 0. Define also constants κ_4 and κ_5 by

κ_4 > κ^2_3(b − 2κ_1)^2 8κ_1κ_2(b − κ_1) and κ_5 > κ^2_3 κ_2(1 + κ_2) ( (b − 2κ_1)^2 4κ_1(b − κ_1) + 1 ) . Introduce now the function v : R^5 → R by

v (x_1, x_2, y_1, y_2, z) = 1 2 [x^2_1 + x^2 + κ_2(y^2_1 + y^2 + z^2)] − κ_3z .

A straightforward calculation shows (see [39,38]) that for any bounded set B ⊂ R^5 there exists a time t = t_B such that for t ≥ t_B

v(x_1(t), x_2(t), y_1(t), y_2(t), z(t)) < κ_4 and x^2_1(t) + x^2(t) < κ_5

holds provided (x_1(0), x_2(0), y_1(0), y_2(0), z(0)) ∈ B and t ≥ t_B .

It follows that the global attractor A of the Lorenz system (21) is contained in the ellipsoid E = { (x_1, x_2, y_1, y_2, z) ∈ R^5 : x^2_1 + x^2 + κ_2(y^2_1 + y^2 )+

+κ_2(z − κ_3 κ_2

)^2 < 2κ_4 + κ^2_3 κ_2 } . ¿From this we get the estimates

y^2_l ≤ 1 κ_2 ( 2κ_4 + κ^2_3 κ_2 ) , l = 1, 2, and ( z − κ_3 κ_2

)_2 ≤ 1 κ_2 ( 2κ_4 + κ^2_3 κ_2 ) . Using the global Lyapunov exponents ν_1, . . . , ν_5 with respect to A and the estimate of A given by E we obtain for the box dimension on the basis of Theorem 10 (see also [26])

dim_BA ≤ 4 + ν_1 + ν_2 + ν_3 + ν_4 |ν_5| ≤ 4 + C −divf + C , where ν_1 + ν_2 + ν_3 + ν_4 ≤ C and |ν_5| = −ν_5 = ν_1 + ν_2 + ν_3 + ν_4 − divf.

The bound C can be estimated by means of the variational equation, using the ellipsoid E. In [24] for parameter values (r_1, r_2, e, c, b) = (60, 0.02, 0.06, 2, 0.8) the estimate dim_H A ≤ 4.46 for the global attractor A of (21) was given. On the basis of Theorem 10 this constant bounds also the box dimension of the attractor A.

5.2 Dimension Estimates and the Spanning Surface Principle

In this subsection we use upper dimension estimates of invariant sets of dynamical systems for the characterization of the underlying dynamics. Using such an approach it is possible to get higher-dimensional generalizations of certain theorems of Bendixson-Poincaré type and global convergence results. The key step is to exclude the existence of closed orbits of the flow by using a spanning surface argument. In the ODE case for M = R^n such an approach is developed in several papers ([41,33,34]). In [47] the analog problem is considered for vector fields on manifolds. In the 1-dimensional version of invariant objects the “spanning surface argument” means that for any closed invariant curve we consider spanning surfaces and argue that 2-dimensional measures of such surfaces are bounded from below. We suppose that the n-dimensional smooth manifold M has this property, i.e. if there is a smooth closed curve then there exists a two-dimensional surface in M with finite 2-dimensional Lebesque-measure such that it spans the given curve. We can use in this situation the generalization of a result from [41] which can be formulated as follows. Suppose that D = {(u, v) ∈ R^2 : u^2 + v^2 < 1} is the open disc. On Lip (D → M), i.e. on the space of Lipschitz continous functions from D in M, we consider the area functionals

A(h) = mes_2 h (D) .

If x is a chart in h (D), x(u, v) is the coordinate representation in this chart of x ∘ h and g_{ij} (x) is the local realization of the metric tensor, then this area functional is given by ∫ ∫ D √ EG − F^2 dudv , where E = g_{ij} (x)x^i_ux^j_u, G = g_{ij} (x)x^i_v x^j_v and F = g_{ij} (x)x^i_ux^j_v . If c is a simple closed rectifiable curve in M and Σ(c, M) is the set of all Lipschitz continuous maps h from D ⊂ R^2 in M satisfying h(∂D) = c(∂D) it can be shown that there exists a δ > 0 such that A(h) ≥ δ for all h ∈ Σ(c, M). (For the R^n case this is done in [41], the manifold case is investigated in [5]). The next theorem can be considered as generalized negative Bendixson theorem for manifolds ([47]). Other versions of such generalizations are given in [5,33,34].

Theorem 14. Suppose that on the simply-connected compact n-dimensional Riemannian C^m-manifold M (m ≥ 4) there is defined a flow {φ^t}_{t∈R}, generated by a smooth vector field f. Suppose also that α_1(u) ≥ α_2(u) are the two largest eigenvalues of the symmetrized covariant derivative S∇f(u) such that α_1(u) + α_2(u) < 0 on M. Then {φ^t}_{t∈R} has on M no closed invariant curve.

Proof. Suppose the opposite, i.e. suppose that there exists a closed invariant curve γ of {φ^t}_{t∈R}. By assumption we can construct a surface given by a parametrization h, which spans γ, i.e. h(∂D) = γ. We can now use the fact, as mentioned above, that there is a δ > 0 such that A(h) ≥ δ > 0 for any such γ-spanning surface. Since φ^t(γ) = γ for all t ∈ R, we conclude by the smoothness of the flow that h^t := φ^t ∘ h is for any t also an integrable parametrization of a γ-spanning surface. This gives a contradiction, since by α_1(u) + α_2(u) < 0 on M it follows that mes_2(φ^tD) → 0 as t → +∞. ⊓⊔

Remark 15. An analogous result is possible if we consider the existence of k-dimensional (2 ≤ k ≤ n) invariant submanifolds for a given flow {φ^t}_{t∈R}. If we require that for the largest eigenvalue α^{(k)}_1 (u) of the symmetrized k-th compound operator [S∇f]_k(u) the inequality α^{(k)}_1 (u) < 0 on M is satisfied and any that k-dimensional invariant submanifold may be written as boundary of a (k + 1)-dimensional surface, then our dynamical system {φ^t}_{t∈R} can not have any such k-dimensional invariant submanifold on M. A basic idea for the proof is the use of Stokes theorem for the integration of k-forms ω^k on (k + 1)-dimensional submanifolds U^{k+1} on M by ∫ U^{k+1} dω k = ∫ ∂U^{k+1} ω k. In the following we want to derive conditions for the global convergence of motions of a given flow to equilibrium points on the basis of Theorem 14. There we apply the C^1-closing lemma of Pugh ([49]), which we formulate for completeness in the following version.

Lemma 16. Suppose that φ = {φ^t}_{t∈Γ} is a C^1-dynamical system on an ndimensional Riemannian C^m-manifold M. Let p_0 be a non-wandering point of φ such that the iterates {φ^t(p_0)_{t∈Γ} } of p_0 are contained in a compact subset of M. Then {φ^t}_{t∈Γ} can be C^1-approximated by a dynamical system {ψ^t}_{t∈Γ} which has a periodic orbit through p_0.

Now we can state a convergence theorem for flows on manifolds. (See also [46,47].)

Theorem 17. Suppose that on a simply-connected compact n-dimensional Riemannian C^m-manifold M a smooth flow {φ^t}_{t∈R} is given, generated by the vector field f such that the conditions of Theorem 14 are satisfied. Suppose further that {φ^t}_{t∈R} has equilibrium points and these points are all isolated. Then any motion of {φ^t}_{t∈R} tends for t → +∞ to an equilibrium.

Proof. Suppose that t → φ^t(u) is an arbitrary motion of the flow. Since M is compact the ω-limit set ω(u) ≠ ∅. Suppose that there exists a point p ∈ ω(u) which is not an equilibrium point. Since such a point is non-wandering, due to Pugh’s lemma there exists in any C^1-neighborhood of f a smooth vector field ~f such that the associated flow { ~φ^t}_{t∈R} has a periodic motion through p. Since M is compact, and the conditions of Theorem 14 are satisfied, we can choose ~f such that the two largest eigenvalues ~α_1(u) ≥ ~α_2(u) of S∇ ~f(u) satisfy the inequality ~α_1(u) + ~α_2(u) < 0 on M. On the basis of Theorem 14 we conclude that the vector field ~f cannot generate closed motions. It follows that p is an equilibrium point. Since ω(u) is connected and the equilibrium points are by assumption isolated, it follows that ω (u) = ω (p), which shows that the motion through u converges. ⊓⊔

5.3 Lower Estimates for the Lower Box Dimension by Use of Lyapunov Functions

In a general not necessarily hyperbolic situation lower estimates of dimensions are very rare in the literature. Only for the lower box dimension sufficiently general estimates are known. A classical result goes back to G. Kushnirenko ([12]).

Theorem 18. Suppose that M is an n-dimensional C^m-manifold (m ≥ 3). Suppose further that φ : M → M is a C^1-map, K ⊂ M is a compact φinvariant set, and sup_{u∈K} ‖d_uφ‖ >1. Then

dim_BK ≥ h_{top}(φ_{|K} ) ln sup_{u∈K} ‖d_uφ‖ . In the following two corollaries we give some technical realizations of such a lower bound, which are due in parts to A. Noack ([46]).

Corollary 19. Assume that on the manifold M a smooth flow φ = {φ^t}_{t∈R} is given, which is generated by the vector field f and has a compact invariant set K. Suppose further that v : D → R (D ⊂ M open with K ⊂ D) is a C^1-function and α_1(u) is the largest eigenvalue of the symmetrized covariant derivative of f in u such that sup_{u∈K} [α_1(u) + v̇(u)] > 0. Then dim_BK ≥ h_{top}(φ_{|K} ) sup_{u∈K} [α_1(u) + v̇(u)] holds.

In the next corollary we consider again a general dynamical system, but we assume that this system is injective.

Corollary 20. Suppose that φ = {φ^t}_{t∈Γ} is an injective dynamical system on M, having a compact invariant set K such that the first upper Lyapunov exponent ν_1 on K is positive. Then

dim_BK ≥ h_{top}(φ^1_{|K} )

ν_1 . Proof. For any positive integer k we have

h_{top}(φ^1_{|K} ) = 1 k h_{top}(φ^k_{|K} ) ≤ 1 k ln sup_{u∈K} σ_1(d_uφ^k) dim_BK .

This implies

h_{top}(φ^1_{|K} ) ≤ lim sup_{k→∞} 1 k ln sup_{u∈K} σ_1(d_uφ^k) dim_BK . ⊓⊔

Remark 21. If μ is a Borel-measure, the L-box dimension of μ (named after F. Ledrappier ([31])), is

dim_L(μ) = lim_{ε→0} lim sup_{δ→0} ln N(δ; ε) ln 1/ε , where N(δ; ε) is the minimal number of δ-balls needed to cover a compact set up to a μ-measure ε. It is easy to see that there is an analogy to the box dimension of a set ([48]): Suppose φ is C^1 on the compact Riemannian manifold M and μ is an invariant ergodic probability measure with λ_1(μ) > 0 and metric entropy h_μ. Then dim_L(μ) ≥^{hμ}_{λ1 (μ)} .

5.4 Topological Dimension Estimates of Minimal Sets of Flows

In difference to the great number of Hausdorff and box dimensions estimates analog results for the topological dimension of invariant sets are rare (of course, we always have the estimates dim_T K ≤ dim_H K ≤ dim_BK). One of the few results in the literature concerning only the topological dimension goes back to G. F. Hilmy ([28]; see also [5]). We formulate and prove an adapted version for Riemannian manifolds.

Theorem 22. Suppose that {φ^t}_{t∈Γ} is a smooth flow on an n-dimensional Riemannian C^m-manifold M and Σ M is a minimal set of {φ^t}_{t∈Γ} . Then dim_T Σ ≤ n − 1.

In order to prove this theorem we need two auxiliary results.

Lemma 23. If E ⊂ M is an invariant set for {φ^t}_{t∈Γ} then the boundary ∂E is also invariant.

Proof. Suppose p ∈ ∂E is an arbitrary point, t ∈ R and ε > 0 are arbitrary numbers. Using the continuity of the map φ^t : M → M we can find a δ > 0 such that φ^t(B_δ (p)) ⊂ B_ϵ(φ^t(p)). Since B_δ(p) contains points of E as well as points of M\E, it follows that φ^t(B_δ (p)) and, consequently, B_ε(φ^t(p)) has the same property. But ε > 0 is arbitrary, therefore φ^t(p) ∈ ∂E. ⊓⊔

Lemma 24. If Σ is a minimal set of {φ^t}_{t∈Γ} all its points are either boundary or inner points.

Proof. Suppose that Σ has boundary points as well as inner points. Since Σ is closed, ∂Σ ⊂ Σ. By Lemma 23 the boundary ∂Σ is a proper closed and invariant subset of Σ. But this contradicts the minimality of Σ. ⊓⊔

Proof (of Theorem 22). Suppose that dim_T Σ = n. Then ([30]) Σ contains an inner point. Thus, according to Lemma 24, all points of Σ are inner points. But this implies that Σ is open. Thus, Σ ∉ {M, ∅} is open and closed. But this is not possible, which shows that dim_T Σ < n. ⊓⊔

Remark 25. It is interesting to compare the estimate of the topological dimension given for Σ on the base of Theorem 22 with Theorem VIII 3’ from [30]. In the latter theorem it is proved that in order that dim_T C ≤ n − 1 for a compact space X of a finite dimension it is necessary and sufficient that for the given closed subset C of X only the zero element of the homology group H_{n−1}(C) bounds in X. (This means that the natural homomorphism of H_{n−1}(C) in H_{n−1}(X) must be an isomophism of H_{n−1}(C) in H_{n−1}(X). )

6 Upper Dimension Estimates for Semi-Flows in Normal Coordinates

6.1 The Variational System in Normal Coordinates

The aim of this subsection is to introduce a type of reparametrization of the neighborhood of flow lines, which goes back to [35] and which is very useful in stability and dimension theory.

Consider a semi-flow {φ^t}_{t≥0} on an n-dimensional Riemannian C^m-manifold M generated by a vector field f of class C^2. For every regular point u ∈ M with f(u) ≠ O_u (the origin of T_uM), we introduce the linear subspace of T_uM T^⊥(u) := {w ∈ T_uM : ⟨w, f(u)⟩ = 0} . To describe how the orthogonal deviation of a perturbation in the initial conditions evolves in time we split a solution y(·) of (5) into orthogonal components y(t) = z(t) + μ(t)f(φ^tp), with z(t) ∈ T^⊥(φ^tp) and μ(t) a timedependent factor. Then z(·) is a solution of the system in normal or transversal variations Dz dt = A(φ^tp)z (22)

where the linear operator A(u) : T_uM → T_uM is defined by A(u)v = ∇f(u)v − 2⟨f(u), S∇f(u)v⟩ ‖f(u)‖^2 f(u) (23)

for all v ∈ T_uM. In local coordinates of a chart x around u the operator is given by the tensor

A^k_i = ∇_if^k − 2 g_{rs}f^rf^s f^kg_{jl}f^lS^j_i , where f^k and g_{jl} are the coordinates of the vector field f and the metric tensor in the chart x, respectively, and S^j_i =^1_2 (g^{ik}∇_kf^lg_{li} + ∇_if^j ) is the representation of S∇f(u) in this chart.

To formulate the following central result on the reparametrization of orbits in a general not necessarily hyperbolic situation, we need some notations. Recall that since M is C^m(m > 3) for any p ∈ M there exists an open set Ω_p ⊂ T_pM around O_p such that the exponential map exp_p : Ω_p → exp_p(Ω_p) ⊂ M is a C^{m−2}-diffeomorphism. For δ > 0 sufficiently small such that B_δ(O_p) ⊂ Ω_p we consider the (n−1)-dimensional submanifold B^⊥_δ (p) := exp_p(B_δ (O_p))∩T^⊥(p) of M through p, where B_δ(O_p) ⊂ T_pM denotes a ball of radius δ centered in the origin of T_pM. Since every point u ∈ B^⊥_δ (p) is uniquely determined by the geodesic connecting u and p the point u can be described by the coordinates (r, v) such that u = exp_p(r, v), where v ∈ T^⊥(p) is a vector of length 1 and r ∈ [0, δ) measures the arc length along the geodesic.

To investigate the stability of a fixed orbit or the dimension properties of a flow invariant set it suffices to consider stability or deformation properties of the projection of the flow lines transversally to the considered orbits or a fixed orbit of the invariant set, resp..

Keeping this in mind several methods of reparametrization of flow lines are of great importance ([25,34]). The following result goes back to [37]. (See also [46].)

Lemma 26. Suppose φ^{(·)}(p) with p ∈ M to be a non-constant solution of f with bounded positive semi-orbit γ_+(p) such that for a certain C_0 > 0 the inequality ‖f(u)‖ > C_0 is satisfied for all u ∈ γ_+(p). Then it holds: For any finite time T_0 > 0 there exists a δ = δ(T_0) > 0 such that for any pair (r, v) ∈ [0, δ] × (T^⊥(p) ∩ ∂B_1(O_p)) we may find a C^{m−1}-diffeomorphism s(·, r, v) : R_+ → R_+ with s(t, r, v) = t for all t ∈ R_+ such that near γ_+(p) the reparametrized flow ϕ(t, r, v) = φ^{s(t,r,v)}(exp_p(rv)) of f satisfies the condition ⟨D_2ϕ(t, r, v), f(ϕ(t, r, v))⟩ = 0 for all t ∈ [v, T_0].

6.2 Upper Hausdorff Dimension Estimates in Normal Coordinates

In this subsection we give Hausdorff dimension bounds of flow invariant sets of {φ^t}_{t≥0}, generated by f, which are formulated in terms of the eigenvalues of the symmetric part of the operator which generates the associated system in normal variations with respect to the direction of the vector field. In the following we denote at any regular point p of f the eigenvalues of the operator SA(p) restricted to the subspace T^⊥(p) by β_1(p) ≥ . . . ≥ β_{n−1}(p). By Z(t, p) we denote the operator solution of (22) satisfying Z(0, p) = id_T ⊥_{(p)}. For every t ∈ R_+ the linear operator Z(t, p) : T^⊥(p) → T^⊥(φ^tp) maps between the subspaces T^⊥(p) and T^⊥(φ^tp) being orthogonal to the vector field in p and φ^tp, respectively.

The next lemma which can be proved analogously to the inequality (9) (see [37]) shows the distortion of the d-dimensional ellipsoid-measure under the linearized flow of f.

Lemma 27. Suppose that p ∈ M is a regular point of f and Z(·, p) is the operator solution of the equation in transversal variations (22). If d ∈ (0, n−1] is an arbitrary number, written as d = d_0 + s with integer d_0 and s ∈ (0, 1] for t ≥ 0 it holds

ω_d(Z(t, p)) ≤ exp {∫_t 0 [β_1(φ^τ p) + . . . + β_{d0} (φ^τ p) + sβ_{d0+1}(φ^τ p)]dτ } . Remark 28. For a fixed regular point p ∈ M, small r > 0 and t ≥ 0 the set E(t) := Z(t, p)B^⊥_r (O_p) is an ellipsoid in the subspace T^⊥(φ^tp). If the numbers σ_1(E(t)) ≥ . . . ≥ σ_{n−1}(E(t)) are the lengths of the semi-axes of E(t) and d ∈ (0, n − 1] is an arbitrary number we have ω_d(E(t)) = ω_d(Z(t, p))r^d.

The next theorem which goes back to K. Gelfert (see [35]) is the realization of the Douady-Oesterlé estimate of Theorem 4 adapted to our special system of normal coordinates.

Theorem 29. Let K and ~K two compact sets in M satisfying the inclusions K ⊂ φ^t(K) ⊂ ~K for all t ≥ 0, where K does not contain equilibrium points of {φ^t}. Denote by Λ the set of equilibrium points of {φ^t} in M. For p ∈ ~K\Λ let β_1(p) ≥ . . . ≥ β_{n−1}(p) be the eigenvalues of the symmetric part SA(p) restricted to the subspace T^⊥(p), where A(p) is the operator from (23). Let v : M\Λ → R be a C^1-function and suppose that there exist real numbers d ∈ (0, n − 1] (d = d_0 + s, s ∈ (0, 1], d_0 integer), Θ > 0 and T > 0 such that sup p∈ ~K\Λ ∫_T 0 [β_1(φ^τ p) + . . . + β_{d0} (φ^τ p) + sβ_{d0+1}(φ^τ p) + v̇(φ^τ p)]dτ ≤ −Θ .

Then dim_H K ≤ d + 1. Further if d = 1 we have dim_H K ≤ 1.

6.3 Transversal Lyapunov Exponents for Semi-Flows

We now introduce Lyapunov exponents with respect to the variational equation in normal coordinates. Suppose again that K ⊂ M is a compact invariant set of the semi-flow {φ^t}_{t≥0} and in K there are no equilibrium points of this flow. For points in K we introduce the tangent bundle splitting T_K M = E^1 ⊕ E^2 with E^1_p = T^⊥(p) and E^2_p = T^{′′}(p) = span{f(p)} and require that the equivariance property E^i_φt_p = d_pφ^tE^i_p (i = 1, 2, p ∈ K, t ≥ 0) is satisfied. Denote the transversal singular values of the differential d_pφ^t_{|E1p} by σ^⊥_1 (d_pφ^t) ≥ . . . ≥ σ^⊥_{n−1}(d_pφ^t) and the transversal singular value function with respect to σ^⊥_i (d_pφ^t) by ω^⊥_k (d_pφ^t). Analogously to the definitions in Section 3.4 let us introduce global transversal Lyapunov exponents by the following procedure. Define for t ≥ 0 and j = 1, 2, . . . , n − 1 the numbers

ω^⊥_{j,K} (φ^t) = sup_{p∈K} ω^⊥_j (d_pφ^t) and ω^⊥_{0,K} (t)(φ^t) ≡ 1 .

Then the global transversal Lyapunov exponents are

ν^⊥_j = lim_{t→∞} 1 t ln ω^⊥_{j,K} (φ^t) ω^⊥_{j−1,K} (φ^t) , j = 1, . . . , n − 1 . (24) With respect to Theorem 29 we have now the following

Corollary 30. Suppose under the above assumptions that M is an n-dimen-sional Riemannian manifold (n ≥ 2), {φ^t}_{t≥0} is a semi-flow on M with invariant compact set K, and the global transversal Lyapunov exponents are defined by (24). Suppose further that there is a number d_0 ∈ {1, . . . , n − 2} such that ν^⊥_1 + . . . + ν^⊥_{d0} < 0 and ν^⊥_1 + . . . + ν^⊥_{d0+1} > 0.

Then dim_H K ≤ d_0 + 1 + ν^⊥_1 + . . . + ν^⊥_{d0} |ν^⊥_{d0+1}| .

7 Upper Hausdorff Dimension Estimates for Dynamical Systems with an Equivariant Tangent Bundle Splitting

We introduce now a structure which is naturally given for hyperbolic systems. But in contrast to these systems we do not require any norm contraction or expansion properties with respect to a bundle of invariant subspaces. On an n-dimensional Riemannian manifold we consider an invertible dynamical system {φ^t}_{t∈Γ} having a compact invariant set K. We say that {φ^t}_{t∈Γ} possesses an equivariant tangent bundle splitting T_K M = E^+ ⊕E^− ⊕E^0 if for any p ∈ K the set E^+_p := E^+ ∩ T_pM is an n^+-dimensional subspace of T_pM, the set E^−_p := E^− ∩ T_pM is an n^−-dimensional subspace of T_pM and E^0_p := E^0 ∩ T_pM is an n^0-dimensional subspace of T_pM such that n^− + n^+ + n^0 = n and d_pφ^t(E^ξ_p ) = E^ξ_{φt p} for t ∈ Γ and ξ ∈ {+, −, 0}.

Example 31. Hyperbolic sets of flows allow a specific type of equivariant splitting of the tangent bundle, if we consider the stable part E^s as E^+, the unstable part E^u as E^− and the central part E^c as E^0.

We want to consider systems with a certain contraction property of the singular values of the tangent map. In order to use the splitting structure of the tangent bundle we define a singular function in a modified form. Suppose that there is an equivariant tangent bundle splitting as above, the numbers σ^+_1 (d_pφ^t), . . . , σ^+_{n+} (d_pφ^t) are the singular values of d_pφ^t_{|E+p} and the numbers σ^−_1 (d_pφ^{−t}), . . . , σ^−_{n−} (d_pφ^{−t}) are the singular values of d_pφ^{−t}_{|E−p} . For arbitrary p, q ∈ K and t > 0 relabel the set of singular values

{σ^+_1 (d_pφ^t), . . . , σ^+_{n+}(d_pφ^t), σ^−_1 (d_q φ^{−t}), . . . , σ^−_{n−} (d_q φ^{−t})} as {σ_1(t, p, q), σ_2(t, p, q), . . . , σ_n+_{+n}− (t, p, q)} with σ_1(t, p, q) ≥ . . . ≥ σ_n+_{+n}− (t, p, q) and define the singular value function with respect to the splitting (E^+, E^−, E^0) and d = d_0 + s ∈ (0, n^+ + n^−] by ω^{E+, E−, E0} d,K (φ^t) = { 1 sup_{p,q∈K} σ_1(t, p, q) · . . . · σ_{d0} (t, p, q)σ^s_{d0+1}(t, p, q) for d = 0 resp. d > 0.

We say that φ^t is d-contractive with respect to the splitting E^+ ⊕ E^− ⊕ E^0 and t ∈ Γ if it holds ω^{E+, E−, E0} d,K (φ^t) < 1. Since ω^{E+, E−, E0} d,K (φ^t) is subexponential in t, the limit

ν_d = lim_{t→∞} 1 t ln ω^{E+, E− , E0} d,K (φ^t) exists for all d ∈ [0, n^− + n^+]. The numbers ν_1, . . . , ν_n+_{+n}− , computed by the formula ν_i = ν_i − ν_{i−1} (i = 1, 2, . . . , n^+ + n^−) with ν_0 = 0, are the global Lyapunov exponents of the splitting (E^+, E^−, E^0). The following theorem goes back to A. Franz ([16]) and generalizes results of [12,22].

Theorem 32. Let M be an n-dimensional Riemannian C^m-manifold,{φ^t}_{t∈Γ} a smooth invertible dynamical system, and K ⊂ M a compact φ^t-invariant set. Suppose that there exist an equivariant splitting T_K M = E^+ ⊕ E^− ⊕ E^0 of dimensions (n^+, n^−, n^0) and a number d ∈ (0, n^+ + n^−] such that φ^t is d-contractive with respect to the splitting. Let us assume that there exists a time t ∈ Γ such that ω^{E+, E−, E0} d,K (φ^t) < e^{−2htop (φt|K )} . Then dim_H K ≤ d + n_0.

Corollary 33. Let M be an n-dimensional Riemannian C^m-manifold, U ⊂ M be an open set, {φ^t}_{t∈R} a C^1-flow on U and K ⊂ U a compact φ^t-invariant set which admits an equivariant splitting T_K M = E^+⊕E^−⊕E^0 of dimensions (n^+, n^−, n^0). Let ν_1, . . . , ν_n+_{+n}− be the global Lyapunov exponents of {φ^t}_{t∈R} on K with respect to this splitting and let d_0 < n^+ +n^− be the smallest natural number with 2h_{top}(φ^1_{|K} ) + ν_1 + . . . + ν_{d0} + ν_{d0+1} < 0 .

Then dim_H K ≤ d_0 +

2h_{top}(φ^1_{|K} ) + ν_1 + . . . + ν_{d0} |ν_{d0+1}| + n_0.

Example 34. We consider the geodesic flow on a smooth n-dimensional Riemannian manifold, i.e. the flow defined on the unit tangent bundle T^1M = {v ∈ T M : ‖v‖ = 1} such that the projection π of any flow line t → φ^tv with v ∈ T M onto M is the geodesic γ_v (t) which is determined by γ_v (0) = π(v) and γ̇_v (0) = v. It follows γ̇_v (t) = φ^t(v) for any v ∈ T^1M and t ∈ R. Let K ⊂ T^1M be a compact φ^t-invariant set. It is well-known that there exists an equivariant splitting of the tangent bundle T_K T^1M with a onedimensional subbundle E^0 tangential to the flow lines and a (2n−2)-dimensional subbundle transversal to the flow lines. Assume that all 2-planes Π which are tangent to the geodesic have strictly negative sectional curvature S(Π). Since M is smooth and K is compact there are positive constants k_1 and k_2 with −k^2_1 ≤ S(Π) ≤ −k^2 for all 2-planes Π tangent to the geodesic in a point of π(K). The (2n − 2)-dimensional subbundle T_K T^1M which is transversal to the flow can equivariantly be splitted into a stable subbundle E^+ and an unstable subbundle E^− such that for any u ∈ K and t ∈ R the relations

k_2 k_1 ‖ξ‖e^{−k1t} ≤ ‖d_uφ^tξ‖ ≤ k_1 k_2 ‖ξ‖e^{−k2t} for any ξ ∈ E^+_u and k_1 k_2 ‖ξ‖e^{k1t} ≥ ‖d_uφ^tξ‖ ≥ k_2 k_1 ‖ξ‖e^{k2t} for any ξ ∈ E^−_u hold. It follows that the global Lyapunov exponents of the flow {φ^t} on K with respect to the splitting E^− ⊕ E^+ ⊕ E^0 satisfy for i = 1, . . . , 2n − 2 the inequalities −k_1 ≤ ν_i ≤ −k_2.

If (n − 1)k_2 > h_{top}(φ^1_{|K} ) there is a natural number d_0 < 2n − 1 with 2h_{top}(φ^1_{|K} ) + ν_1 + . . . + ν_{d0} + ν_{d0+1} < 0. Using now Corollary 33 we get the dimension estimate

dim_H K ≤ d_0 + 1 +

2h_{top}(φ^1_{|K} ) + ν_1 + . . . + ν_{d0} |ν_{d0+1}| ≤ d_0 + 1 +

2h_{top}(φ^1_{|K} ) − d_0k_2 k_1

≤ 1 +

2h_{top}(φ^1_{|K} ) k_1

+ d_0(1 − k_2 k_1 ), provided that (n − 1)k_2 < h_{top}(φ^1_{|K} ) holds.

8 Upper Hausdorff Dimension Estimates for Non-Injective Maps

Whereas the majority of the previous sections were concerned with dimension estimates for injective dynamical systems here we want to consider timediscrete dynamical systems generated by a non-injective map. In this case the conditions of the Douady-Oesterlé dimension estimate of Theorem 4 can be weakened using the cardinality of the pre-image sets, described by the multiplicity function (see for instance [13]). For a map φ : M_1 → M_2 between two arbitrary sets M_1 and M_2 the multiplicity function N(φ, K, u) of φ with respect to a set K ⊂ M_1 in a point u ∈ M_2 is defined as the cardinality of the set {v ∈ K|φ(v) = u}. The following theorems are proved by A.Franz ([17]).

Theorem 35. Let M be a n-dimensional Riemannian C^m-manifold, U ⊂ M an open set, φ : U → M a C^1-map and K ⊂ U a compact φ-invariant set with | det(d_uφ)| > 0 for all u ∈ K. If there exist numbers d ∈ (0, n] and ν ∈ (0, 1) with

ω_d(d_uφ)^{1d} ≤ νN(φ, K, φ(u))^{1n} for all u ∈ K,

then dim_H K ≤ d.

Note that the condition of this theorem contains the singular-value function ω_d with an exponent^1_d , since in contrast to ω_d the function ω^{1/d}_d , as a function of d, is always monotone decreasing in the whole interval (0, n]. The following theorem uses the local inverse maps, therefore a few additional assumptions are needed (cl(·) denotes the closure of a set). The notation ω_d refers to the inverse singular-value function defined as the product not of the largest but of the smallest d singular values.

Theorem 36. Let M be a n-dimensional Riemannian C^m-manifold, U ⊂ M an open set, φ : U → M a C^1-map and K ⊂ U a compact φ-invariant set and ~U ⊃ K an open set with cl( ~U) ⊂ U compact, | det(d_uφ)| > 0 for all u ∈ cl( ~U) and φ^{−1}( ~U) ⊂ ~U. If there exist numbers d ∈ (0, n] and ν ∈ (0, 1) with ν ω_d(d_uφ) ≥ N(φ, ~U, φ(u)) for all u ∈ K, then dim_H K ≤ d.

The proof of the last two theorems is based on transformation formulas for Hausdorff outer integrals (see [17]), which have, applied to the characteristic function of a compact set, the same critical value as the outer Hausdorffd-measure and can therefore be used in a similar way to obtain dimension estimates.

Example 37. Both theorems of this section can be applied to a wide class of non-invertible maps and to iterated function systems. Some classes of injective maps like horseshoe maps can be split into partial non-invertible maps, or the state space (for instance for Belykh maps ([1])) can be factorized such that the resulting non-injectivity of the map can be used to obtain dimension bounds for an invariant set. A well known class of non-injective maps are polynomials in the complex plane. We want to illustrate the dimension estimate by Theorem 36 for Julia sets of quadratic polynomials φ : C → C in the form

φ(z) = z^2 + c,

where c ∈ C is a parameter. The Julia set K is the closure of the set of repelling periodic points (see for instance [11,52]). This set is compact, nonempty and invariant under φ. For different parameters c this set has different shapes. Therefore it is interesting to estimate the Hausdorff dimension of this set.

Let us consider C as two-dimensional Riemannian C^∞-manifold with a constant metric tensor giving the metric

ϱ(z_1, z_2) = |z_1 − z_2| = √ (Rez_1 − Rez_2)^2 + (Imz_1 − Imz_2)^2 .

Under this metric the singular values of d_z φ are

σ_1(d_z φ) = σ_2(d_z φ) = 2 √ (Rez)^2 + (Imz)^2 = 2|z|.

Thus for d ∈ (0, 2] and any z ∈ C we have ω_d(d_z φ) = ω_d(d_z φ) = (2|z|)^d. It can be shown (see [11]) that the absolute value of the points of K can be estimated by 1 2 + √ 1 4 − |c| < |z| < 1 2 + √ 1 4 + |c| for |c| < 1 4 , √ |c| − √ |2c| ≤ |z| ≤ √ |c| + √ |2c| for |c| > 2. The multiplicity function of φ with respect to K and any open neighbourhood ~U of K satisfies N(φ, K, φ(z)) = N(φ, ~U, φ(z)) = 2 for all z ∈ K under the condition, that the origin is not contained in K. Thus the condition of Theorem 36 has the form (2|z|)^d > 2 for all z ∈ K which is satisfied if ( 1 + √ 1 − 4|c| )_d > 2 for |c| < 1 4 , 2 √ |c| − √ |2c| > 2 for |c| > 2. Thus Theorem 36 gives, similar to [11], the dimension estimate

dim_H K ≤

ln 2 ln(1+ √_{1−4|c|)} for |c| <^{√2−1}_2 , ln 2 ln ( 2 √ |c|− √_{|2c|}^) for |c| >^3_2 + √ 2, In the case |c| >^3_2 + √ 2 results of [12] can be applied as well and yield the same dimension bound.

Acknowledgment

I would like to thank Dr. Astrid Franz from the Chemnitz University of Technology and Katrin Gelfert and Dr. Antje Noack from the University of Technology Dresden for fruitful discussions, support and help.

References

1. Belykh, V.N., Shelesnyak, I.L.: Dimension estimates for a strange attractor of a two-dimensional discontinuous map. Methods of Qualitative Theory and Theory of Bifurcations, Nishny Novgorod, University of Nishny Novgorod, (1992) 12–17 (Russian) 2. Blinchevskaya, M. A., Ilyashenko, Yu. S.: Estimate for the entropy dimension of the maximal attractor for k-contracting systems in an infinite-dimensional space. J. of Math. Phys. 6 1 (1999) 20–27 (Russian) 3. Bogatyj, S.A., Gutsu, V.I.: On the structure of attracting compacta. Differential’nye Uravneniya 25 (1989) 907–909 (Russian) 4. Boichenko, V.A., Franz, A., Leonov, G.A., Reitmann, V.: Hausdorff and fractal dimension estimates for invariant sets of non-injective maps. Z. Anal. Anw. (ZAA) 17 1 (1998) 207–223 5. Boichenko, V.A., Leonov, G.A., Reitmann, V.: Dimension Theory for Ordinary Differential Equations. Preliminary version (2000) 6. Daleckii, Yu.L., Krein, M.G.: Stability of Solutions of Differential Equations in Banach Spaces. Am. Math. Soc., Providence, 1974 7. Dellnitz M., Froyland G., Junge O.: The algorithms behind GAIO - set oriented numeric methods for dynamical systems. (This volume) 8. Douady, A., Oesterlé, J.: Dimension de Hausdorff des attracteurs. C. R. Acad.

Sci. Paris Ser. A 290 (1980) 1135–1138 9. Eckmann, J.-P., Ruelle, D.: Ergodic theory of chaos and strange attractors.

Rev. Mod. Phys. 57 (1985) 617–656 10. Eden, A., Foias, C., Temam, R.: Local and global Lyapunov exponents. J. Dyn.

Diff. Equ. 3 (1991) 133–177 11. Falconer, K.J.: Fractal Geometry: Mathematical Foundations and Applications.

Wiley, Chichester, (1990) 12. Fathi, A.: Expansiveness, hyperbolicity and Hausdorff dimension. Commun.

Math. Phys. 126 (1989) 249–262 13. Federer, H.: Geometric Measure Theory. Springer, New York, (1969) 14. Foias, C., Olsen, E.: Finite fractal dimension and Hölder-Lipschitz Parametrization. Indiana University Math. J. 65 3 (1995) 603–616 15. Fowler, A.C., Gibbon, J.D., Guiness, Mc.: The real and complex equations and their relevance to physical systems. Physica 7 D, (1983) 126–134 16. Franz, A.: Hausdorff dimension estimates for invariant sets with an equivariant tangent bundle splitting. Nonlinearity 11 (1998) 1063–1074 17. Franz, A.: Hausdorff dimension estimates for non-injective maps using the cardinality of the pre-image sets. Nonlinearity 13 (2000) 1425–1438 18. Fredrickson, P., Kaplan, J. L., Yorke, E. D., Yorke, J. A.: The Lyapunov dimension of strange attractors. J. Diff. Equ. 49 (1983) 185–207 19. Gelfert, K.: Estimates of the box-counting dimension of map-invariant sets on Riemannian manifolds. Proc. of the Workshop “Dimensions of attractors”, St. Petersburg, (1999) 20. Gohberg, I.C., Krein, M.G.: Introduction to the Theory of Linear Nonselfadjoint Operators. Translations of mathematical monographs 18, Amer. Math. Soc., Providence, RI, (1969) 21. Günther, B., Segal, J.: Every attractor of a flow on a manifold has the shape of a finite polyhedron. Proc. of the Amer. Math. Soc. 119 1 (1999) 321–329

22. Gu, X.: An upper bound for the Hausdorff dimension of a hyperbolic set. Nonlinearity 4 (1991) 927–934 23. Guckenheimer, J., Holmes, P.: Nonlinear Oscillation, Dynamical Systems, and Bifurcation Theory of Vector Fields. New York, Springer, (1983) 24. Hakamada, T., Imai, H., Ishimura, N.: Analytical approach to estimating the dimension of attractors. Appl. Math. Opt. 34 (1996) 29–36 25. Hartman, P., Olech, C.: On global asymptotic stability of solutions of ordinary differential equations. Trans. Amer. Math. Soc. 104 (1962) 154–178 26. Heineken, W., Reitmann, V.: Fractal dimension estimates for flow invariant sets on manifolds. To appear in Z. Anal. Anw.(ZAA) 27. Hénon, M.: A two-dimensional mapping with a strange attractor. Commun.

Math. Phys. 50 (1976) 69–76 28. Hilmy, G.F.: On a property of minimal sets. Dokl. Akad. Nauk SSSR 14 (1937) 261–262 (Russian) 29. Hunt, B.R.: Maximal local Lyapunov dimension bounds the box dimension of chaotic attractors. Nonlinearity 9 (1996) 845–852 30. Hurewicz, W., Wallman, H.: Dimension Theory. Princeton University Press, Princeton, (1948) 31. Ledrappier, F.: Some relations between dimension and Lyapunov exponents.

Commun. Math. Phys. 81 (1981) 229–283 32. Leonov, G.A.: Lyapunov Exponents and Problems of Linearization. From Stability to Chaos. St. Petersburg Univ. Press., St. Petersburg, (1997) 33. Leonov, G.A., Boichenko, V.A.: Lyapunov’s direct method in the estimation of the Hausdorff dimension of attractors. Acta Appl. Math. 26 1 (1992) 1–60 34. Leonov, G.A., Burkin, I.M., Shepelyawyi, A.I.: Frequency Methods in Oscillating Theory. Kluwer Academic Publishers, Ser. Mathematics and Its Applications, Dordrecht/Boston/London 357 (1996) 35. Leonov, G.A., Gelfert, K., Reitmann, V.: Hausdorff dimension estimates by use of a tubular Carathéodory structure and their application to stability theory. Advances of Stability Theory at the End of XXth Century, A. A. Martynyuk (Ed.), Stability and Control: Theory, Methods and Applications, Gordon and Breach Science Publishers, London, 13 (2000) 41–66 36. Leonov, G.A., Lyashko, S.A.: Lyapunov’s direct method in estimates of fractal dimension of attractors. Diff. Urav. 30 1 (1997) 68–74 (Russian) 37. Leonov, G.A., Noack, A., Reitmann, V.: Asymptotic orbital stability conditions for flows by estimates of singular values of the linearization. Nonlinear Anal., Theory Methods Appl. 9 (2000) (to appear) 38. Leonov, G.a., Reitmann, V.: Attraktoreingrenzung für Nichtlineare Systeme.

Teubner-Texte zur Mathematik, Bd. 97, Teubner-Verlag, Leipzig, (1986) 39. Leonov. G.A., Reitmann, V.: Dissipativität und globale Stabilität des komplexen Lorenz-Systems. Z. Anal. Anw. (ZAA) 6 (1987) 575–582 40. Leonov, G.A., Reitmann, V., Smirnova, V.B.: Non-Local Methods for Pendulum-Like Feedback Systems. Teubner-Texte zur Mathematik, Bd. 132, B.G. Teubner Stuttgart-Leipzig, (1992) 41. Yi Li, M., Muldowney, J.S.: On Bendixson’s criterion. J. Diff. Equ. 106 (1993) 27–39 42. Yi Li, M., Muldowney, J.S.: Lower bounds for the Hausdorff dimension of attractors. J. Dyn. Diff. Equ. 7 3 (1995) 457–469 43. Mané, R.: On the dimension of the compact invariant sets of certain non-linear maps. Springer, Lectures Notes in Math. 898 (1981) 230–241

44. Morrey, Ch.B.: Multiple Integrals in the Calculus of Variations. Springer Berlin, Heidelberg, (1966) 45. Noack, A.: Hausdorff Dimension Estimates for time-discrete Feedback Control Systems. Z. Angew. Math. Mech. (ZAMM), 77 12 (1997) 891–899 46. Noack, A.: Dimensions- und Entropieabschätzungen sowie Stabilitätsuntersuchungen für nichtlineare System auf Mannigfaltigkeiten. Ph. D. thesis, TU Dresden (1998) 47. Noack, A., Reitmann, V.: Hausdorff dimension of invariant sets of timedependent vector fields. Z. Anal. Anw. (ZAA), 15 2 (1996) 457–473 48. Pesin, Ya.B.: Dimension Theory in Dynamical Systems. Chicago Lectures in Mathematics. The University of Chicago Press, Chicago and London, (1997) 49. Pugh. C.C.: The closing lemma. Amer. J. Math. 89 (1967) 956–1021 50. Reitmann, V.: Hausdorff dimension bounds, homology group properties and the global behaviour of flows on manifolds. Proc. Third Intern. Conf. “Differential Equations and Applications”, St. Petersburg (2000) 87–88 51. Reitmann, V., Schnabel, U.: Hausdorff dimension estimates for invariant sets of piecewise smooth maps. Z. Angew. Math. Mech. (ZAMM), 80 9 (2000) 623–632 52. Ruelle, D.: Repellers for real analytic maps. Ergodic Th. Dynam. Sys. 2 (1982) 99–108 53. Schmeling, J.: A dimension formula for endomorphisms - The Belykh family, Ergodic Th. Dyn. Sys. 18 (1998) 1283–1309 54. Smith, R.A.: Some applications of Hausdorff dimension inequalities for ordinary differential equations. Proc. Roy. Soc. Edinburgh 104A 3–4 (1986), 235–259 55. Temam, R.: Infinite-Dimensional Dynamical Systems in Mechanics and Physics.

Springer, New York-Berlin, (1988) 56. Thieullen, P.: Entropy and the Hausdorff dimension for infinite-dimensional dynamical systems. J. Dyn. Diff. Equ. 4 1 (1992) 127–159 57. Walters, P.: An Introduction to Ergodic Theory. Springer, Berlin, (1982) 58. Yakubovich, V.A.: The frequency theorem in control theory. Sibirsk. Math. Zh.

14 2 (1973) 384–420 59. Young, L.-S.: Capacity of attractors. Ergodic Th. Dynam. Sys. 1 (1981) 381– 388 60. Zhi-Min Chen: A note on Kaplan-Yorke-type estimates on the fractal dimension of chaotic attractors. Chaos, Solitons Fractals 3 (1993) 575–582