Evening Lecture and Concert

Shaping Musical Performance by Genealogical Trees of Vector Fields Guerino Mazzola Multimedia Lab, Institut fur Informatik, Univ. Zurich email: guerino@mazzola.ch In contrast to the quasi-digital notation of music in European standard scores, performance involves infinitesimal deformations in time, pitch, durations, loudness, articulation and tuning. How can this shaping process–which Theodor W. Adorno termed ”micrologic of infinite precision”–be controlled? Generalizing the well-known tempo curve, it is seen that special vector fields, the performance fields, adequately conceptualize Adorno’s infinitesimals of micrologic. However, developing performance fields is not a one-time action, it must be built in a genealogical way from coarse to more and more refined performances. Performance grammars have to describe this continuous refinement process of shaping artistic performance. We describe and illustrate the genealogical stemma theory of performance, its implementation in the analysis and performance software RUBATO and present examples of performances which have been generated by such software on MIDI grand pianos.

A. Dynamical Systems

1.1 Celestial Mechanics

Organizer : Kenneth Meyer

Key note lecture

Horseshoes and the Problem of the Gaps Richard Moeckel University of Minnesota email: rick@math.umn.edu A normally hyperbolic invariant annulus with transverse homoclinic points exists in the Newtonian five-body problem. In an attempt to understand the implications of this we show that there is actually an invariant Cantor set of annuli nearby. The dynamics on this set is a skew-product over a horseshoe map. Such a map can be viewed as a “random” map of the annulus. By making use of this randomness, one can avoid the problem of gaps between invariant circles on the original annulus which can be barriers to Arnold diffusion.

Invited lectures

Secular System in Souriau Variables Alain Albouy Astronomie et Systèmes Dynamiques, Bureau des Longitudes, France email: albouy@bdl.fr The idea of using the “Laplace Vector” and the angular momentum vector as orbital elements comes from the fundamental paper of Lagrange “Théorie des variations séculaires des éléments des planètes” (1781).

I present here a work of my student K. Abdullah showing how a slight modification of this approach leads to the appearance of surprising properties of the secular part of the perturbating function.

Regularizable and non–regularizable collisions in n–body problems Regina Martínez Dept.de Matemàtiques, Univ. Autònoma de Barcelona email: reginamb@mat.uab.es Carles Simó Dept. de Matemàtica Aplicada i Anàlisi, Univ. de Barcelona email: carles@maia.ub.es

Collisions appear as singularities in the n–body problem. A binary collision occurs when only two masses collide. If all the masses coincide at the same point we get a total collision. Between these two cases one can get different types of collisions, for instance, triple collision (TC), simultaneous binary collisions (SBC), simultaneous binary and triple collisions, etc.

If a solution of Newton equations of motion is defined on some maximal interval [0, t_c) with t_c < ∞, it is said that it has a singularity at t = t_c. Moroever if the masses approach a limiting position as t → t_c, it can be proved that the limiting position must be a collision point. It is said that the solution ends at a collision.

The extension of a collision solution for t ≥ t_c has been studied in several cases. If the extension is possible in some sense it is said that the collision is regularizable in that sense. In that case one can also look for the smoothness of the regularization. If the collision is non–regularizable, it is interesting to describe which are the dynamical consequences. If small changes in the initial conditions lead to substantial changes in the solutions, how one can classify the possible transitions from approaching the collision to escaping from it?

We consider a geometrical approach, searching for continuity with respect to initial conditions for orbits passing close to a collision. After surveying known results, some recent progress, dealing with finite order of smoothness in the SBC case ([1],[2]) and with the classificacion of passages near TC ([3],[4]), is presented.

References

[1] R. Martínez, C. Simó. Simultaneous binary collisions in the planar four body problem. Nonlinearity, in press, (1999).

[2] R. Martínez, C. Simó. The degree of differentiability of the regularization of simultaneous binary collisions in some n–body problems. In preparation.

[3] C. Simó, A. Susín. Connections between invariant manifolds in the collision manifold of the planar three-body problem. In The Geometry of Hamiltonian Systems, T. Ratiu, ed.: 497–518, MSRI series, Springer, 1991.

[4] C. Simó, A. Susín. The collision manifold in the planar three body problem. In preparation.

On the homology of the integral manifolds in celestial mechanics Christopher McCord University of Cincinnati email: chris.mccord@uc.edu Kenneth Meyer University of Cincinnati email: ken.meyer@uc.edu The integral manifolds of the N-body problem are the level sets of energy, angular momemtum, linear momentum and center of mass. They are invariant under the flow, and their topology influences the possible dynamics of the system. Understanding their structure, and how that structure depends on the energy and angualar momentum parameters, is fundamental to understanding the global structure of the N-body problem. Recently, we have made progress in describing the topology of the integral manifolds, and detecting changes in that topology, by analyzing the homology of the manifolds. This talk will survey these results.

Melnikov Techniques in the Sitnikov Problem Ernesto Perez-Chavela UAM-Iztapalapa, MEXICO email: epc@xanum.uam.mx

Antonio Garcia UAM-Iztapalapa, MEXICO email: epc@xanum.uam.mx

Using Melnikov techniques we get two different families of periodic orbits in the Sitnikov problem. The first family is obtained using a generalization of the Hartman -Grobman theorem that we prove here; and the second one is gotten using the clasical horseshoe of Smale. Both families are obtained analytically. These results improve a previous one of H. Dankowicz and P. Holmes.

Existence and Stability of Relative Equilibria in the n-Body Problem Gareth Roberts Boston University email: garethr@math.bu.edu

Special periodic solutions of the Newtonian n-body problem consisting of configurations of bodies rotating rigidly about their centers of mass are called relative equilibria. These solutions become fixed points in a rotating coordinate frame, hence the name. One important conjecture in the field, attributed to Moeckel, asserts that the only linearly stable relative equilibria are those containing a dominant mass, ie. one mass which is much larger than all the others. For example, placing n equal masses at the vertices of a regular n-gon with an additional body of mass m at the center yields a relative equilibrium for all values of m. If m is sufficiently large, then this configuration, referred to as the 1 + n-gon, is linearly stable.

We provide some results in support of Moeckel’s dominant mass conjecture. One of these states that any relative equilibrium of n equal masses is not spectrally stable provided n ≥ 24, 306. We also consider a limiting problem with n “big” masses and p “small” masses, with the small masses being order ϵ [1]. This problem splits into two parts, where the n big bodies form a relative equilibrium of the n-body problem and the limiting positions (ϵ = 0) of the p small bodies are critical points of a two-dimensional potential function. Assuming that the small masses do not coalesce in the limit, a case studied by Moeckel in [2], we derive sufficient conditions on the limiting positions of the bodies to insure that the entire family is linearly stable for ϵ sufficiently small. We then apply these conditions to the 1 + n-gon family showing that it is possible to thicken the ring around the central body and maintain its stability.

References

[1] Zhihong Xia. Central configurations with many small masses. Journal of Differential Equations, 91:168-179, 1991.

[2] R. Moeckel. Relative equilibria with clusters of small masses. J. Dynam. Differential Equations, 9(4):507-533, 1997.

The Stability of the Thomson Heptagon in an Ideal Fluid Dieter Schmidt University of Cincinnati email: dieter.schmidt@uc.edu In his Adams prize essay of 1882 J. J. Thomson showed that in a uniformly rotating coordinate system a regular polygon configuration of N vortices is linearly stable for N < 7 and unstable for N > 7. The case of the heptagon can not be decided with the help of the linear terms. G. J. Mertz showed in 1978 with methods from fluid mechanics that the heptagon configuration is stable. By using methods common in celestial mechanics we can recover the result of Mertz and prove in addition that the heptagon configuration is locally Liapunov stable except for the rotational symmetry.

References [1] J. J. Thomson. On the Motion of Vortex Rings (Adams Prize Essay 1882). MacMillan, 1883.

[2] G. J. Mertz. Stability of body–centered polygonal configurations of ideal vortices.

Phys. Fluids, 21:1092–1095, 1978.

Contributed talks

Barrier to transport in point vortex dynamics Stefanella Boatto CNRS-Institut de Mécanique Céléste, Paris email: lella@bfl.fr Jacques Laskar CNRS-Institut de Mécanique Céléste, Paris email: laskar@bdl.fr We study the dynamics of a system of identical point vortices and of test particles transported by the velocity field created by the vortices. Of particular interest is to determine how the specific vortex dynamics (periodic, quasi-periodic or chaotic) affect the transport and diffusion properties of the test particles; and the process of vortex cluster formation and possible trapping of particles at the interior of each vortex cluster.

For the case of four identical point vortices (i.e., vortices with identical circulation) we have found that, by conservation laws, the vortex mouvement is cofined to a finite region of radius R_v = √ L/k. The particle phase space is therefore partitioned into an inner region, where the vortex motion takes place, and outer region, from which the vortices are excluded.

We have found that in case of quasi-periodic vortex motion, there is a sharp barrier to transport between the central chaotic region, punctured with regular islands, and the outer region where the trajectories are on tori. Mixing and diffusion are therefore only possible in the central region which exhibits in this case a lobe structure, with several islands in addition to the ones encircling the vortices. The existence of such a sharp barrier to transport between regular and chaotic region is well understood by applying the frequency analysis method of Laskar^{[1]}, and corresponds to the existence of an invariant surface of quasi-periodic orbites.

Finally, for the subspace of symmetrical vortex configurations, the formation of vortex clusters can be explain by the existence of a bifurcation energy beyond which the system of four vortices becomes equivalent to a system of two or three vortex clusters.

References [1] J.Laskar, Introduction to frequency map analysis, in Hamiltonian Systems with Three or More Degrees of Freedom, C.Simó (ed), NATO ASI Ser. C: Math Phys. Sci., Kluwer Acad. Publ., Dodrecht, Holland to appear in 1999, pp. 134-150.

Positive solution II-nd part of 16-th Hilbert’s problems Rifkat Bogdanov Nuclear Physics Institute of Moscow State University by M.V. Lomonosov email: bogdanov@bogdan.npi.msu.su 1. Nonlocal (first) integral of polynomial vector field on the plane. Notations. Denote by v polinomial of degree n vector field on the plane; by P_j (0 ≤ j ≤ n) different points on the plane; by t_j the time on the phase curve going through the point P_j, so x (t_j) would be integral curve of vector field v; by f_j (x) (0 ≤ j ≤ n) smooth function on phase plane, excluding probably some isolated phase curve of vector field v. Definition.Iff there exist some diffeomorphisms g_j (t) (0 ≤ j ≤ n) such, that

H (P_j , t) = n∑ j=1 f_j (x (t_j )) |_{tj =gj (t)} ≡ Const, (1) when we call the function H (P_j, t) the (correspondingly, global) non-local first integral of vector field v (iff in (1) the time goes the whole of line R). We call x (g_j (t)) (0 ≤ j ≤ n) as support of non-local first integral.

Theorem.Let vector field v has convex periodic phase curve. Then in exterior of these circle there exist global non-local first integral of v, iff there exist n circles of v in the above exterior.

2. Reduction to convex case. Lemma. Let us polynomial vector field v has k periodical integral curves. Then there exists one parameter family of vector fields v_ε with degv_ε = degv + 4 so, that v_0 orbitally equivalent to v and for small value of parameter the vector field v_ε has at least k periodical integral curves. Moreover in its interior there is the smallest convex periodical integral curve.

3. Upper bound. For nesting periodical orbits of polynomial vector field the number of limit circles isn’t greater than n(n + 1)/2 for n ≥ 4 (correspondingly, 6 for n = 2, 9 for n = 3).

Proof (see [1]) For above constructions it is needed (n + 1) circles. It is needed to remove critical values of global nonlocal integral by help of suitable number of limit circles (n(n + 1)/2 for n ≥ 4).

4. Bogdanov-Taken’s bifurcation (see [2]) deals with normal form of degree 2. Appearing limit circles are convex. From above follows that it’s number isn’t greater than 6 (realy 1, see(2)).

The work is partially supported by RFFI grant .No 98-01-00053.

References

[1] Bogdanov R.l. Positive solution II-th part of 16-th Hilbert’s problem. Func. An.

and their appl (to appear on Russian) [2] Bogdanov R.l. Bifurcation of the limit cycle of a family of plane vector fields.Sel.

Math. Sov,l4:373-387, 1981 [3] Hilbert D. Gesammelte Abhandlungen.317, 1935

Periodic solutions of the spatial elliptic restricted three body problem Josep M. Cors Dept. Matemàtica Aplicada III, Escola Universitària Politècnica de Manresa Universitat Politècnica de Catalunya Avda Bases de Manresa 61-73, 08240 Manresa (Barcelona), Catalonia email: cors@bages.eupm.upc.es Conxita Pinyol Dept. Ecomomia i Història Econòmica, Universitat Autònoma de Barcelona Bellaterra, 08193 (Barcelona), Catalonia email: iete4@cc.uab.es Jaume Soler Dept. Informàtica i Matemàtica Aplicada, Universitat de Girona Avda. Lluís Santaló s/n, 17071 Girona, Catalonia email: jaume@ima.udg.es We show the existence of periodic solutions in the three-dimensional elliptic restricted three body problem when the masses of the two primaries are equal. These solutions are perturbations of circular orbits of the Kepler problem when the massless body is far away from the primaries and its orbital plane is perpendicular to that of the primaries. The orbits are doubly symmetric and exist for a discrete sequence of values of the mean motion.

We scale the equations of motion so that the infinitesimal body is at distance unity from the primaries which are close to each other and move very fast. The distance between the primaries is taken as a small parameter but then the perturbation of the Kepler problem fails to be analytic. We then use a modified version of Poincaré’s method of analytic continuation.

References

[1] W.H. Jefferys. A new class of periodic solutions of the three-dimensional restricted problem. The Astronomical Journal, 71(2):99–102, (1966).

[2] R.C. Howison and K.R. Meyer. Doubly-symmetric periodic solutions of the spatial restricted three-body problem. Preprint, (1997).

2nπ-Periodic Solutions of the Sitnikov Problem Mir Abbas Jalali Institute for Advanced Studies in Basic Sciences, P.O. Box: 45195-159, Gava Zang, Zanjan, IRAN email: jalali@iasbs.ac.ir

In this paper we give criteria for the detection and generation of 2nπ-periodic solutions of the Sitnikov problem. The Sitnikov problem is the simplest case of the spatial restricted problem of three bodies and is governed by

z̈ + z/(z^2 + r(t)^2)^{3/2} = 0, (1)

where r(t) is a periodic function, r(t) = r(t + T ). In the normalized coordinate system we have T = 2π and 2r(t) = (1 − e cos E) with 0 ≤ e < 1 and

cos E = −e/2 + ∞∑ n=1 (1/n)[J_{n−1}(ne) − J_{n+1}(ne)] cos nt. (2)

This problem admits no classical integrals of motion. There are many attempts in dealing with this problem among which Moser’s contribution has significant importance [1]. The existence of chaotic solutions near the escaping orbits were studied by Moser. Dankowicz and Holmes [2] reconsider the problem using Melnikov’s theory and prove the existence of horseshoes. In our previous work [3], we dealt with Sitnikov’s problem near the 3:2 resonance and studied its geometrical features when |z| ≪ |r(t)|. In this study we present a method by which we can isolate 2nπ-periodic solutions. we use the following “integrable” equations

ẍ_k + x_k/(x^2_k + M^2_k )^{3/2} = 0, k = 1, 2, (3)

where M_1 and M_2 are the maximum and minimum values of r(t) for t ∈ [0, 2π[, respectively. We show that at certain circumstances, the solution of (1) lies between x_1 and x_2. This allows us to express the evolution of the system in a “convergent” Hamiltonian of the form H = 1 2 u̇^2 + ∞∑ n=0 Φ_n(t)u^n, (4)

where Φ_n are 2π-periodic functions of t. The new dependent variable u(t) is defined in terms of x_1(t) and r(t). Having u(t) = u(t + 2π) determined from (4), one could be able to construct 2nπ-periodic solutions of (1).

References

[1] Moser, J., Stable and Random Motions in Dynamical Systems, Princeton University Press, Princeton, NJ, (1973).

[2] Dankowicz, H. and Holmes, P.,“The existence of Transverse Homoclinic Points in the Sitnikov Problem”, Journal of Differential Equations, 116, 468, (1997).

[3] Jalali, M. A. and Pourtakdoust, S. H.,“Regular and Chaotic Solutions of the Sitnikov Problem near the 3/2 commensurability”, Celestial Mechanics and Dynamical Astronomy, 68, 151, (1997).

Parabolic fixed points and stability criteria for nonlinear Hill’s equation Daniel Nuñez Departamento de Matemática Aplicada. Universidad de Granada email: dnunez@goliat.ugr.es We discuss the stability of parabolic fixed points of area-preserving mappings and obtain a new proof of a criterion due to Simó. These results are employed to discuss the stability of the equilibrium of the periodic differential equation

ẍ + a(t)x + c(t)x^{2n+1} + . . . = 0 (n ≥ 1),

when the variational equation at x = 0 is unstable-parabolic. In this class of equations the first Lyapunov’s Method does not apply but in many cases the stability can be characterized in terms of the variational equation. We assume that c(t) does not identically vanish and does not change sign. We associate two numbers σ, ν ∈ {1, −1} to the variational equation and prove that x = 0 is stable if σνc(t) ≥ 0 and unstable if σνc(t) ≤ 0. As a consequence, we obtain a necesary and sufficient condition for the stability of the equilibrium of the restricted three-body problem.

This is joint work with Rafael Ortega.

References

[1] B. Liu. The Stability of The Equilibrium of a Conservative System. Journal of Mathematical Analysis and Applications, 202 :133-149, (1996).

[2] R. Ortega. The stability of the equilibrium of a nonlinear Hill’s equation. SIAM J. Math. Anal., 25 :1393-1401, (1994).

[3] C. Simó. Invariants curves near parabolic fixed points and regions of stability.

Astérisque, 98-99 :184-194, (1980).

Study of Complex Instability Using Normal Forms Mercè Ollé Dept. Matemàtica Aplicada I, Universitat Politècnica de Catalunya Av. Diagonal 647 (Edifici ETSEIB), 08028 Barcelona (Spain) email: olle@ma1.upc.es Jordi Villanueva Dept. Matemàtica Aplicada I, Universitat Politècnica de Catalunya email: jordi@tere.upc.es

Joan R. Pacha Dept. Matemàtica Aplicada I, Universitat Politècnica de Catalunya email: joanr@tere.upc.es We consider a Hamiltonian H of three degrees of freedom and a family of periodic orbits with a transition from stability to complex instability, such that there is an irrational collision of the Floquet eigenvalues of opposite sign. We analyze the local dynamics around the transition studying the Hamiltonian from an analytical point of view using and ad hoc normal form. Carrying out a finite number of steps of this normal form process, and skipping the non integrable remainder, the existence of a bifurcating family of two-dimensional tori is derived. This family of tori may unfold on the unstable side of the family of periodic orbits, and then they turn out to be stable (direct Hamiltonian Hopf bifurcation), or they may appear on the stable side, being now unstable (inverse bifurcation). The existence of a direct or inverse bifurcation depends intrinsically on the Hamiltonian.

Our next objective is to show that, when the above reminder is added, most part (in the sense of the measure theory), of these 2D invariant tori persist in the complete Hamiltonian H.

References

[1] Bridges, T. J. Stability of periodic solutions near a collision of eigenvalues of opposite signature. Math. Proc. Camb. Phil. Soc., 109:375-403, (1991).

[2] Bridges, T. J.; Cushman, R. H. Unipotent normal forms for symplectic maps.

Physica D, 65:211-241, (1993).

[3] Bridges, T. J.; Cushman, R. H.; Mackay, R. S. Dynamics Near an Irrational Collision of Eigenvalues for Symplectic Mappings. Fields Institute Communications, 4:61-79, (1995).

[4] Heggie, D. G. Bifurcations at complex instability. Cel. Mech. Dynam. Astron., 35:357-382, (1985).

[5] Jorba, A.; Villanueva, J. Numerical computation of normal forms around some periodic orbits of the restricted three-body problem. Physica D, 114:197-229, (1998).

[6] van der Meer, J. C. The Hamiltonian Hopf Bifurcation. Lecture Notes in Mathematics, 1160, Springer, New York, (1985).

1.2 Homoclinic Tangencies

Organizers : Ale Jan Homburg, Floris Takens

Key note lecture

Recent developments in chaotic dynamics Marcelo Viana IMPA, Rio de Janeiro email: viana@impa.br

I will report on some recent results in the theory of dynamical systems with complex behaviour, especially on the properties of attractors, robustness and (non)hyperbolicity, statistical description of the dynamics, and stability.

Invited lectures

Periodic and strange attractors near saddle-focus homoclinic orbits Ale Jan Homburg University of Maryland email: alejan@ipst.umd.edu

We discuss dynamics near Shil’nikov saddle-focus homoclinic orbits in three dimensional vector fields. The existence of periodic and strange attractors is investigated in families for which each member has a homoclinic orbit (so not in unfoldings). We consider how often, in the sense of measure, periodic and strange attractors occur. We also discuss the fate of typical orbits, and establish that despite the possible existence of attractors, a large proportion of points lies outside the basin of an attractor. This is joint work with Sergey Gonchenko and Oleg Sten’kin.

The Lorenz attractor exists Warwick Tucker Department of Mathematics, Uppsala University, S-751 06 Uppsala, Sweden Current address: IMPA, Est. D. Castorina 110, Jardim Botânico, 22460-320, Rio de Janeiro, RJ, Brazil email: warwick@math.uu.se

The following non-linear system of differential equations, also known as the Lorenz equations,

ẋ_1 = −σx_1 + σx_2 ẋ_2 = ϱx_1 − x_2 − x_1x_3 (1) ẋ_3 = −βx_3 + x_1x_2,

was introduced 1963 by Edward Lorenz, see [1]. Numerical simulations for an open neighbourhood of the classical parameter values σ = 10, β = 8/3 and ϱ = 28 suggest that almost all points in phase space tend to a strange attractor A - the Lorenz attractor. In [2], we prove that the Lorenz equations indeed support a strange attractor, as conjectured in [1]. We also prove that the attractor is robust, i.e., it persists under small perturbations of the coefficients in the underlying differential equations:

Theorem: For the classical parameter values, the Lorenz equations support a robust strange attractor A. Furthermore, the flow admits a unique SRB measure μ_X with supp(μ_X ) = A.

The proof can be broken down into two main sections: one global part, which involves rigorous numerical computations, and one local part, which is based on normal form theory. The novelty of the method of proof lies in that, rather than producing a traditional mathematical proof, we construct an algorithm which, if successfully executed, proves the existence of the strange attractor.

References [1] E. N. Lorenz. Deterministic Non-periodic Flow. J. Atmos. Sci., 20:130-141, (1963). [2] W. Tucker. The Lorenz attractor exists. Ph.D. Thesis, Uppsala University (1998), available at http://www.math.uu.se/~warwick/thesis.html.

Arbitrarily complicated dynamics near homoclinic tangencies Dmitry Turaev WIAS, Berlin email: turaev@wias-berlin.de

We prove that any multidimensional dynamical systems with non-hyperbolic homoclinic and heteroclinic cycles exhibits all dynamical phenomena possible in the corresponding dimension, in the following sense. Given a C^r-diffeomorphism f in R^n with a heteroclinic (homoclinic) cycle C composed of a finite number of periodic and connecting orbits there exists an algorithm to evaluate an effective dimension d of the problem: the maximal possible number of zero Lyapunov exponents for periodic orbits which can be born in a small neighbourhood of the cycle C at small C^r-smooth perturbations of f. For the case d < n the following result is established:

Theorem. For any d-dimensional diffeomorphism g and for any ε there exists a diffeomorphism f^∗ arbitrarily close to f in C^r-topology such that f^∗ has an absorbing domain D (i.e., (f^∗)^N D ⊂ D for some positive N) in a small neighbourhood of the cycle C, and in D there is an attractive d-dimensional smooth invariant manifold M such that (f^∗)^N |_M is C^r-conjugate to g.

Roughly speaking, small perturbation of any system with a heteroclinic cycle of effective dimension d can produce arbitrary d-dimensional dynamics.

Contributed talks

Control of averaging chaos in quasiperiodically excited system Mohamed Belhaq Laboratory of Mechanics, Faculty of Sciences Ain Chock, Group in Nonlinear Oscillations and Chaos, BP 5366, Maarif, Casablanca, Morocco email: belhaq@facsc- achok.ac.ma

Mohamed Houssni Laboratory of Mechanics, Faculty of Sciences Ain Chock, Group in Nonlinear Oscillations and Chaos, BP 5366, Maarif, Casablanca, Morocco email: mhoussni@hotmail.com

Suppression of chaos in periodically forced nonlinear oscillators has received much effort from analytical, numerical and experimental point of view [1,2,3]. In this work suppression of chaos in the averaged system of a nonlinear one-degree- of-freedom oscillator subjected to external and parametric excitations having incommensurate frequencies is reported [4]. An adapted Bogolioubov-Mitropolski method [5] is first developed to reduce the original quasiperiodically driven system to a periodically driven one by averaging in the rapidly varying oscillations [6]. The chaotic threshold is then derived on the slowly varying oscillations using the Melnikov method [7]. The possibility to realize a suitable system control of chaos by introducing a third harmonic parametric component into a nonlinear term of the original quasiperiodically forced system is investigated by acting on the induced effective averaged equations.

References

[1] R. Lima and M. Pettini. Suppression of chaos by resonant parametric perturbations. Phys. Rev. A, 41(2):726-733, (1990).

[2] L. Fronzoni, M. Giocondo and M. Pettini. Experimental evidence of suppression of chaos by resonant parametric perturbations. Phys. Rev. A, 43 (12):6483-6487, (1991).

[3] Y. Liu and J. R. Rios Leite. Control of Lorenz chaos. Phys. lett. A, 185:35-37, (1994).

[4] M. Belhaq and M. Houssni. Suppression of chaos in averaged oscillator driven by external and parametric excitation. Chaos Solitons and Fractals, to appear (1999).

[5] N. N. Bogolioubov and Y. A. Mitropolsky. Asymptotic methods in the theory of nonlinear oscillations. Gordon and Breach: New York, (1961).

[6] M. Belhaq and M. Houssni. Quasiperiodic oscillations, chaos and suppression of chaos in a nonlinear oscillator driven by parametric and external excitations. Nonlinear Dynamics, 18(1):1-24, (1999).

[7] V. K. Melnikov. On the stability of the center for time periodic perturbations.

Trans. Moscou Math. Soc., 12:1-57, (1963).

Homoclinic tangencies and Ω-moduli Sergey Gonchenko Inst. for Appl. Math. and Cyb., 10 Ul’janov st., 603005 Nizhnii Novgorod, Russia email: gonchenko@focus.nnov.ru

As is well known, multidimensional dynamical systems with structurally unstable Poincare homoclinic orbits and heteroclinic cycles possess continuous invariants (moduli) of the topological or Ω-equivalence (conjugacy) (the last is the topological equivalence (conjugacy) on the set of nonwandering orbits). For some classes of such systems the principal Ω-moduli were found and the existence of infinitely many moduli was established (see, for example, [1]–[4]). The importance of calculation of principal Ω-moduli is explained by the fact that, by definition, these invariants represent such parameters whose arbitrary changes lead to bifurcations of nonwandering orbits (periodic, homoclinic etc.). Thus, Ω-moduli can be considered as substantive control parameters along with the splitting parameters which are natural for such type bifurcation problems.

In the present report we state some results related to the following problems: 1) Determination of principal Ω-moduli in the cases of multidimensional diffeomorphisms with structurally unstable homoclinic orbits or heteroclinic cycles. A special attention is given for the cases where weakest eigenvalues of saddles are complex conjugate. Also we consider questions on existence of moduli of local Ω-conjugacy in the case of symplectic maps.

2) The study of bifurcations for families whose control parameters are a) principal Ωmoduli ; b) both principal Ω-moduli and splitting parameters.

References

[1] Gonchenko S.V., Shilnikov L.P. Invariants of Ω-conjugacy of diffeomorphisms with a structurally unstable homoclinic trajectory. Ukrainian Math.J., 42(2):134-140, (1990).

[2] Gonchenko S.V., Shilnikov L.P. On the moduli of systems with a non-rough Poincare homoclinic curve. Russian Acad. Sci. Izv. Math., 41(3):417-445, (1993).

[3] Gonchenko S.V., Turaev D.V., Shilnikov L.P. Dynamical phenomena in multidimensional systems with a structurally unstable homoclinic Poincare curve. Russian Acad. Sci. Dokl. Math., 47(3):410-415, (1993).

[4] Gonchenko S.V. Moduli of Ω-conjugacy of two-dimensional diffeomorphisms with a structurally unstable heteroclinic contour. Sbornic: Mathematics, 187(9):1261- 1281, (1996).

Asymptotics of Homoclinic bifurcation in a Three-Dimensional systemt Mohamed Houssni Laboratory of Mechanics, Faculty of Sciences Ain Chock, Group in Nonlinear Oscillations and Chaos, BP 5366, Maarif, Casablanca, Morocco email: mhoussni@hotmail.com Faouzi Lakrad Laboratory of Mechanics, Faculty of Sciences Ain Chock, Group in Nonlinear Oscillations and Chaos, BP 5366, Maarif, Casablanca, Morocco email: zifo 98@hotmail.com Mohamed Belhaq Laboratory of Mechanics, Faculty of Sciences Ain Chock, Group in Nonlinear Oscillations and Chaos, BP 5366, Maarif, Casablanca, Morocco email: belhaq@facsc- achok.ac.ma Using perturbation methods, we predict critical parameter values corresponding to homoclinic bifurcation in three-dimensional systems. The multiple scales perturbation method [1] is first performed to construct a higher-order approximation of the periodic solution [2]. A criterion based on the collision between the periodic orbit and the equilibrium involved in the bifurcation is then applied. This criterion developed initially to predict homoclinic bifurcations in planar autonomous system [3,4,5] is adapted here to derive a critical value of the homoclinic bifurcation in two specific three-dimensional systems. Period- doubling bifurcations are also investigated using the method of harmonic balance and the stability analysis of the bifurcating periodic solution. A numerical study [6,7] showed a good agreement of the critical parameter value with this analytical prediction.

References [1] A.H. Nayfeh. Perturbation Methods. Wiley-New York, (1973). [2] M. Belhaq and M. Houssni. Symmetry-breaking and first period-doubling following a Hopf bifurcation in a three-dimensional system. Mech. Res. Comm., 22(3):221- 231, (1995).

[3] M. Belhaq. New analytical technique for predicting homoclinic bifurcation in a autonomous dynamical systems. Mech. Res. Comm., 25(1):49-58, (1998).

[4] M. Belhaq, A. Fahsi and F. Lakrad. Predicting homoclinic bifurcations in planar autonomous systems. Nonlinear Dynamics, 18(4):303-310, (1999).

[5] M. Belhaq, B. Fiedler and F. Lakrad. Homoclinic connections in strongly selfexcited nonlinear oscillators: the melnikov function and the elliptic Lindstedt- Poincare method. Submitted to Nonlinear Dynamics, (1999).

[6] M. Belhaq, E. Freire, M. Houssni and A.J. Rodriguez-Luis. Asymptotics of homoclinic bifurcation in a three-dimensional system. Submitted to Nonlinear Dynamics, (1999).

[7] M. Belhaq, E. Freire, M. Houssni and A.J. Rodriguez-Luis. Second period-doubling in a three-dimensional system. Submitted to Int. J. Bifurcation and Chaos, (1999).

Dynamics near non-transversal homoclinic points Jürgen Knobloch TU Ilmenau email: knobi@mathematik.tu-ilmenau.de We consider discrete dynamical systems x(n + 1) = f(x(n), λ) having for λ = 0 a homoclinic orbit Γ := {f^n(q, 0), n ∈ ZZ } asymptotic to a hyperbolic fixed point p. f : IR^k × IR^m → IR^k smooth. We are interested in the dynamics in a neighborhood of Γ. To investigate this dynamics we will use Lin’s method. In the theory of smooth dynamical systems (vector fields) this method is proved to be a powerful tool for investigating the dynamics near homoclinic orbits or even heteroclinic cycles. Here we carry forward the ideas of Lin’s method to discrete systems. We apply the results to study the dynamics near non-transversal homoclinic points:

If the stable and unstable manifolds of p have a quadratic tangency in q we give a ”Poincaré-map” involving two different transversal homoclinic points which is conjugated to shift dynamics. We consider the dynamics of this map in dependence on the parameter λ.

By means of the canonical Poincaré-map we study the dynamics near homoclinic points in periodically forced systems. In particular we study homoclinic points and subharmonic solutions.

Resonant homoclinic flip bifurcations: a numerical investigation Bernd Krauskopf Engineering Mathematics, University of Bristol, Bristol BS8 1TR, GB email: b.krauskopf@bristol.ac.uk

Alan R. Champneys Engineering Mathematics, University of Bristol, Bristol BS8 1TR, GB email: a.r.champneys@bristol.ac.uk Bart Oldeman Engineering Mathematics, University of Bristol, Bristol BS8 1TR, GB email: bart.oldeman@bristol.ac.uk Three-parameter unfoldings of resonant orbit flip and inclination flip homoclinic orbits have recently been studied in [2]. The key idea is to look at a sphere in parameter space around the central singularity and glue respective codimension-two unfoldings of homoclinic flip bifurcations together. Several cases are possible, and near some resonant flip bifurcations one can find homoclinic-doubling cascades as first found in [1].

We explain some of these unfoldings and show results of a careful numerical study of the model proposed by Sandstede in [3]. Two particular unfoldings of a resonant orbit flip and a resonant inclination flip do indeed occur as proposed in [2] when the sphere around the central singularity is taken small enough. This also confirms the conjecture that the parameter space has cone structure close to the central codimension-three point. When the sphere is taken larger extra interesting codimension-three bifurcations occur.

References

[1] A.J. Homburg, H. Kokubu, and V. Naudot. Homoclinic-doubling cascades. DANSE preprint, 45/97, (1997).

[2] A.J. Homburg, B. Krauskopf. Resonant homoclinic flip bifurcations. DANSE preprint, 53/98, (1998).

[3] B. Sandstede. Constructing dynamical systems having homoclinic bifurcation points of codimension two. J. Dyn. Diff. Eq., 9:269–288, (1997).

On the structure and bifurcations in a generic unfolding of a 2 d.o.f Hamiltonian system with the contour with two saddle-foci Lev Lerman Research Institute for Applied Mathematics & Cybernetics email: lermanl@unn.ac.ru Let (M, Ω) be a C^∞ four-dimensional symplectic manifold and X_{Hμ} , μ ∈ IR, be a generic smooth one-parameter unfolding of a smooth Hamiltonian vector field with Hamiltonian H_0 such that X_{H0} has two singular points p_1, p_2, both of saddle-focus type that belong to the same level set of Hamiltonian and their stable and unstable manifolds intersect each other transversely along two heteroclinic orbits forming a contour Γ. Without loss of generality one may suppose the equilibrium p_1 does not change with μ and p_2 does depend on μ, with f(μ) = H(p_2) − H(p_1).

Theorem. There are positive constants μ_0, c_0 small enough and a neighborhood U of Γ such that for X_{Hμ} , |μ| ≤ μ_0, in U ∩ {H_μ = c}, |c| ≤ c_0: 1. There exist invariant hyperbolic subsets H_{μ,c} such that the Poincare map P_{μ,c} generated by H_{μ,c} is conjugated to a symbolic system with countable alphabets for μ = 0, c = 0, μ ≠ 0, c = 0 or μ ≠ 0, c = f(μ). If μ ≠ 0, c ≠ f(μ) then the alphabet is finite and the number of states grows with the logarithmic asymptotics. 2. There are two sequences

{μ^{(1)}_k }, {μ^{(2)}_k }, μ^{(i)}_k ∈ (−μ_0, μ_0), such that X_{Hμ} , μ = μ^{(i)}_k , possesses a nontransverse homoclinic orbit to p_i with quadratic tangency. After every passage of μ through μ^{(i)}_k the number of 1-circuit homoclinic orbits to p_i increases by 2. 3. For μ = c = 0 the set H_{μ,c} exhausts all orbits lying entirely in U, in particular, all homoclinic and heteroclinic to p_i, i = 1, 2, orbits.

Corollary 1. The vector field X_{H0} in the level H_0 = 0 near Γ has: i) a countable set of transverse heteroclinic contours of any circuitness;

ii) each saddle-focus p_i has a countable set of transverse homoclinic orbits of any circuitness;

iii) for each integer N > 0 there is a countable set of saddle periodic orbits of circuitness N, every such orbit γ possesses a countable set of heteroclinic orbits with p_i, i = 1, 2, γ → p_i, and p_i → γ, where the arrows point out the direction of increasing time.

Corollary 2. For μ ≠ 0, c = 0 the same assertions as in the items ii), iii) of Corollary 1 hold for p_1 and periodic orbits in the level H_μ = 0. For μ ≠ 0, c = f(μ) the same is valid for the saddle-focus p_2(μ).

Remark. The contours described exist in the Hamiltonian system derived from the stationary generalised Swift-Hohenberg equation when its two parameters belong to some parabola.

Author acknowledges a partial support of this research from the Russian Foundation of Basic Research (grant 99-01-00795) and the Program ”Universities of Russia” (project No. 1905). References [1] L.M.Lerman. Homo- and heteroclinic orbits, hyperbolic subsets in a one-parameter unfolding of a Hamiltonian system with two saddle-foci. Regular and Chaotic Dynamics, 2(3-4):139–155, (1997).

On singularities robustly accumulated by periodic orbits C. A. Morales Universidade Federal do Rio de Janeiro email: morales@impa.br Let G^1 be the set of three-dimensional vector fields X such that all the singularities and periodic orbits of every vector field Y C^1-close to X are hyperbolic. A singularity σ of X is robustly accumulated by periodic orbits if for every Y C^1 close to X, the continuation σ_Y of σ belongs to the closure of the periodic orbits of Y . An example of such a kind of singularity is that of the geometric Lorenz attractor L (cf. [1]). Observe that L is a partially hyperbolic attractor with volume expanding central direction.

In this talk we outline the proof of the following result : For generic X ∈ G^1, if σ is a singularity of X robustly accumulated by periodic orbits, then σ belongs to a partially hyperbolic attractor with volume expanding central direction for either X or −X. An example of a vector field in G^1 which has neither attractors nor repellers and exhibits a singularity robustly accumulated by periodic orbits is given.

References

[1] Guckenheimer, J., Williams, R.F.. Structural stability of Lorenz attractors. Publ.

Math. IHES, 50 :307-320, (1979).

Impossibility of complete bifurcation description for some classes of systems with simple dynamics Mikhail Shashkov Department of Differential Equations, Institute for Applied Mathematics and Cybernetics, 10 Uljanov st., Nizhny Novgorod 603005, Russia email: shashkov@unn.ac.ru The main problem of the bifurcation theory is to describe changes of phase portraits of dynamical systems under continuous change of parameters. This description implies construction of the bifurcation diagram, i.e. splitting the space of parameters onto classes of the equivalent systems. It is well known, that many bifurcations of dynamical systems admit the complete bifurcation description by so-called versal families, which, in some sense, contain the complete information on the structure of the bifurcation set for any family of general position. it is known also that majority of dynamical systems with chaotic behaviour of trajectories do not admit the complete bifurcation analysis. It is explained, first of all, by the existence of small perturbations which lead to appearance of infinitely-degenerate orbits. In contrast to the chaotic systems, it seems natural, that systems with simple dynamics must admit the complete bifurcation analysis. But it is not so.

In the present report, an example of the codimension two system with very simple dynamics is considered. Small perturbations of this system can lead to appearance of no more than one periodic orbit. Nevertheless, the complete bifurcation analysis of such system is impossible in framework of any finite parametric family of dynamical systems.

More exactly, bifurcations of a heteroclinic contour composed by a homoclinic orbit to a saddle-focus and a heteroclinic orbit to this equilibrium point are considered. The case of simple dynamics is selected (no more than one periodic orbit is born at bifurcations in a small neighborhood of the contour). In spite of simplicity of dynamic behavior, the structure of the bifurcation set corresponding to multi-circuit heteroclinic orbits is rather complicated. It is demonstrated that there is no versal families of dynamical systems which describe completely the structure of the bifurcation set. Moreover, in any neighborhood of any family with such contour there exists a continuum set of the families which are not equivalent to each other.

A Method for Computing the Homoclinic Orbits of the Lorenz System at σ = 10, b = 8/3 and ρ = 13.926 . . . A. F. Vakakis Department of Mechanical and industrial Engineering University of Illinois at Urbana-Champaign email: avakakis@uiuc.edu M.F.A. Azeez Department of Mechanical and industrial Engineering

University of Illinois at Urbana-Champaign We present an iterative technique to analytically approximate the homoclinic loops of the Lorenz system for σ = 10, b = 8/3 and ρ = ρ_H = 13.926 . . .. First, the local structure of the homoclinic solution for t −→ 0± and t −→ ±∞ is analyzed. Then, global approximants are used to match the local expansions. The matching procedure resembles the one used in Padé approximations. The accuracy of the approximation is improved iteratively, with each iteration providing estimates for the initial conditions of the homoclinic orbit, the valus of ρ_H , and three undetermined constants in the local expansions. Within three iterations the error in ρ_H falls to the order of 0.1%. Comparisons with numerical integrations are made, and a discussion on ways to extend the technique to other types of homoclinic or heteroclinic orbits, and to improve its accuracy, is given. A detailed presentation of the aforementioned analysis can be found in [1].

References [1] A.F.Vakakis and M.F.A.Azeez. Analytic Approximation of the Homoclinic Orbits of the Lorenz System at σ = 10, b = 8/3 and ρ = 13.926 . . . . Nonlinear Dynamics, volume(15):245-257, (1998).

1.3 Singular Perturbations

Organizers : Peter Szmolyan, David Terman

Key note lecture

Geometric Singular Perturbation Theory Peter Szmolyan Technische Universität Wien email: ps@umbriel.tuwien.ac.at The geometric approach to singular perturbation problems [1] has been substantially refined and extended during the last decade. For problems which exhibit layer behaviour this approach has been very successful, see the survey [2] for the basic theory and references to numerous applications. By now, singularly perturbed ordinary differential equations can be seen as dynamical systems of considerable complexity but still amenable to analysis.

However, at points where normal hyperbolicity fails, e.g. fold points or points of selfintersection of the critical manifold, the well developed geometric theory does not apply. These situations are abundant in applications, we just mention relaxation oscillations [3] and turning point problems [4]. A well known related phenomenon are canard solutions which were first analysed by methods from nonstandard analysis [5] . Only recently, a pioneering geometric analysis of canard cycles in van der Pol’s equation based on blow-up methods was given [6].

In this talk we survey results [7,8,9,10] aiming at a comprehensive geometric treatment of singular perturbation problems with nonhyperbolic points. We show how blowup techniques lead to problems which can be analyzed in detail by more conventional methods from the theory of dynamical systems. Several examples, including relaxation oscillations and canard solutions, are discussed. This approach provides also insight into the scaling- and matching-techniques used in classical matched asymptotic expansions.

References

[1] N. Fenichel. Geometric singular perturbation theory for ordinary differential equations. J. Diff. Eq., 31: 53-98, (1979).

[2] C. K. R. T. Jones. Geometric singular perturbation theory. Dynamical Systems, Springer Lecture Notes Math. 1609: 44-120, (1995).

[3] E. F. Mishchenko and N. Kh. Rozov. Differential equations with small paramters and relaxation oscillations, Plenum Press, New York (1980).

[4] W. Wasov. Linear turning point theory, Springer, New York (1985). [5] E. Benoit, J. L. Callot, F. Diener and M. Diener. Chasse au canards, Collect.

Math., 31: 37-119, (1981).

[6] F. Dumortier and R. Roussarie. Canard cycles and center manifolds. Memoirs of the AMS, 557, (1996).

[7] M. Krupa and P. Szmolyan. Extending geometric singular perturbation theory to nonhyperbolic points, SIAM J. Math. Anal., submitted.

[8] M. Krupa and P. Szmolyan. Relaxation oscillation and canard explosion. SIAM J.

Math. Anal., submitted.

[9] A. Milik and P. Szmolyan. Multiple time scales and canards in a chemical oscillator.

IMA Volumes in Mathematics and its Applications, to appear.

[10] M. Wechselberger. Singularly perturbed folds and canards in IR^3. Thesis, TU-Wien, 1998.

Invited lectures

Geometric singular perturbation theory beyond normal hyperbolicity Freddy Dumortier Limburgs Universitair Centrum, Diepenbeek, Belgium email: freddy.dumortier@luc.ac.be Geometric singular perturbation theory has traditionally dealt only with perturbation problems near normally hyperbolic manifolds of singularities. In the talk will be shown how blow up techniques can permit enlarging the applicability to non-normally hyperbolic points. The method will be presented on well chosen examples in the plane and in 3-space, emphasizing problems concerning bifurcations of limit cycles.

References

[1] F. Dumortier and R. Roussarie: Canard cycles and center manifolds, Memoirs Amer. Math. Soc. 577, 1996.

[2] F. Dumortier and R. Roussarie: Geometric singular perturbation theory beyond normal hyperbolicity, preprint.

[3] F. Dumortier and R. Roussarie: Multiple canard cycles, preprint

Geometric singular perturbation theory in infinite dimensions George Haller Division of Applied Mathematics, Brown University email: haller@cfm.brown.edu

Geometric singular perturbation theory is a powerful tool for the study of dynamical systems with two different time scales. However, its basic techniques, originally established by N. Fenichel, are strictly finite-dimensional in nature. This talk surveys recent infinite-dimensional developments in the framework of two examples. First, Shilnikovtype manifolds homoclinic to finite-dimensional slow manifolds are described for coupled nonlinear Schrődinger equations. Second, the existence of an infinite-dimensional slow manifold comtaining the global attractor of the Maxwell-Bloch equations is discussed.

Asymptotic Method of Differential Inequalities Nikolai Nefedov Lomonosov Moscow State University email: nefedov@mt384.phys.msu.su

Some recent achievements of singular perturbations theory which are based on asymptotic method of differential inequalities (AMDI) are presented.

The main idea of AMDI is to construct upper and lower solutions by using formal asymptotics. This approach was successfully applied to different classes of problems for nonlinear singularly perturbed equations:

1) Elliptic problems, including systems with ”fast” and slow equations. 2) Parabolic problems with solutions periodic in time. 3) Integro-differential equations ( ODE and PDE cases).

4) Investigations of stability in Ljapunov sense of steady-state and periodic solutions of the corresponding parabolic equations.

For these classes of problems solutions with internal layers and the case of exchange of stabilities were considered. Theorems of existence of solutions, estimates of asymptotics were stated. More detailed consideration of some of the presented problems can be found in papers [1-3].

References [1] N.N. Nefedov. Method of differential inequalities for some classes of nonlinear singularly perturbed problems with internal layers. Differential iquations(russian), 31(7):1132-1139, (1995).

[2] N.N. Nefedov. Two-dimensionalstep-type contrast structures: asymptotics, existence, stability. Russian Acad. of Sci. reports, 349(5):603-605, (1996).

[3] V.F. Butuzov, N.N. Nefedov, K.R. Schneider. Singularly perturbed boundary value problems in case of exchange of stability. Journal of Mathematical Analysis and Applications, 229: 543-562, (1999).

Captures into resonance and scattering on resonance: an example from charged particles dynamics Anatoly Neishtadt Space Research Institute, Profsoyuznaya str. 84/32, 117810 Moscow, Russia email: aneishta@iki.rssi.ru Alexander Itin Space Research Institute, Profsoyuznaya str. 84/32, 117810 Moscow, Russia email: alx it@yahoo.com Alexei Vasiliev Space Research Institute, Profsoyuznaya str. 84/32, 117810 Moscow, Russia email: valex@iki.rssi.ru Dynamics of a relativistic charged particle in a uniform magnetic field and an electrostatic plane wave is studied. For small amplitude high frequency wave the system is reduced to a two degrees of freedom Hamiltonian system with slow and fast variables. In this system, the phenomena of capture into resonance and scattering on the resonance are described. These phenomena determine the long-term dynamics of the particle.

Gevrey Asymptotics in Singular Perturbations of ODE Reinhard Schäfke Université Louis Pasteur, Strasbourg email: schaefke@math.u-strasbg.fr For analytical singularly perturbed ordinary differential equations, I present two very general theorems on the existence of solutions having Gevrey asymptotic expansions and an idea of their proof (work with M. Canalis–Durand, J.-P. Ramis and Y. Sibuya).

Three applications are given:

• the proof of Wasow’s conjecture on the nature of turning points (thesis of C.

Stenger),

• a theorem on resonance in the sense of Ackerberg - O’Malley (work with A.

Fruchard),

• a generalisation of a theorem of Y. Sibuya on the convergence of formal solutions in the theory of singular perturbations.

The theorems were chosen to show the power of analytical methods in the theory of singular perturbations.

References [1] M. Canalis–Durand, J.P. Ramis, R. Schäfke, Y. Sibuya. Gevrey solutions of singularly perturbed differential and difference equations. J. f. Reine u. Angew. Math., (to be published):31 pages, (1999).

[2] C. Stenger. On a conjecture of W. Wasow concerning the nature of turning points.

C. R. Acad. Sci., 325:27-32, (1997).

Propagating Activity Patterns in Neuronal Networks David Terman Ohio State University email: terman@math.ohio-state.edu Synaptically coupled neuronal networks can exhibit a wide variety of propagating wave activity. These waves depend on many network properties including whether the coupling is excitatory or inhibitory and the architecture of neuronal connections. In this talk, I will discuss how geometric singular perturbation methods have been used to classify which waves exist for a given network and how to compute their wave speed.

Contributed talks

Bifurcations, scaling laws and hysteresis in singularly perturbed systems Nils Berglund WIAS-Berlin email: berglund@wias-berlin.de Dynamical systems depending on a slowly varying parameter can be described by a singularly perturbed differential equation of the form εẋ = f(x, t). We are interested in the qualitative behaviour of solutions near a bifurcation point of the associated oneparameter family of dynamical systems ẋ = f(x, λ).

Bifurcations with a single zero eigenvalue lead to the appearance of scaling laws: certain solutions of the singularly perturbed equation track an equilibrium branch of f(x, λ) at a distance of order ε^α|t|^β. When f(x, t) is periodic, this can produce hysteresis cycles whose area behaves as ε^μ, where μ is usually a rational number. We present a method based on Newton’s polygon to compute the exponents α, β and μ [1,2].

The passage through a Hopf bifurcation leads to the well-known bifurcation delay [3,4]. We construct a scalar feedback control which suppresses this delay by transforming the Hopf bifurcation into a bifurcation with double zero eigenvalue, described by a cubic Liénard equation [5]. We present a result on exchange of stabilities for the associated slowly time-dependent equation [6].

References

[1] N. Berglund, H. Kunz. Memory Effects and Scaling Laws in Slowly Driven Systems.

J. Phys. A, 32(1):15-39, (1999).

[2] N. Berglund. Adiabatic Dynamical Systems and Hysteresis. Ph.D. Thesis EPFL- 1800 (1998).

[3] A.I. Neishtadt. Persistence of stability loss for dynamical bifurcations I. Diff. Equ., 23:1385-1391, (1987).

[4] A.I. Neishtadt. Persistence of stability loss for dynamical bifurcations II. Diff. Equ., 24:171-176, (1988).

[5] A.I. Khibnik, B. Krauskopf, C. Rousseau. Global study of a family of cubic Liénard equations. Nonlinearity, 11:1505-1519, (1988).

[6] N. Berglund. Control of dynamic Hopf bifurcations. Preprint, mp-arc/99-89, (1999).

Exponential Sensitivity in some singularly perturbed boundary value problems Adriana Bohé email: bohe@math.jussieu.fr We consider a singularly perturbed boundary value problem with Dirichlet conditions and study the sensitivity of the internal layers solutions with respect to small changes in the boundary data. Our approach exploits the existence of smooth invariant manifolds and their asymptotic expansions in the small parameter of perturbation. Using this approach we show that the phenomenon is extremely sensitive since the shock layers are only obtained by exponentially small perturbations of the boundary data. Examples considered include certain equations associated with metastable internal layer motion.

Integral Manifolds in the Theory of Singularly Perturbed Differential-Difference Equations Igor Cherevko The State University of Chernivtsi email: cherevko@math.chdu.cv.ua We consider the following system with time lag dx dt = f(t, x, y, ε), ε dy dt = C(t)y + D(t)y_Δ + g(t, x, x_Δ, y, y_Δ, ε), (1)

where t ∈ IR, x, x_Δ ∈ IR^n, y, y_Δ ∈ Ω_ρ = {y ∈ IR^m, |y| < ρ}, ε > 0 (x_Δ = x(t − εΔ), y_Δ = y(t − εΔ)). In this paper we investigate conditions of existence for an integral manifold of system (1) in form y = h(t, x, ε). The flow on this manifold is governed by the m-dimentional system dx dt = f(t, x, h (t, x, ε) , ε). (2) Moreover, the stability property problem for system (1) is equivalent to the stability problem for reduced system (2) [1].

Method of integral manifolds is applied to study linear singularly perturbed system [2] dx dt = A(t)x + B(t)y, ε dy dt = C(t)y + D(t)y_Δ + F (t)x + G(t)x_Δ. (3) The use of this method permits us to solve a problem of decomposition of singularly perturbed differential-difference system (3) into two independent equations.

References

[1] Cherevko I.M. Integral manifolds and decomposition of nonlinear singularly perturbed system with delay. Nonlinear Oscillations, 1(1) : 139 - 144, (1998).

[2] Cherevko I.M. Decomposition of linear singularly perturbed differential-difference equations.Dopovidi NAN Ukraine. Ser. A, (6) : 42 - 45, (1997).

The period function of non homogeneous equations A. Raouf Chouikha University of Paris-Nord email: chouikha@math.univ-paris13.fr We study the period function T (c) of a center of non homogeneous differential system:

u^{′′} + g(t, u, u^′) = 0, (1)

where the function g satisfies certain conditions, ensuring the existence of a center at the origin O.

We are interested in the existence of solutions of equation (1), and more precisely in the case where g(t, u, u^′) = f(u) + ϵh(t, u, u^′). So that the homogeneous equation u^{′′} + f(u) has a center and a monotonic period function depending on the energy. Some sufficient conditions for the monotonicity of T (c) or for the isochronocity of a center in the homogeneous case may be extended in the perturbed case.

We also examine the differential equation of Lienard type u^{′′} + a(t)u^′ + f(u) = 0, and the monotonicity of its period function.

References

[1] R. Chouikha and A. Kelfa. Monotonicity properties of the period function for some planar Hamiltonian systems. Comm. on Appl. Nonlin. Anal., 40(3):99-120, (1996).

[2] M. Sabatini. On the period function of Lienard systems. J. of Diff. Equations, 152:467-487, (1999).

Invariant manifolds approach to optimal control of nonlinear singularly perturbed systems

Emilia Fridman Dept. Electrical Eng./Systems, Tel Aviv University, Tel Aviv 69978, Israel email: emilia@eng.tau.ac.il Consider the following nonlinear affine system:

ẋ_1 = f_1(x_1, x_2) + B_1(x_1, x_2)u, ϵẋ_2 = f_2(x_1, x_2) + B_2(x_1, x_2)u, (1)

with the functional J = ∫_∞ 0 [k^′(x_1, x_2)k(x_1, x_2) + u^′R(x_1, x_2)u]dt, (2)

where x_1(t) ∈ R^{n1} and x_2(t) ∈ R^{n2} are the state vectors, x = col{x_1, x_2}, u(t) ∈ R^m is the control input, and z ∈ R^s is the output to be controlled, ϵ > 0 is a small parameter.

The functions f_i, B_i, R and k are differentiable with respect to x a sufficient number of times. We assume also that f_i(0, 0) = 0, k(0, 0) = 0 and R = R^′ > 0.

The system (1)-(2) has a non-standard singularly perturbed form in the sense that it is nonlinear in both, the slow variable x_1 and the fast variable x_2. In the standard form the system is linear in x_2.

We are looking for a nonlinear state-feedback

u = β(x), β(0) = 0, (3)

that minimizes the cost (2), where x(0) = x_0. For each ϵ > 0 the control law (3) is locally optimal on Ω ⊂ R^{n1} × R^{n2} if there exists Ω_1, 0 ∈ Ω ⊂ Ω_1, such that the closedloop trajectories for initial data in Ω remain in Ω_1 and for any initial condition x_0 ∈ Ω and any control u(t) for which

(i) x(t) ∈ Ω_1, t ≥ 0; (ii) J(x_0, u) < ∞; (iii) lim_{t→∞} x(t) = 0

we have J(x_0, u_0) ≤ J(x_0, u).

It is known that the optimal controller for such problem can be designed by solving a Hamilton-Jacobi partial differential equation. This equation is solvable iff there exists a special invariant manifold of the corresponding Hamiltonian system. We obtain exact slow-fast decomposition of the Hamiltonian system and of the special invariant manifold into the slow and the fast ones. On the basis of this decomposition we construct highorder asymptotic approximations of the optimal state-feedback, optimal trajectory and optimal open-loop control.

Multiplicative solution asymptotics for singularly perturbed parabolic boundary value problems Serguei Frolovitchev MTUCI, Moscow, Russia email: frolovit@amath.msk.ru In this talk we consider the boundary value problem ∂u ∂t = L_hu, t > 0, x ∈ D; (1) u | | |_{t=0} = 0, u | | |_{x∈∂D} = Ψ(x), (2) where u = u(x, t, h), L_h = h⟨A(x)∇, ∇⟩ + ⟨b(x), ∇⟩ + c(x) is an operator uniformly parabolic on the set D_0, A(x) is a symmetric (n × n) matrix, b(x) = (b_1(x), b_2(x), . . . , b_n(x)) is a vector-valued function, the components of the matrix A(x) and of the vector b(x) are infinitely differentiable on D_0; the function c(x) ≤ 0 for x ∈ D_0, and c(x) ∈ C^∞(D_0); D_0 is a bounded domain such that (D ∪ ∂D) ⊂ IR^n; the function Ψ(x) ≥ δ > 0 for x ∈ ∂D, Ψ(x) ∈ C^∞(∂D). The boundary ∂D of the domain D is a class C^∞; h ∈ (0, 1] is a small parameter, ⟨·, ·⟩ is the inner product in IR^n_x, ∇ = (∂/∂x_1, ∂/∂x_2, . . . , ∂/∂x_n) is the gradient operator.

We construct the global exponential asymptotics of the solution of problem (1),(2) as h → +0 for a finite time interval. We investigate following three cases: (i) ⟨b(x), n(x)⟩ > 0; (ii) ⟨b(x), n(x)⟩ < 0; (iii) ⟨b(x), n(x)⟩ = 0, where x ∈ ∂D and n(x) is the unit outward normal vector to ∂D at the point x.

We also construct the global asymptotics of the solution of problem (1), (2) in the case in which the equation coeffients of L_h depend on x and t.

Part of these results are joint work with V.P. Maslov and S.I. Chernykh.

Limit Cycles of Polynomial Dynamical Systems Valery Gaiko Belarussian State University of Informatics and Radioelectronics email: vlrgk@cit.org.by Two-dimensional polynomial dynamical systems are considered. The main problem of the qualitative theory of such systems is Hilbert’s Sixteenth Problem on the maximum number and relative position of limit cycles. There are three local bifurcations of limit cycles: 1) Andronov – Hopf bifurcation (from a singular point of the center or focus type); 2) separatrix cycle bifurcation (from a homoclinic or heteroclinic orbit); 3) multiple limit cycle bifurcation. The analysis of each of these bifurcations individually does not yield a complete solution of the Problem even in the simplest (quadratic) case of nonlinear polynomial systems. Using Erugin’s ideas on the qualitative investigation on the whole, Duff’s field-rotation parameters and Perko’s termination principle, we connect all local bifurcations of limit cycles and develop a global bifurcation theory of polynomial dynamical systems.

In particular, we give a sketch of proof of the theorem stating that for quadratic systems four is the maximum number of limit cycles and (3:1) is only possible their distribution. The proof is carried out by contradiction. On the first step we show the nonexistence of four limit cycles surrounding a singular point. We consider a canonical system containing three field-rotation parameters and suppose that it has four limit cycles around the origin; then we get into some three-dimensional domain of the fieldrotation parameters being restricted by some conditions on the rest two parameters corresponding to the definite case of singular points in the phase plane. This threeparameter domain of four limit cycles is bounded by three fold bifurcation surfaces forming a swallow-tail bifurcation surface of multiplicity-four limit cycles. It can be shown that the corresponding maximal one-parameter family of multiplicity-four limit cycles cannot be cyclic and terminates either at the origin or on some separatrix cycle surrounding the origin. Since we know absolutely precisely at least the cyclicity of the singular point (Bautin’s result) which is equal to three, we have got a contradiction with the termination principle stating that the multiplicity of limit cycles cannot be higher than the multiplicity (cyclicity) of the singular point in which they terminate. Since we know the concrete properties of all three field-rotation parameters in the canonical system and, besides, we are able to control simultaneously bifurcations of limit cycles around different singular points, the proof of the theorem can be completed.

In a similar way cubic and more general polynomial systems can be considered. Thus, generalizing the obtained results, we develop a global bifurcation theory of planar polynomial systems. We discuss also how to apply these results for higher-dimensional dynamical systems and how, in particular, to construct a three-dimensional system with a strange attractor on the base of a planar quadratic system with two unstable foci and an invariant straight line.

On WKB asymptotic expansions of high frequency vibrations in stiff problems Yuri Golovaty Cracow University of Technology, Poland email: holovaty@usk.pk.edu.pl

Natalia Babych Lviv State University, Ukraine email: diffeq@mf.franko.lviv.ua

Stiff problems are differential equation problems with very different values of the coefficients in different regions of the domain. Such problems model the vibrations of a system consisting of two (or more) materials, one of them very stiff respect to the other. Stiff problems originated in J.L. Lions [1]. We study the asymptotic behavior of the eigenvalues and eigenfunctions of the corresponding spectral problem.

Let Ω be a bounded domain of IR^n, n = 1, 2, . . ., divided in two parts Ω_0 and Ω_1 by the interface Γ: Ω = Ω_0 ∪ Ω_1 ∪ Γ. Consider the spectral boundary value problem

L_0(x, ∂_x)u^ε − λ^εu^ε = 0 in Ω_0 and εL_1(x, ∂_x)u^ε − λ^εu^ε = 0 in Ω_1

with the Dirichlet boundary conditions on ∂Ω and the standard conjugate conditions on Γ. Here L_0 and L_1 are elliptic operators. The asymptotic behavior as ε → 0 of eigenvalues λ^ε_k and eigenfunctions u^ε_k has been widely studied (see [2] and the references given there). The study of so called low frequencies λ^ε_k = O(ε) leads us to a Dirichlet eigenvalue problem posed in the less stiff structure Ω_1 and does not provide a good insight on the vibration problems over all Ω.

From a physical viewpoint there is the different kind of proper vibrations (so called high frequency vibrations) which correspond to sequences of eigenvalues λ^ε_{k(ε)} with k(ε) → ∞. Such vibrations are generated by the stiffer structure Ω_0 and have strongly oscillatory character in Ω_1 (see [3]). Constructing of asymptotic expansions of the high frequency vibrations has been an open problem. Use a WKB-technique we find for some operators L_i and domains Ω_i the full asymptotic expansions of such vibrations in the form u^ε(x) ∼ ∑ ε^kv_k(x) if x ∈ Ω_0, u^ε(x) ∼ ∑ ε^kf_k(x, ε^{−1}S(x)) if x ∈ Ω_1

where S is a solution of the corresponding Hamilton-Jacobi equation. The asymptotics has a discrete character with respect to a small parameter ε. The sequences ε_s → 0 on which expansions are constructed and justified are given by formula.

References

[1] J.L.Lions. Perturbations singulières dans les problèmes aux limites et en contrôle optimal. Lect. Notes in Math., Springer , 323(1973).

[2] M. Lobo and E. Sanchez-Palencia. Low and high frequency vibrations in stiff problems. in De Giorgi 60th Birthday, Partial Differential Equations and the Calculus of Variations (Birkhaüser), 2:729-742, (1990).

[3] M. Lobo and E. Pérez. High frequency vibrations in a stiff problem. Math. Models Methods Appl. Sci., 7(2):291-311, (1997).

Radiation Reaction and Center Manifolds Markus Kunze Mathematisches Institut, Universität Köln, Weyertal 86, D-50931 Köln, Germany email: mkunze@mi.uni-koeln.de We consider a charged particle subject to self-generated electric and magnetic fields and under the influence of external fields, the classical Abraham-Lorentz model. An important issue for such models is to derive an “effective equation” for the particle position q(t) ∈ IR^3, i.e., an ODE for q alone, with the contributions from Maxwell’s equations for the fields incorporated. By formal calculations it can be seen that this equation is of type (m_0 + ε^{−1}m_e)q̈ = F (q, q̇) + aq^{(3)}, (1)

with a > 0, m_0 and m_e the rest mass and the effective mass of the particle, respectively; F denotes the external forces. This is the famous Lorentz-Dirac equation which (due to the term with the third derivative) has undesirable “run-away”-solutions, i.e., solutions that go off to infinity exponentially fast. There have been a lot of attempts to single out those initial data that lead to physically relevant solutions of (1) and to interpret them as approximations of the full problem, but no satisfactory answer has been know.

In this talk we outline a complete solution to this problem (and a rigorous derivation of (1)). It will be shown that the physically relevant solutions are exactly those which build up a normally hyperbolic manifold for (1) as a singular perturbation problem. In addition, those solutions are good approximations of the solutions to the full Abraham- Lorentz equations. The true “effective equation” then is the corresponding equation on the center-like manifold, and this equation has only physically reasonable solutions. (Joint work with H. Spohn.)

A perturbation method based on integrating vectors Wim T. van Horssen Department of Applied Analysis, Faculty of Information Technology and Systems, Delft University of Technology, Mekelweg 4, 2628 CD Delft email: W.T.vanHorssen@twi.tudelft.n In this paper a perturbation method based on integrating vectors and multiple scales will be presented for initial value problems for regularly or singularly perturbed ordinary differential equations. Asymptotic approximations of first integrals will be constructed which are valid on long time-scales. In some cases approximations of first integrals can be obtained that are valid for all times. Several examples are treated to show how this perturbation method can be applied.

On the asymptotic behaviour of solutions of singular initial value problems Oleksandr Zernov Odessa State Polytechnic University email: zernov@usm.tm.odessa.ua The following singular initial value problem is under consideration α(t)x^′(t) = F (t, x(t), x^′(t)), (1) x(0) = 0, (2)

where α : (0, τ) −→ R^{n×n} - a matrix with continuous elements,

α(t) = diag(α_1(t), . . . , α_n(t)),

α_i(t) → 0, t → +0, i ∈ {1, . . . , n}, F is a continuous function in some domain. For any ρ ∈ (0, τ) ρ – solution of the problem (1), (2) is said to be a continuously differentiable function x : (0, ρ) −→ R^n which is satisfield (1) when t ∈ (0, ρ) and also x(t) → 0 when t → +0. Sufficient conditions are given wherein the problem (1), (2) has a nonempty set of ρ - solutions (where ρ > 0 is small sufficiently) with needed asymptotic properties when t → +0. In particular, special cases α_i(t) = β(t), i ∈ {1, . . . , n} and α_i(t) = β_1(t), i ∈ {1, . . . , n_1}, α_j (t) = β_2(t), j ∈ {n_1 + 1, . . . , n} are under consideration. New efficient algorithms have been designed. All theorem’s conditions are effective. The investigation methods can be used for solving of a wide range of problems of local analysis.

1.4 Stochastic Systems

Organizers : Ludwig Arnold, Peter Kloeden

Key note lecture

White Noise Eliminates Instability Hans Crauel TU Berlin email: crauel@math.tu-berlin.de For deterministic systems with nontrivial limit behaviour the concept of a global attractor has turned out to be useful. A global attractor is a compact invariant subset of the state space, which attracts every bounded set.

When taking additional random influences into account, the concept of a global attractor has to be extended. One possible approach is to allow the attractor to be a random set. A compact random set is said to be a random attractor if it is invariant in a suitable sense, and if it attracts every bounded deterministic set. It turns out that random attractors exist for several classes of systems, among them random perturbations of systems from mathematical physics.

When considering random influences of small intensity, the question of the relation between the attractor of the unperturbed system and the family of random attractors of the randomly perturbed systems arises. It turns out that, with the intensity of the perturbation tending to zero, the random attractor stays in arbitrarily small neighbourhoods of the unperturbed attractor almost surely.

However, in general the random attractor does not converge to the unperturbed attractor. Examples show that random perturbations may cause the random attractor to become smaller than the unperturbed attractor, where ‘smaller’ not only refers to set inclusion, but also to (Hausdorff) dimension.

A possible explanation of this phenomenon is the fact that the perturbed system becomes transient in a vicinity of unstable regions of the attractor of the unperturbed system, even if the intensity of the random perturbation is very small.

Invited lectures

Bifurcation theory for stochastic differential equations Peter Baxendale University of Southern California email: baxendal@math.usc.edu

In many physical systems which can be modelled by Itô stochastic differential equations, the equilibrium and stability properties of the system change as certain parameters in the system vary. Stationary probability measures may appear or disappear; (almost surely) stable fixed points may become (almost surely) unstable; pairs of trajectories may diverge (almost surely) instead of converging. Very often these phenomena are associated with the change of sign of a relevant Lyapunov exponent. In this talk we shall give some examples and results concerning such systems.

Random homoclinic dynamics Volker Matthias Gundlach Universität Bremen email: gundlach@math.uni-bremen.de

Transversal random homoclinic points play an important role for the description of smooth random dynamical systems exhibiting chaotic behaviour. In discrete time their existence gives rise to an invariant random homoclinic set on which the dynamics can be modeled by a random subshift of finite type. Following [1] we present a corresponding random version of the Smale Birkhoff Theorem which pays tribute to this phenomenon.

In continuous time a random Melnikov method can be used to have a recourse to the result in discrete time. We describe a method from [2] where criteria are provided in terms of simple zero-crossings of a Melnikov process for a randomly perturbed differential equation on IR^p of the form ẋ = f(x) + ϵg(θ(t)ω, x, ϵ) where f is a bounded C^3 function such that this equation possesses a hyperbolic fixed point x_0 for ϵ = 0 and a homoclinic solution ζ : IR → IR^p corresponding to x_0, i.e. lim_{t→±∞} ζ(t) = x_0, (θ(t))_{t∈IR} is an ergodic metric dynamical system on the probability space (Ω, F, IP) with Ω being a topological space and t → θ(t)ω being continuous for all ω ∈ Ω, g : Ω × IR^p × (−ϵ_0, ϵ_0) → IR^p for some ϵ_0 ∈ IR_+ is a measurable, uniformly bounded function which is C^3 for each fixed ω ∈ Ω and continuous for each fixed (x, ϵ). In case of p = 2 and the unperturbed system being Hamiltonian, the Melnikov process can be nicely presented as t → M(θ(t)ω) = ∫_∞ −∞ f(ζ(s − t)) ∧ g(θ(s)ω, ζ(s − t), 0)ds and hence consists just of given quantities such that it can be, in principle, computed. Steinkamp’s Melnikov criterion requires that the number of simple zero-crossings of the Melnikov process has positive expectation. If this is satisfied, then a Poincaré section can be constructed that leads to a random dynamical system in discrete time with a transversal random homoclinic point.

References [1] V. M. Gundlach. Random homoclinic orbits. Random & Computational Dynamics, 3(1 & 2):1–33, (1995).

[2] O. Steinkamp. Melnikov’s Method and Homoclinic Chaos for Random Dynamical Systems. PhD thesis, University of Bremen (1999).

Cohomology of flows of stochastic and random differential equations Peter Imkeller Humboldt-Universität zu Berlin email: imkeller@mathematik.hu-berlin.de Suppose a stochastic differential equation in d−dimensional Euclidean space possesses a global forward flow. We investigate conditions under which this flow is conjugate to the flow of a non-autonomous random ordinary differential equation, i.e. one can be transformed into the other via a random diffeomorphism of d−dimensional space. Viewing a stochastic differential equation in this form which appears closer to the setting of ergodic theory, can be an advantage when dealing with asymptotic properties of the system.

Lyapunov’s Second Method for Stochastic Differential Equations Xuerong Mao Department of Statistics, University of Strathclyde, Glasgow G1 1XH, U.K. email: xuerong@stams.strath.ac.uk

During the past century Lyapunov’s second method has gained increasing significance and has given decisive impetus for modern development of stability theory of dynamic systems. A manifest advantage of this method is that it does not require the knowledge of solutions of equations and thus has exhibited a great power in applications. On the other hand, since Itô introduced his stochastic calculus about 50 years ago, the theory of stochastic differential equations has been developed very quickly. Naturally, Lyapunov’s second method has been developed to deal with stochastic stability by many authors (cf. [1–11]). There are several books available expounding the main ideas of Lyapunov’s second method for stochastic differential equations e.g. Arnold [1], Has’minskii [5], Kushner [7]. In recent years, the original ideas have been refined, generalized and extended in several directions. Many new concepts have been introduced. Especially, some new ideas and approaches which might provide an exciting prospect of further advancement are still in the initial stages of investigation. In this talk, some of these aspects will be discussed.

References

[1] Arnold, L. Stochastic Differential Equations: Theory and Applications. John Wiley Sons, (1972).

[2] Arnold, L., Kliemann, W. and Oeljeklaus, E. Lyapunov exponents of linear stochastic systems. Springer Lecture Notes in Math., volume(1186): 85–125, (1989).

[3] Baxendale, P.H. Moment stability and large deviations for linear stochastic differential equations. Proceedings of the Taniguchi Symposium on Probabilistic Methods in Mathematical Physics ed. by Ikeda, N.: 31–54, (1987).

[4] Friedman, A. and Pinsky, M. Asymptotic stability and spiralling properties for solutions of stochastic equations. Trans. Amer. Math. Soc., volume (186): 331–358, (1973).

[5] Has’minskii, R.Z. Stochastic Stability of Differential Equations. Sijthoff and Noordhoff, (1981).

[6] Kolmanovskii, V.B. and Myshkis, A. Applied Theory of Functional Differential Equations. Kluwer Academic Publishers, (1992).

[7] Kushner, H.J. Stochastic Stability and Control. Academic Press, (1967). [8] Ladde, G.S. and Lakshmikantham, V. Random Differential Inequalities. Academic Press, (1980).

[9] Mao, X. Stochastic Differential Equations and Applications, Horwood, (1997). [10] Mao, X. Stochastic versions of the LaSalle theorem. J. Differential Equations, volume (153): 175–195, (1999) [11] Mohammed, S.-E.A. and Scheutzow, M.K.R. Lyapunov exponents of linear stochastic functional differential equations driven by semimartingales. Part II: Examples and case studies. Ann. Prob. volume (6): 1210–1240, (1997).

The Conley Index for Random Dynamical Systems Gunter Ochs Institut für Dynamische Systeme, Universität Bremen email: gunter@math.uni-bremen.de

The Conley index provides a topological tool in the qualitative study of dynamical systems. We will extend this method to random dynamical systems, which serve as a model for dynamics influenced or perturbed by probabilistic noise.

Criteria for the existence of random invariant sets and invariant measures under the presence of noise are given. In particular we will present some results on stochastic stability of invariant objects.

On the rate of dispersion of stochastic flows Michael Scheutzow Fachbereich 3, MA 7-5, TU Berlin, Straße des 17. Juni 135, 10623 Berlin, Germany email: ms@math.tu-berlin.de Suppose that ϕ_t(x), x ∈ IR^d, t ≥ 0 is a stochastic flow of homeomorphisms on IR^d. We study the growth of the diameter of the image ϕ_t(B) of the unit ball B ⊂ IR^d as t → ∞. Using chaining we show that under suitable Lipschitz and boundedness conditions on the local characteristics of the flow, ϕ_t(B) grows at most linearly in t. In the second part of the talk we discuss the special case of an isotropic Brownian flow in more detail. We show that if the top Lyapunov exponent is nonnegative, then the diameter of ϕ_t(B) (and even that of ϕ_t(S) for any nontrivial bounded connected subset S of IR^d) actually grows linearly in t i.e. lim inf^1_t diam (ϕ_t(B)) > 0 almost surely. If – on the other hand – the top Lyapunov exponent is negative, then the following dichotomy holds: with probability one ϕ_t(B) either grows linearly or shrinks to a point as t → ∞ and both events happen with strictly positive probability.

The talk is based on joint work with M. Cranston (Rochester) and D. Steinsaltz (Berkeley). The problem is motivated by applications in oceanography (the temporal dispersion of an oil slick on the surface of the ocean).

Contributed talks

The comparison of the stability of two statistical parameter estimators under complex disturbances in the data Michail V. Borisov Novosibirsk State University email: assa16@hotmail.com In the report, we make a comparison of the orthogonal regression (OR) estimator and the least squares (LS) estimator of the parameters of the autoregressive system:

x^∗_t = n∑ i=1 a_ix^∗_{t−i} + n∑ i=0 b_iu^∗_{t−i}, t = n + 1, . . . , N, (N > n + 1). The both ”proper” and ”non-proper” disturbances are considered, namely, those under which the estimators do not possess the estimate consistency, asymptotic unbiasedness, etc. We prove the theorem about the LS and the OR estimators identity as functions of data in the first order term of the Taylor-series expansion with respect to the ”true” non-perturbed data value. Then, by Monte-Carlo analysis, we investigate the region of the estimates’ linear dependence on the data under small disturbances. By the above theorem, in this region the LS and the OR estimators are identical. To implement more thorough Monte-Carlo simulations, the terms up to third order in the Taylorseries expansions for both the LS and the OR estimation criteria were analytically achieved. It was found that under circumstances considered as quite general, with nonproper disturbances, the OR estimator yields less mean square deviation, than the LS estimator.

References

[1] M. Aoki, P.C. Yue. On a Priori Error Estimates of some Identificaton methods, IEEE Transactions on Automatic Control. Vol. AC-15. No. 5. October 1970.

[2] P. Stoica, B. Friedlander, T. Söderström. Least-squares, Yule-Walker, and overdetermined Yule-Walker estimation of AR parameters: a Monte-Carlo analysis of finite-sample properties, Int. J. Control. 1986. Vol. 84. No. 1.

New Aspects of Non-Integrability of Multi-Dimensional Systems Based on Symbolic Dynamics Sergeĭ A. Dovbysh Moscow State University email: dovbysh@inmech.msu.su

Some essentially new approaches and results in the problem of analytic non-integrabi-lity of multi-dimensional systems are presented. Traditionally, the analytic non-integra-bility means the absence of non-trivial analytic (or even meromorphic) first integrals, i.e., functions constant along each trajectory of the system under consideration. The problem of obtaining conditions that guarantee these non-integrability properties is the classical one and goes back to H. Poincaré. Results related to lower-dimensional systems (twodimensional mappings or three-dimensional flows, in particular, Hamiltonian systems with two degrees of freedom) are well-known. Nevertheless, the number of rigorous results related to multi-dimensional systems is very limited.

We will describe and discuss conditions that guarantee the absence of any meromorphic first integral in the multi-dimensional case, regardless of a finite dimension in question. This is the strongest analytic non-integrability and not any Hamiltonian nature (which is of no importance) is assumed here. The conditions obtained persist under small perturbations and can be constructively verified for concrete dynamical systems in mechanics and physics. Some relevant results were published in [1,2].

Firstly, it is well-known that under some simple conditions the presence of transversally intersecting separatrices of hyperbolic periodic solutions implies the existence of a set of the so-called “quasi-random” motions. These motions are described by methods of symbolic dynamics. In the case of a two-dimensional mapping or a three-dimensional flow, the presence of quasi-random motions leads to the analytic non-integrability. The corresponding proof by V. M. Alekseev is not already valid for higher dimensions. Specific multi-dimensional conditions will be described that guarantee the non-integrability. The cause of the latter phenomenon is that the set of quasi-random motions is “rough enough” and does not lie on any smooth regular submanifold of positive codimension.

Secondly, we consider branching of solutions in the complex domain from the point of view of symbolic dynamics methods. This allows us to reformulate the above nonintegrability conditions to the present case. The conditions obtained are easily applicable for a wide class of dynamical systems arising in mechanics and physics, in particular, those where other non-integrability approaches are not applicable or very hardly applicable. Even in the lower-dimensional case, the conditions obtained are simpler and more general than the known ones.

References

[1] Dovbysh S.A. Transversal intersection of separatrices, the structure of the set of quasi-stochastic motions, and the non-existence of an analytic integral in multidimensional systems. Russian Math. Surveys, 51(4):730–731, (1996).

[2] Dovbysh S.A. Branching of solutions in the complex domain from the viewpoint of symbolic dynamics and the non-integrability of multi-dimensional systems. Dokl. Ross. Akad. Nauk, 361(3):303–306, (1998).

Lyapunov Exponents of Linear Stochastic Jump Diffusions C.W. Li City University of Hong Kong email: macwli@cityu.edu.hk

The co-authors of this work are Prof R. Situ, Zhongshan University, China and Dr Z. Dong, Institute of Applied Mathematics, Academia Sinica, Beijing.

Under the uniformly elliptic condition or the hypoelliptic condition as in the diffusion case, see [1,2], the linear stochastic jump diffusion process projected on the unit sphere is a Fellor process and has a unique invariant measure using the relation of the transition probability between diffusions and jump diffusions in [3]. The deterministic Lyapunov exponent has an integral expression on the sphere with respect to the ergodic invariant measure so that the almost sure exponential stability of the linear stochastic jump systems depends on the its sign. The critical case of zero Lyapunov exponent will be discussed and examples will be treated as appropriated.

References [1] L.Arnold. Random Dynamical Systems. Springer, Berlin, (1998). [2] R.Z.Hasminskii. Stochastic Stability of Differential Equations. Sijthoff and Noordhoff, (1980).

[3] A.V.Skorokhod. Asymptotic Methods in the Theory of Stochastic Differential Equations. American Mathematical Society, Providence, (1989).

Unified Conditions for Parameter Identifiability in AR, ARMA, ARMAX, EIV stochastic linear systems Andrei A. Lomov Sobolev Institute of Mathematics email: lomov@math.nsc.ru

We consider the class of parameterized stochastic systems which includes AR, ARMA, ARMAX, EIV, and AR(I)MAX model structures. Data samples are supposed to consist of records of finite length, with the sample size depending on the number of records. It is shown that under natural assumptions about distributions of initial values, input variables, and disturbances the systems have parameter identifiability conditions expressible by restrictions on ranks of the real matrices of the system coefficients. For the ”proper” parameterizations, derived conditions are not only sufficient but necessary. The results remain valid for the systems with data formed by samples of continuous records with a length tending to infinity.

The system is described by the equations

[γ_0(θ) + · · · + γ_p(θ)s^p] ~w(t) = [μ_0(θ) + · · · + μ_p(θ)s^p] ε_1(t) w(t) = ~w(t) + ε_2(t), t ∈ {1, . . . , N − p}. Input-output signals are joined together in the vector variable ~w(·) ∈ R^{(r+m)}, s is a backward shift operator, (s ~w(t) .= ~w(t + 1)), and ε_1(·), ε_2(·) are unmeasured disturbances. Then, γ_i(θ) ∈ R^{r×(r+m)}, μ_i(θ) ∈ R^{r×l} are parameterized matrix coefficients of the system, and θ ∈ Ω ⊂ R^v is a fixed parameter vector. The system does not undergo the controllability and stability restrictions.

Let us introduce the measured trajectory z .= [w(1); . . . ; w(N)] ∈ R^{N(r+m)}. In the paper, we investigate identifiability of the parameter value θ given the set {z_1, . . . , z_L} of measured trajectories. Consistency of the θ estimates is considered in the limit L → ∞.

Let P_θ be the distribution of z caused by given distributions of ε_1(·), ε_2(·), u(·), and w_0. The system is called globally identifiable at θ, if P_θ = P_ξ, ξ ∈ Ω implies ξ = θ. The system is called locally identifiable at θ, if there exists a neighborhood V (θ) ⊂ Ω such that P_θ = P_ξ, ξ ∈ V (θ) implies ξ = θ [1].

The problem statement: It is needed to define restrictions on the parameterization θ ↔ φ_θ, under which the system is locally (globally) identifiable at θ ∈ Ω.

Theorem. The system is globally (locally) identifiable at θ, if and only if the equation ρ(s) [γ_θ(s), μ_θ(s)q] = [γ_ξ(s), μ_ξ(s)]

with respect to unimodular ρ(s) ∈ R^{r×r}[s], orthogonal q ∈ R^{l×l}, and ξ ∈ Ω (ξ ∈ V (θ) ⊂ Ω), implies ρ(s) ≡ I, q = I, ξ = θ.

References [1] Nguyen, V.V., Wood, E.F. Review and Unification of Linear Identifiability Concepts. SIAM Review, 24: 34–51 (1982).

1.5 Symmetry

Organizers : Michael J. Field, Martin Golubitsky

Key note lecture

Bifurcation with Euclidean symmetry:

Universality, Reduction and Ginzburg-Landau equations Ian Melbourne University of Houston email: ism@math.uh.edu I will consider mathematical issues concerning Ginzburg-Landau theory, by which I mean the validity, universality, and structure, of reduced equations near criticality in spatially extended systems. The extraction of Ginzburg-Landau equations (variously known as amplitude, modulation and envelope equations) is part of this theory. Particular attention is paid to the Euclidean symmetries present in such systems.

In local bifurcation theory, the word ‘universality’ has a precise meaning and refers to those aspects of local bifurcations that are driven by the type of bifurcation and the symmetries that are present. This point of view goes back to Landau’s theory of second order phase transition in crystals, and is made mathematically precise for general problems with compact symmetry group in equivariant bifurcation theory [1]. Spatially extended systems have noncompact, usually Euclidean, symmetry, and the Ginzburg- Landau equations are supposed to be universal (in the above sense) for bifurcations in such systems. In my talk, I will describe complete results on universality for local bifurcations in systems with Euclidean symmetry. Some of these results can be found in [2] and show that the theory is richer than is often realized.

Another feature of Landau theory and equivariant bifurcation theory is reduction, locally, to a minimal system of reduced equations (for example, by center manifold reduction). I will present such a reduction method, preserving ‘essential’ solutions, for systems with Euclidean symmetry. Again, some of these results can be found in [2].

The extraction of Ginzburg-Landau equations corresponds to truncation of the reduced equations at lowest order. This step is problematic even formally. In situations where the extraction of Ginzburg-Landau equations is possible, their (exact, for all time) validity is clarified by the methods described in this talk. In addition, the presence and implications of normal form symmetry in the Ginzburg-Landau equations will be discussed.

References [1] M. Golubitsky, I. N. Stewart, & D. G. Schaeffer. Singularities and Groups in Bifurcation Theory, Vol. 2. Appl. Math. Sci., 69, Springer, New York, 1988.

[2] I. Melbourne. Steady-state bifurcation with Euclidean symmetry. Trans. Amer.

Math. Soc., 351:1575-1603, (1999).

Invited lectures

Drifts for Euclidean Extensions of Dynamical Systems Peter Ashwin University of Surrey email: P.Ashwin@surrey.ac.uk

(This is joint work with I. Melbourne and M. Nicol.) We consider the behaviour of generic group extensions of ergodic dynamical systems by noncompact groups, in particular by SE(n) the special euclidean group. A natural question of physical interest is whether the norms of solutions of such systems are unbounded or not, and if they are unbounded then at what rate do they typically grow. For extensions of uniformly hyperbolic mappings we show using a central limit theorem argument that there are generically unbounded orbits whose variance grows proportional to time. For group extensions of quasiperiodic and periodic we give conditions that ensure generic boundedness and unboundedness. Some implications of these results on the behaviour of instabilities of reaction diffusion systems on unbounded domains is also considered.

References [1] P. Ashwin, I. Melbourne and M. Nicol. “Euclidean extensions of dynamical systems”, Preprint, University of Surrey (1999).

Bifurcation of relative equilibria in Hamiltonian systems Pascal Chossat I.N.L.N., Centre National de la Recherche Scientifique, Sophia-Antipolis, France email: chossat@inln.cnrs.fr

Debra Lewis Math Department, U. of California, Santa Cruz email: lewis@math.ucsc.edu

Juan-Pablo Ortega Ecole Polytechnique Fédérale de Lausanne email: Juan-Pablo.Ortega@epfl.ch

Tudor S. Ratiu Ecole Polytechnique Fédérale de Lausanne email: Tudor.Ratiu@epfl.ch

The relative equilibria of a symmetric Hamiltonian dynamical system are the critical points of the so-called augmented Hamiltonian. In the same spirit as in the work of Krupa [1] in the context of non-conservative systems, the underlying geometric structure of the system is used to decompose the critical point equations and construct a collection of implicitly defined functions and reduced equations describing the set of relative equilibria in a neighborhood of a given relative equilibrium. The analytical and group invariance structure of these reduced equations is exploited to solve the problem in specific cases. In particular, a persistence result of Lerman and Singer [2] is generalised to the framework of Abelian proper actions. The method is illustrated with an example from wave resonance in mechanical systems which was initially studied with a different method by Chossat and Dias [3].

References

[1] Krupa, M. Bifurcations of Relative Equilibria. SIAM J. Math. Anal., 21(6):1453- 1486, (1990).

[2] Lerman, E. and Singer, S.F. Stability and persistence of relative equilibria at singular values of the moment map. Nonlinearity, 11:1637-1649, (1998).

[3] Chossat, P. and Dias, F. The 1:2 resonance with O(2) symmetry and its applications in hydrodynamics. J. Nonlin. Sci., 5:105-129, (1995).

Stable ergodicity Michael J. Field University of Houston email: mf@uh.edu We describe recent work on stable ergodicity for diffeomorphisms equivariant with respect a compact Lie group. Some of our results are joint work with Parry (Warwick) [1] and Nicol (UMIST) [3]. One of the techniques we use depends on constructing a symbolic dynamics (finite coding) on the orbit space of a group invariant (partially) hyperbolic set. This is done using a generalization of Markov partitions appropriate for the study of non-free group actions. (In general, dynamics on the orbit space will not be expansive.)

References

[1] M Field and W Parry. Stable ergodicity of skew extensions by compact Lie groups.

Topology, 38(1):167–187, (1999).

[2] M Field. Ergodic theory of equivariant diffeomorphisms I, preprint (1998). [3] M Field and M Nicol. Ergodic theory of equivariant diffeomorphisms II, preprint (1999).

Animal Gaits and Coupled Oscillators Martin Golubitsky University of Houston email: mg@uh.edu Ian Stewart University of Warwick email: ins@maths.warwick.ac.uk Luciano Buono University of Warwick email: buono@maths.warwick.ac.uk James J. Collins Boston University email: collins@enga.bu.edu The observed spatio-temporal symmetries of animal gaits — that is, the rhythmic patterns of movement of the legs — provide useful clues to CPG architecture. Plausible assumptions about the symmetries of a CPG for quadrupedal locomotion that generates the range of symmetries of observed gaits imply that such a CPG should consist of eight nominally identical subcircuits, or ‘cells’, arranged in an essentially unique manner. Two cells are assigned to each limb, and it is conjectured that their role is to control the timings of two distinct muscle groups. Analogous CPG architecture is proposed for bipeds, hexapods, and myriapods.

Predictions include the following. Gaits naturally divide into two classes: primary (walk, trot, . . . ) and secondary (gallops, canter, . . . ). There is a new primary gait called jump. There are restrictions on the wave numbers of primary gaits of myriapods of which the common tripod gait of hexapods is an example. Bipeds perform two distinct gaits with the ‘out-of-phase’ symmetry of the walk, and two distinct gaits with the ‘in-phase’ symmetry of the hop. Some evidence suggests that the two walk gaits in humans are the usual walk and run gaits; in the walk the limbs flex at the ankle, and in the run the ankle is more rigid.

References [1] M. Golubitsky, I. Stewart, P.L. Buono and J.J. Collins. A modular network for legged locomotion. Physica D. 115 56–72 (1998) [2] M. Golubitsky, I. Stewart, P.L. Buono and J.J. Collins. The role of symmetry in animal locomotion. In preparation.

Forced symmetry breaking and pattern formation in weakly anisotropic systems Timothy K. Callahan Department of Mathematics, University of Michigan, Ann Arbor, MI 48109, USA email: timcall@math.lsa.umich.edu

Edgar Knobloch Department of Physics, University of California, Berkeley CA 94720, USA email: knobloch@physics.berkeley.edu

Pattern formation in two-dimensional weakly anisotropic systems is considered from the point of view of forced symmetry breaking. In the absence of anisotropy the problem is formulated on an isotropic spatially periodic lattice with a symmetry group G. This group acts on the amplitudes z via its representation Γ [1]. In the presence of anisotropy the group G acts simultaneously on the (two-dimensional) applied anisotropy vector s, but does so in general with a different representation Γ^′. The notion of (Γ, Γ^′) coequivariance is introduced to describe dynamical systems which are G-symmetric in the sense that γ(g) · f(z, s) = f(γ(g) · z, γ^′(g) · s), ∀g ∈ G. (1)

Using Poincaré series the most general (Γ, Γ^′) co-equivariant systems are constructed [2]. The resulting equations for G = T^2 ˙+D_6 ⊕ ZZ_2 and G = T^2 ˙+D_6, corresponding to pattern formation on a hexagonal lattice with and without midplane reflection symmetry, are truncated at third order in both z and s and analyzed. The results are applied to Rayleigh-Bénard convection in weak imposed Poiseuille and Couette flows.

References

[1] M. Golubitsky, J. W. Swift and E. Knobloch. Symmetries and pattern selection in Rayleigh-Bénard convection. Physica D, 10:249–276 (1984).

[2] T. K. Callahan and E. Knobloch. Symmetry-breaking bifurcations on cubic lattices.

Nonlinearity, 10:1179–1216 (1997).

Bifurcation from discrete rotating waves Jeroen S.W. Lamb Department of Mathematics, Imperial College, 180 Queen’s Gate, London SW7 2BZ, UK email: lamb@maths.warwick.ac.uk My talk will address recent developments in the understanding of bifurcation from periodic solutions in equivariant dynamical systems. The focus will be mainly on the theory for bifurcation from isolated periodic solutions in dynamical systems with a compact symmetry group.

Equivariant bifurcation theory is concerned with the bifurcations of equilibria and periodic solutions in differential equations that are equivariant with respect to the action of a (compact) Lie group. A systematic approach to bifurcation from symmetric equilibrium solutions is laid out in [1]. Importantly, bifurcations in equivariant systems are generally different from bifurcations one would expect in non-symmetric systems.

Until recently, a theory for bifurcation from symmetric periodic solutions was developed only to deal with certain special situations. The theory for periodic solutions with purely spatial symmetries was developed by Chossat and Golubitsky [2]. Fiedler [3] studied systematically bifurcation from periodic solutions with discrete spatiotemporal symmetry using return map techniques. However, the latter study was confined to cyclic symmetry groups.

The treatment of bifurcation from periodic solutions with spatiotemporal symmetries using return map techniques was taken up again recently by Lamb [4]. It turns out that an extension of Fiedler’s approach involves consideration of twisted equivariant maps (called k-symmetric maps in [4,6]). In [5], Lamb and Melbourne developed a systematic theory for generic bifurcation from spatiotemporally symmetric periodic solutions (with compact symmetry groups) that are isolated in phase space, using the return map approach.

My talk will survey some of the main principles and results in studying bifurcation from periodic solutions with spatiotemporal symmetry. References [1] M. Golubitsky, I. Stewart and D. Schaeffer. Singularities and Groups in Bifurcation Theory: Vol. II , AMS 69, Springer, New York, 1988.

[2] P. Chossat and M. Golubitsky. Iterates of maps with symmetry. SIAM J. Math.

Anal., 19: 1259–1270, 1988.

[3] B. Fiedler. Global Bifurcations of Periodic Solutions with Symmetry.

LNM 1309, Springer, Berlin, 1988.

[4] J.S.W. Lamb, k-Symmetry and return maps of space-time symmetric flows.

Nonlinearity, 11: 601–629, 1998.

[5] J.S.W. Lamb and I. Melbourne. Bifurcation from discrete rotating waves.

Arch.Rat.Mech.Anal, in press.

[6] J.S.W. Lamb and G.R.W. Quispel. Reversing k-symmetries in dynamical systems. Physica D, 73: 277–304, 1994.

Translational Symmetry-Breaking for Meandering Spirals Victor LeBlanc University of Ottawa, Canada email: vleblanc@uottawa.ca Claudia Wulff Freie Universität Berlin, Germany email: wulff@math.fu-berlin.de Mathematical models with Euclidean symmetry successfully describe the meandering behavior of spiral waves (e.g. in Belousov-Zhabotinsky chemical reactions). However, no physical experiment is ever infinite in spatial extent, so the translational symmetry is only approximate. As with any approximation, it is natural to question the circumstances and the extent to which it is valid. For example, in the Belousov-Zhabotinsky reaction, the Euclidean model is extremely successful. However, for spiral waves in cardiac tissue, one expects the presence of blood vessels and other inhomogeneities to render this Euclidean approximation less than ideal. There is thus a range of problems involving spiral waves which are more or less well-modeled with full Euclidean symmetry. It would therefore be interesting to characterize the effects of system symmetry-breaking terms on the meandering behavior of spirals.

In this talk, we investigate the effects on spiral wave dynamics of breaking the translation symmetry while keeping the rotation symmetry. This is accomplished by introducing a perturbation in the five-dimensional center bundle equations (describing Hopf bifurcation from one-armed spiral waves) which is SO(2)-equivariant but not equivariant under translations. This system symmetry-breaking term induces a “bifurcation at infinity” which is analyzed in detail.

Time-Reversible Equivariant Linear Systems Mark Roberts University of Warwick email: mark@maths.warwick.ac.uk This talk will describe joint work with Igor Hoveijn (Groningen) and Jeroen Lamb (Warwick/Imperial) on the normal form theory of linear systems of differential equations which are equivariant with respect to actions of half the elements of a compact Lie group and time-reversible with respect to the other half. General and Hamiltonian linear systems will both be considered. At the heart of the theory lies a representation theory result which reduces the classification of all such systems to the study of 10 ‘universality classes’. For some of these universality classes the normal form theories are isomorphic to Jordan normal form theories of classical Lie algebras, but for the others new classifications are needed.

References

[1] J.S.W. Lamb and R.M. Roberts. Reversible equivariant linear systems. J. Diff.

Eq., to appear, (1999).

[2] I. Hoveijn, J.S.W. Lamb and R.M. Roberts. Reversible equivariant linear Hamiltonian systems. In preparation.

[3] I. Hoveijn, J.S.W. Lamb and R.M. Roberts. Normal forms and unfoldings of reversible equivariant linear systems. In preparation.

Bifurcations from relative periodic solutions Claudia Wulff Freie Universität Berlin email: wulff@math.fu-berlin.de Relative periodic solutions are ubiquitous in dynamical systems with continuous symmetry. Recently, Sandstede, Scheel and Wulff derived a center bundle theorem, reducing local bifurcation from relative periodic solutions to a finite dimensional problem. Independently, Lamb and Melbourne showed how to systematically study local bifurcation from isolated periodic solutions with discrete spatiotemporal symmetries.

In this talk, we show how the center bundle theorem, when combined with certain group theoretic results, reduces bifurcation from relative periodic solutions to bifurcation from isolated periodic solutions. In this way, we obtain a systematic approach to the study of local bifurcation from relative periodic solutions.

Contributed talks

Symmetries in Exterior Differential Systems Michael Barco Department of Mathematics, La Trobe University, Australia email: M.Barco@latrobe.edu.au Using Lie’s symmetry approach for integrating Frobenius integrable vector field distributions, we present two symmetry techniques for generating solutions of first order nonlinear PDEs. In the first, we use the idea of Cauchy characteristics to show how one is able to solve the Cauchy problem using symmetries.

In the second, we consider a first order non-linear PDE and derive its corresponding Vessiot distribution, whose integrability conditions generate a first order quasilinear PDE. We then show that Lie’s symmetry approach can be used to easily find a family of solutions of this quasilinear PDE that can then be used to generate solutions of the original first order non-linear PDE.

References [1] Barco, M.A. and Prince, G.E., Symmetry in differential forms, School of Mathematics, La Trobe University preprint, (1999).

[2] Barco, M.A. and Prince, G.E., The Cauchy problem and symmetry, School of Mathematics , La Trobe University preprint, (1999).

[3] Barco, M.A. and Prince, G.E., Symmetry solutions of first order non-linear PDEs, School of Mathematics, La Trobe University preprint, (1999).

[4] Basarab-Horwath, P., Integrability by quadratures for systems of involutive vector fields, Ukrain. Mat. Zh. 43, (10): 1330–1337, (1991); translation in Ukrainian Math. J. 43, (10) 1236–1242, (1992).

[5] Cartan, É., Leçons sur les Invariants Intégreaux , Hermann, Paris, (1922). [6] Cartan, É., Les Systems Differentials Exterieures at Leurs Applications Geometrique, Hermann, Paris, (1945).

[7] Lie, S., Vorlesungen über Differentialgleichungen mit bekannten infinitesimalen Transformationen, Leipzig, Teubner, (1891).

[8] Sherring, J., and Prince, G., Geometric aspects of reduction of order, Trans. Amer.

Math. Soc., 334, (1), 433–453, (1992).

[9] Vassiliou, P.J., Coupled systems of nonlinear wave equations and finite-dimensional Lie algebras I, Acta Appl. Math., 8, 107–147, (1987).

[10] Vessiot, E., Sur les équations aux dérivées partielles du second ordre, F (x, y, z, p, q, r, s, t) = 0 integrable par la méthode de Darboux, J. de Math. Pure et Appl., 18, 1–61, (1939).

[11] Vessiot, E., Sur les équations aux dérivées partielles du second ordre, F (x, y, z, p, q, r, s, t) = 0 integrable par la méthode de Darboux, J. de Math. Pure et Appl., 21, 1–66, (1942).

Hopf bifurcations on the FCC lattice Timothy K. Callahan Department of Mathematics, University of Michigan at Ann Arbor email: timcall@math.lsa.umich.edu

When a system undergoes a Hopf bifurcation to a pattern forming instability with spatial symmetry group Γ, the Equivariant Hopf Theorem [1] guarantees a unique primary solution branch for every CI -axial isotropy subgroup of Γ × S^1, where S^1 represents the group of temporal phase shifts. For Γ a wreath product group, the method of Dias [2] can be used to determine all such CI -axial subgroups easily. In this paper we analyze three-dimensional pattern forming Hopf bifurcations with the spatial periodicity of the face-centered cubic (FCC) lattice. This is an equivariant Hopf bifurcation with spatial symmetry Γ = T^3 ˙+OI ⊕ ZZ_2, where T^3 is the 3-torus of translations, OI is a representation of the octahedral group of orientation-preserving symmetries of the cube, and the nontrivial element of ZZ_2 represents spatial inversion through the origin. We use Dias’ method by first extending Γ to the larger group O(2) ≀ S_4. By relating the two sets of CI -axial subgroups, we find all solution branches guaranteed by group theory to be primary. We use the Poincaré series to find the most general possible equivariant system of amplitude equations up to cubic order, which determines the possible bifurcation diagrams for the primary solution branches. Although motivated by reaction–diffusion problems, our results are done in a model-independent fashion, and are applicable to a wide variety of pattern formation problems near onset. This work is an extension of that done for the steady state FCC bifurcations in [3, 4].

References

[1] M. Golubitsky, I. Stewart and D. G. Schaeffer. Singularities and Groups in Bifurcation Theory II. Applied Mathematical Sciences, 69, Springer–Verlag (1988).

[2] A. P. S. Dias. Hopf bifurcation for wreath products. Nonlinearity, 11(2):247–264 (1998) [3] T. K. Callahan and E. Knobloch. Bifurcations on the fcc lattice. Physical Review E, 53(4):3559–3562, (1996).

[4] T. K. Callahan and E. Knobloch. Symmetry-breaking bifurcations on cubic lattices.

Nonlinearity, 10(5):1179–1216, (1997).

The relations between Painlevé property and Lie symmetries of differential equations Mehmet Can Istanbul Technical University, Mathematics Department, Maslak 80626 Istanbul, TURKEY email: mcan@itu.edu.tr Second order ordinary differential equations can be classified by investigating the realizations of real low dimensional Lie algebras in terms of vector fields in two dimensions [1]. An equation admitting r-dimensional, r=1, 2, 3 or 8, Lie algebra of point symmetry generators possess a canonical representative for the corresponding differential equation.

For the case r = 1 the differential equation can be transformed to an autonomous form. The case r = 2 gives two classes of representative equations. For equations having three point symmetries, there are five representatives of equivalance classes. For r = 8, a number of linearizability results proved in literature [1].

It is of great interest to compare the Lie classification of second order equations with the Painlevé classification which produces 50 equations [2,3]. The question which arises is this: Is there an overlap between the Lie classification and the Painlevé classification? The first step in answering this question is to determine the symmetries of the Painlevé equations. Alternatively one has to reduce some of the Lie equations to the Painlevé ones.

The aim of this work is to bring some light on this issue, using restricted point transformations.

References [1] F. M. Mahomed and P.G. Leach. Lie algebras associated with scalar second-order ordinary differential equations. J. Math. Phys., 30 (12): 2770-2777, (1989).

[2] E.L. Ince. Ordinary Differential Equations. Dower, New York, (1956). [3] W.H. Steeb and N. Eualer. Nonlinear Evolution Equations and Painlevé test.

World Scientific, Singapore, (1988).

Polynomial Infinitesimal Generators of Lie’s Symmetries for Polynomial Planar Vector Fields Javier Chavarriga Universitat de Lleida. Spain email: chava@eup.udl.es

Isaac A. García Universitat de Lleida. Spain email: garcia@eup.udl.es

Jaume Giné Universitat de Lleida. Spain email: gine@eup.udl.es

In this work we show that if all the intersection points of the projective curves defined by the components of the polynomial vector field submerged in CI IP^2 are different, the critical points of the components of the polynomial planar vector field are strong and there exists a polynomial inverse integrating factor then there exists a polynomial infinitesimal generator of Lie’s symmetry. The result continues being valid if all the critical points, be strong or not, belong to the algebraic curve defined by the polynomial inverse integrating factor. In these cases the Lie’s symmetries are related with the class of funtions which belongs to the inverse integrating factor independently of the class of their first integral.

References [1] Chavarriga, J., Giacomini, H. and Giné, J. The null divergence factor. Publicacions Matemátiques, 41:41-56, (1997).

[2] Fulton, W. Algebraic curves. An introduction to Algebraic Geometry, W.A. Benjamin, Inc., New York, 1969.

[3] Hodge, W.V.D. and Pedoe, D. Methods of Algebraic Geometry, Vol. 1, Cambridge Mathematical Library, Cambridge University Press, 1947.

[4] Olver, P.J. Applications of Lie groups to differential equations, Graduate texts in mathematics 107, Springer-Verlag, 1986.

[5] Sabatini, M. Characterizing isochronous centers by Lie brackets. Differential Equations and Dynamical Systems, 5,1:91-99, (1997).

[6] Stephani, H. Differential equations: their solution using symmetries, Cambridge University Press, 1989.

Generic bifurcation from a 2-manifold David Chillingworth University of Southampton, UK email: drjc@maths.soton.ac.uk

Systems with continuous symmetry typically have equilibrium sets that are n-mani-folds with n > 0. Under symmetry-breaking perturbations such a manifold breaks up into lower-dimensional pieces or to a discrete set of points. We describe the geometry of equilibrium configurations that arise generically in the particularly interesting case when n = 2 (for spherical or toroidal symmetry, for example), both when the symmetry is totally broken and when some residual symmetry persists.

On the stability of bifurcating periodic orbits in reversible and symplectic mappings Maria-Cristina Ciocci University of Gent email: mcc@cage.rug.ac.be

We survey some recent results on the bifurcation of periodic points from a fixed point in parametrized families of reversible or symplectic diffeomorphisms; such bifurcation problems arise for example when studying subharmonic branching in reversible or Hamiltonian systems. In some joint works with A. Vanderbauwhede we analyzed some elementary ”branching phenomena” which can occur near a fixed point; we provided a ”structure-preserving” reduction result which can be used to study such branchings and we also briefly discussed how one can determine the stability of bifurcating periodic orbits. Here, we will fix our attention on this last problem, pointing out the primary role played by normal form theory. As an application we provide the complete analysis of the stability of periodic orbits appearing in the simplest bifurcation scenario for both Hamiltonian and reversible systems.

References

[1] M.C. Ciocci, A. Vanderbauwhede. Bifurcation of periodic orbits for symplectic mappings. Journal of difference equations and applications, 3:485-500, (1998).

[2] M.C. Ciocci, A. Vanderbauwhede. On the bifurcation and stability of periodic orbits in reversible and symplectic diffeomorphisms. Proceedings of SPT98, World Scientific, (1999).

Smooth normalization of reversible vector fields Alexander Kopanskii Institute of Mathematics, Kishinev, Moldova email: alex@revel.moldova.su

It is shown that Sternberg linearization theory remains true in the category of reversible vector fields.

Let R : IR^n → IR^n be a linear involution, i.e., R^2 = I. A vector field ξ is said to be R-reversible if R_∗ξ = −ξ. Two vector fields ξ and η are called R-equivalent if there is a diffeomorphism H : IR^n → IR^n such that H ∘ R = R ∘ H and H_∗ξ = η. Theorem. Let k be a positive integer and A be an R-reversible hyperbolic linear vector field. There exists a number Q = Q(A, k) such that if two smooth vector fields ξ and η are R-reversible, ξ(0) = η(0) = 0, A ≡ Dξ(0) = Dη(0), and the vector field (ξ − η) is Q-flat at the origin, then ξ and η are locally C^k R-equivalent.

This solves the problem recently posed by Bonckaert.

References

[1] Shlomo Sternberg. On the structure of local homeomorphisms of Euclidean n-space.

II. American Journal of Mathematics 80: 623–631, (1958).

[2] Patrick Bonckaert. Convergence problems of normalizing transformations with symmetry. In: ICM 1998. Abstracts of Short Communications and Poster Sessions, Berlin: 172, (1998).

Calculation of the solution of Boussinesq Problem using Lie symmetries Teoman Ozer Faculty of Civil Engineering, Istanbul Technical University, Maslak 80626, Istanbul, Turkey email: teoman@sariyer.cc.itu.edu.tr Firstly, the Lie point symmetries of cylindrically symmetric homogeneous Navier equations are obtained. Using the symmetries the general class of similarity solutions is found. The subclass that also satisfies the non-homogeneous system of the medium subject to a singular force is determined. Substituting the subclass into the non-homogeneous system, a system of ordinary differential equations is obtained. The solution of the system satisfying the boundary conditions of Bousssinesq problem gives the exact solution.

Applications of a new G-Invariant Implicit Function Theorem Lutz Recke Humboldt University of Berlin email: recke@mathematik.hu-berlin.de The presentation concerns a generalization [1, Theorem 3.1] of the G-invariant implicit function theorem of E. Dancer [2]. It will be shown how this generalization can be applied to rotating and modulated wave solutions of nonlinear equivariant autonomous or periodic evolution equations (with applications to laser dynamics) and to nonlinear elliptic boundary value problems on bounded symmetric domains (with applications to elastostatics).

References

[1] L. Recke and D. Peterhof. Abstract forced symmetry breaking and forced frequency locking of modulated waves. J. Differential Equations, 144 (2): 233-262, (1997).

[2] E. N. Dancer. The G-invariant implicit function theorem in infinite dimensions, I and II. Proc. Roy. Soc. Edinburgh A, 92: 13-30, (1982) and 102: 211-220, (1986).

On time-dependent symmetries of evolution equations Artur Sergyeyev Institute of Mathematics of NAS of Ukraine, 3 Tereshchenkivs’ka Str., 252004 Kyiv, UKRAINE email: arthurser@imath.kiev.ua

We investigate the symmetry algebra of the generic scalar (1+1)-dimensional evolution equation. Using some auxiliary results, we have found the formulae for the leading terms of commutators of two symmetries and two formal symmetries and have proved several general theorems on the structure of the algebra in question. The generalization of the above results to the case of system of evolution equations is also discussed.

References [1] A. Sergyeyev. On time-dependent symmetries and formal symmetries of evolution equations. To appear in Symmetry and Perturbation Theory II, World Scientific, Singapore, 1999.

Hopf-zero Bifurcations of Reversible Vector Fields Marco Antonio Teixeira IMECC-Unicamp, Brazil email: teixeira@ime.unicamp.br Let X be a (germ of) C^∞ vector field defined on IR^n, 0 given by an ordinary differential equation X : ẋ = F (x), x ∈ IR^n, (1)

where F (x) is a smooth function, F (0) = 0. We say that system (1) is time-reversible if there is a germ of a smooth involution ϕ : IR^n, 0 → IR^n, 0 (ϕ ∘ ϕ = id.) such that the relation F (ϕ(x)) = −ϕ^′(x) · F (x), x ∈ IR^n, 0 (2)

holds.

A φ time-reversible vector field X on IR^n, 0 is called to be of type (n, k) if the dimension of the fixed point set of φ, S = F ix{ϕ}, is equal to k.

The main objective of the paper is to study symmetric critical points of generic one-parameter families of reversible vector fields of type (3, 1) with emphasis on the topological classification of all such systems. We assume that all the systems considered here are ϕ_0 reversible, where ϕ_0(x, y, z) = (−x, −y, z). Note that in generic case the eigenvalues of such systems are either (0, α, −α) or (0, αi, −αi), where α is a nonzero real parameter. We focus on systems which have eigenvalues (0, αi, −αi).

The main results of this paper include a classification and qualitative behavior of symmetric singularities occurring generically for 1-parameter families of (3,1)-type vector fields. Also interesting conclusions are obtained from the classification which involves the existence of invariant tori, periodic orbits, homoclinic and heteroclinic orbits for vector fields considered. We also give a complete list of bifurcation diagrams.

On symmetry reduction in reversible and Hamiltonian systems André Vanderbauwhede University of Gent, Belgium email: avdb@cage.rug.ac.be We consider reversible systems which are equivariant with respect to a compact continuous group of symmetry operators compatible with the reversibility. We use the approach of M. Krupa to study bifurcations near relative equilibria which are invariant under the reversing symmetry. We show that such bifurcations are completely determined by the bifurcations near an equilibrium of a reversible “normal” vectorfield. We discuss several examples in detail. We illustrate a similar approach for Hamiltonian systems on an example, namely when the symmetry group is S^1. For this Hamiltonian case a general theory along these lines is still lacking, but we hope to present at least some new partial results.

Symmetries and Mode Interactions in the Optimisation of Hydrophone Placement in Acoustic Arrays David Wood Oxford University email: woodd@maths.ox.ac.uk David Allwright Oxford University email: allwrigh@maths.ox.ac.uk The placement of a number of hydrophones (underwater microphones) in an array is studied with a view to optimising the signal to noise ratio. This leads to an optimisation problem for a performance measure on IR^{2n} for the horizontal array case (where we are optimising over the spatial configuration of n hydrophones). That is, the position of the ith hydrophone is given by x_i ∈ IR^2 and the array configuration is given by x = (x_1, . . . , x_n). The performance measure derived in Haywood (1994) is of the form ν(x) = 1 k_2 − k_1 n∑ i=1 n∑ j=1 W (k_2|x_i − x_j |) − W (k_1|x_i − x_j |) |x_i − x_j | . Here k_i = 2πf_i/c, where f_1 ≤ f ≤ f_2 is the frequency range which the array is designed to search, and the function W is defined as

W (u) = ∫_u 0 J_0(v)^2dv

where J_0 is the Bessel function of order 0.

Both this underlying performance measure, and the solutions observed by simulated annealing (Haywood 1994), exhibit strong symmetry properties. In particular, optimisation of the performance measure can be reduced to considering a set of equations which are O(2)×S_n equivariant. These equations can be augmented with a parameter λ which allows us to consider a bifurcation from the trivial solution of all the hydrophones lying at the same co-ordinate. By considering the solutions branches we would expect to see in such a system, including simple mode-interactions (using the standard approach of, for example, Golubitsky et. al. 1988) we reduce the problem to optimising a series of functions living on IR and IR^2 which provides a systematic sweep across many of the local minima (for a array with n hydrophones we require 2 optimisations of one-dimensional functions and n/2 or (n − 1)/2 optimisations over IR^2 depending on whether n is even or odd).

At the very least the results thus obtained matches the results obtained through simulated annealing for finding global minima using an extremely cheap numerical method, and in addition provide a useful classification scheme for possible configurations.

References [1] T.J. Haywood. Optimisation of Hydrophone Placement for Acoustic Arrays Using Simulated Annealing. J. Acoust. Soc. Am., 95:201-212, (1994).

[2] M. Golubitsky, I.N. Stewart, D.G. Schaeffer. Singularities and Groups in Bifurcation Theory, Vol. 2. Applied Math Science, 69, Springer-Verlag (1988).

1.6 Topological Methods and Conley Index

Organizers : Konstantin Mischaikow, Marian Mrozek

Key note lecture

On the Conley index over a base space Roman Srzednicki Institute of Mathematics, Jagiellonian University email: srzednic@im.uj.edu.pl Basing on the papers [1] and [2], we present a recent generalization of the Conley index theory. Let S be an isolated invariant set of a flow ϕ on a locally compact metrizable space X. For a given continuous map ω : X → Z, where Z is a Hausdorff space, we define the Conley index of S over the base space Z as the so-called fiberwise deforming homotopy type of the adjunction of an isolating block B for S and Z, via the map ω|_B− : B^− → Z, where B^− is the exit set of B. Usually the index over a base provides more information then the classical Conley index if X is not contractible. The additional information can be applied to problems on continuation of isolating invariant sets. In the case of the suspension flow of a homeomorphism and Z equal to the circle, the new index can replace the discrete-time Conley index.

References [1] M. Mrozek, J. F. Reineck, R. Srzednicki. The Conley index over a base. Trans.

Amer. Math. Soc., to appear.

[2] M. Mrozek, J. F. Reineck, R. Srzednicki. The Conley index over the circle. J.

Dynamics Differential Equations, to appear.

Invited lectures

On transition matrices Hiroshi Kokubu Department of Mathematics, Kyoto University email: kokubu@kusm.kyoto-u.ac.jp

From the Conley index theory, a transition matrix gives algebraic information about the existence of codimension one connecting orbits between Morse components of a Morse decomposition of an isolated invariant set in a one parameter family of flows. There are basically three different formulations of transition matrices: singular, topological and algebraic transition matrices. In this talk, I shall discuss relations of these formulations and attempt to put them in a unified framework. As an outcome of this new view, I present a generalization of transition matrices for a family of flows with more than one parameters.

Periodic orbits for fourth order conservative systems and a Morse type theory Robert Vandervorst VU Amsterdam and Ga Tech email: rvander@math.gatech.edu For a large class of fourth order Lagrangian systems we can find periodic orbits on prescribed energy manifolds via analogues of area preserving twist-maps. Appropriate generating functions give rise to second order recurrence relations. By studying the associated gradient flow we find a multitude of periodic orbits (infinitely many in most cases). The arguments are based on a Morse type theory via the Conley index, where we use ‘braid types’ of periodic orbits to define isolating neighborhoods. The results apply for example to the Swift-Hohenberg and the extended Fisher-Kolmogorov equations [1], [2]. This is joint work with J.B. Van den Berg.

References [1] W.D. Kalies, J. Kwapisz and R.C.A.M. Vandervorst. Homotopy classes for stable connections between Hamiltonian Saddle-focus equilibria. Comm. Math. Phys., 193:337-371, (1998).

[2] W.D. Kalies, J. Kwapisz, J.B. Van den Berg and R.C.A.M. Vandervorst. Homotopy classes for stable periodic and chaotic patterns in fourth-order Hamiltonian systems. submitted, (1999).

Contributed talks

The implementation of the Allili-Kaczynski algorithm of the construction of chain homomorphism induced by multivalued map Marcin Mazur Jagiellonian University email: mazur@im.uj.edu.pl Jacek Szybowski Jagiellonian University email: szybowsk@im.uj.edu.pl Our talk presents an implementation of the algorithm for computing chain homomorphisms induced by multivalued representable maps. For simplicity and efficiency of data representation, we use the cubic grid, which does not require computing of subsequent barycentic subdivisions. The theoretical background for the algorithm comes from Allili and Kaczynski. This is a part of a joint project of computing the Conley Index for discrete dynamical systems.

References [1] M. Allili, T. Kaczynski. An algorithmic approach to the construction of homomorphisms induced by maps in homology. preprint.

Computer Assisted Proof of the Existence of a Periodic Orbit in the Rössler Equations Paweł Pilarczyk Jagiellonian University, Cracow, Poland email: Pawel.Pilarczyk@im.uj.edu.pl

In 1976, Rössler [4] introduced an example of a set of nonlinear differential equations in IR^3: x^′ = −(y + z), y^′ = x + by and z^′ = b + z(x − a). Its numerical simulations show a variety of qualitative behaviours as the parameter a is changed, to begin with a stable fixed point through an attracting periodic orbit which experiences a series of period-doubling bifurcations to finally reach a strange attractor. Indeed, for a = 5.7 and b = 0.2 the existence of chaotic dynamics has been recently proved by Zgliczyński [5].

The values of the parameters discussed here are a = 2.2 and b = 0.2. For these values an attracting periodic orbit is numerically observed, but as far as we know there has been no strict proof of this fact so far. Our aim is to fill this gap.

In this proof of the existence of the periodic orbit, computer was used to construct heuristically a set N built of a huge number of tiny cubes to be a candidate for an isolating neighbourhood of the hypothetic orbit. For arbitrarily chosen t > 0, Lohner’s method for strict integration of ordinary differential equations was used to prove that the image of N with respect to the time-t map was entirely included in the interior of N. In such a way an index pair (N, ∅) was obtained. Then an algorithm by Kaczyński, Mrozek and Ślusarek [1] was used to compute homology of N, which was the homology of a circle S^1 as expected. According to a theorem by Mrozek [3], the maximal invariant set S contained in N with respect to the discretisation of the flow was also an isolated invariant set for the flow itself. Moreover, it had the same Conley Index. After some more computations performed in order to check additional assumptions, a theorem by McCord, Mischaikow and Mrozek [2] was applied to finally obtain the existence of a periodic orbit in this neighbourhood.

The method used here may make use of other algorithms being recently implemented to compute a discrete Conley Index of an isolating neighbourhood and to use the same theoretical basis to prove the existence of a periodic orbit even if it is not necessarily attracting. Moreover, this method is dimension-independent and thus may be used to prove the existence of a periodic orbit in IR^n also for n ≠ 3.

References

[1] T. Kaczyński, M. Mrozek, M. Ślusarek. Homology Computation by Reduction of Chain Complexes. Computers and Mathematics, accepted.

[2] C. McCord, K. Mischaikow, M. Mrozek. Zeta Functions, Periodic Trajectories and the Conley Index. Journal of Diff. Equations, 121(2):258-292, (1995).

[3] M. Mrozek. The Conley Index on Compact ANR’s is of Finite Type. Results in Mathematics, 18:306-313, (1990).

[4] O.E. Rössler. An Equation for Continuous Chaos. Phys. Lett., 57A:397-398, (1976).

[5] P. Zgliczyński. Computer Assisted Proof of Chaos in the Rössler Equations and in the Hénon Map. Nonlinearity, 10:243-252, (1997).

Sensitive dependence on initial conditions using topological tools ? Piotr Zgliczyński CDSNS, Georgia Tech, Atlanta, USA email: piotrz@math.gatech.edu In my talk I would like to address the following question: Can we say something about sensitive dependence on initial conditions, using topological tools only ?

At first sight the answer to this question is negative, because topological tools like Conley index or fixed point index are tools which do not see what happens in very small portions of the phase space. The silent assumption behind this reasoning is that we use only finite number of sets on which we compute various topological invariants.

In this talk we discuss how to show existence of complicated orbits which are homoclinic to a hyperbolic periodic orbits both in discrete (map) and continuous (ODE) case.

Discrete case: Let x_0 be a hyperbolic fixed point for a homeomorphism f : IR^n → IR^n. We can then construct a sequence of parallelograms N_i, i ∈ IN ∪ {0}, x_0 ∈ N_i

N_{i+1} ⊂ N_i, lim_{i−>∞} diam(N_i) = 0, N_{i+1}^f=⇒ N_i, N_i^f=⇒ N_{i+1}

where the symbol =⇒ denote a covering relation introduced in [1].

Suppose now that we have a loop of covering relations

N_0^f=⇒ M_1^f=⇒ M_2^f=⇒ M_2 . . .^f=⇒ M_k^f=⇒ N_0 (1)

From this we conclude that the exists a point x_0 ∈ N_0 such that lim_{i→±∞} f^i(x) = x_0 and f^i(x) ∈ M_i for i = 1, . . . , k, which can correspond to a possibly complicated behavior.

To illustrate the continuous case we consider a planar T = 2π/κ-periodic equation

z^′ = (1 + e^{iκt}|z|^2)z, z ∈ CI (2)

for 0 < κ ≤ 0.495. Here origin is a hyperbolic periodic trajectory γ of period T . In [2] it was shown using two isolating segments U, W that this equation has symbolic dynamics on three symbols, i.e. we have a complicated dynamics. This coresponds to the loop covering relations (1). We construct an isolating segment Z for γ, such that diameter of lim_{|t|→∞} diam(Z_t) = 0 and for some t U_t = Z_t. From this we obtain homoclinic orbits to 0 with a complicated dynamics (see [3] for details).

References

[1] P. Zgliczyński. Symbolic dynamics for the Rössler folded towel map. in Conley Index Theory, Warsaw 1999, Banach Center Publications [2] K. Wójcik, P. Zgliczyński. Isolating segments, fixed point index and symbolic dynamics . J. Diff. Eq., to appear [3] K. Wójcik, P. Zgliczyński. Isolating segments and homoclinic trajectories. in preparation