Delay Equations 61

B. Infinite-dimensional Systems

2.1 Delay Equations

Organizers : Sjoerd Verduyn Lunel, Hans-Otto Walther

Key note lecture

Effects of time delays on the dynamics of feedback systems Sjoerd Verduyn Lunel Vrije Universiteit Amsterdam email: verduyn@cs.vu.nl

Recently there is a lot of attention devoted to feedback systems, i.e., optical feedback lasers, phase-locked frequency synthesizers and wave equations with feedback stabilization at the boundary. In the implementation of a feedback system, it is very likely that time delays will occur. It is therefore of vital importance to understand the sensitivity and robustness of the feedback system with respect to time delays in the loop. In this lecture we discuss a number of illustrative examples and some useful tools, based on the radius of the essential spectrum of the semigroup associated with the system, to study robustness with respect to time delays.

References

[1] J.K Hale and S.M. Verduyn Lunel. Introduction to Delay Equations, Springer- Verlag, 1993.

[2] J.K Hale and S.M. Verduyn Lunel. Effects of Delays on Stability and Control. to appear.

Invited lectures

Chaotic motion in delay equations Bernhard Lani-Wayda Mathematisches Institut Universität Giessen email: Bernhard.Lani-Wayda@math.uni-giessen.de

Since the late 1970s, chaotic dynamics in delay equations was observed numerically, and analytical proofs for the existence of such behavior in specific examples were obtained from 1980 on. We give a review of results in this direction up to the present, describing different mechanisms for the creation of erratic motion. Such mechanisms are: Conjugacy to chaotic interval maps, unstable periodic solutions and transversally homoclinic orbits, and Šil’nikov-like saddle connections.

62 B. Infinite-dimensional Systems

The Global Dynamics of Cyclic Feedback Systems with Delay John Mallet-Paret Brown University email: jmp@cfm.brown.edu

We show that in a cyclic feedback system with delay, no solution which has a finite rate of oscillation (as measured by a discrete Lyapunov function) can approach an equilibrium at a rate faster than exponential. As a consequence of this rather technical result, we obtain information about a variety of dynamical phenomena, including Floquet exponents and subspaces, Morse decompositions, and Morse-Smale properties (transversality) of such systems.

Synchronization and Phase-locked Oscillations in Delayed Neural Networks: Connecting Orbits and Basins of Attraction Jianhong Wu York University email: wujh@mathstat.yorku.ca

We consider the following system of delay differential equations

ẋ_1(t) = −μx_1(t) + f(x_2(t − τ)), ẋ_2(t) = −μx_2(t) + f(x_1(t − τ))

which describes the computational performance of a network of two identical neurons with delayed feedback, where x denotes the activation, μ > 0 is the decay rate, f : IR → IR is the signal function and τ > 0 is the synsptic delay. In many applications such as content-addressable memory, it is very important to give a detailed description of the structures of the global attractor.

The synchronized activities (x_1 = x_2 = y) of the network are characterized by the scalar DDE ẏ(t) = −μy(t)+f(y(t−τ)). The detailed fine structures of a basic attracting invariant set as a 3-dimensional smooth solid spindle inside the global attractor of the scalar equation were presented in the monograph of Krisztin, Walther and Wu [The Fields Inst. Monographs Series, Vol. 11, AMS, 1999], the connection of this spindle with the global attractor was discussed in Krisztin and Walther [preprint, 1999], the singularity of the spindle at the tips was described in Walther [preprint, 1999], and the topological and geometric structures of high dimensional invariant sets are being investigated in Krisztin and Wu [preprint, 1999].

Recent work of Chen and Wu [Advances in Differential Equations, to appear; Physics D, to appear] and Chen, Krisztin and Wu [J. Differential Equations, to appear] shows that the general geometric approach developed in the aforementioned monograph, a discrere Lyapunov function which counts sign changes of elements in the phase space and the Poincare-Bendixson theory developed in Mallet-Paret and Sell [J. Differential Equations, 125, 385–489, 1996] for cyclic systems of DDEs can be effectively applied to describe the dynamics of certain sets of asynchronous orbits. In particular, we obtain when τ passes the first Hopf bifurcation value τ_1 an analog of the above 3-dimensional solid spindle which is separated into the basins of attraction of the two tips by a smooth

Delay Equations 63

disk bounded by a phase-locked orbit. We also show that the unstable space of the monodromy operator of the phase-locked orbit is at least 3-dimensional, when τ passes the second Hopf bifurcation value τ_2 where a bifurcation of the aforementioned solid spindle consisting of synchronous orbits, and there are connecting orbits from the synchronous periodic orbit to the phase-locked orbit. This provides a mechanism for desynchronization.

Limiting profiles as square waves or pulses of the phase-locked and synchronized orbits as the delay approaches infinity are also investigated in some recent works of Chen and Wu [preprint, 1999].

Contributed talks

Analytic solutions to partial differential equations with deviating arguments Antoni Augustynowicz Gdańsk University, Institute of Mathematics email: antek@ksinet.univ.gda.pl We investigate analytic solutions to the following problem D_tu(t, z) = f ( t, z, { (I^iD^j_zu)(α^{(i,j)}(t, z)) }_K i,j=0 ) ,

u(0, z) = ϕ(z) , (t, z) ∈ G_η , on the Haare pyramid

G_η = { (t, z) ∈ CI^2 : z ∈ Ω, |t| ≤ η min ( d̂, dist(z, ∂Ω) )}

and Ω is an open subset of the complex plane with nonempty boundary.

The symbols D_t, D_z mean the partial derivatives and (Iw)(t, z) = ∫_t 0 w(s, z)ds We consider existence and uniqueness of analytic solutions and continuous dependence on known functions with respect to some weighted norms in a space of analytic functions.

Computational Scheme of a center manifold for neutral functional differential equations M. Ait Babram Universite Sidi Mohamed Ben Abdellah, Département de Mathématiques, Faculté des Sciences et Techniques, Fès-Saïss, Maroc.

email: babramm@hotmail.com

64 B. Infinite-dimensional Systems

O. Arino Département de Mathématiques, I.P.R.A, URA 1204, Université de Pau, 1 Av de l’Université , 64000 Pau, France.

M. L. Hbid Département de Mathématiques, Faculté des Sciences Semlalia, Université Cadi Ayyad, B.P 2390, Marrakech, Maroc.

This work addresses a computational algorithm of terms of a center manifold for neutral functional differential equations. The Bogdanov-Takens and the Hopf singularities are considered. Finally, as an illustration of our scheme, we give an example where the second term of a center manifold is determined explicitly.

Real-Analytic Solutions of Functional Equations Genrich Belitskii Ben-Gurion University of the Negev email: genrich@indigo.cs.bgu.ac.il Vadim Tkachenko Ben-Gurion University of the Negev email: tkachenk@indigo.cs.ac.il We consider an equation ϕ(x) − A(x)ϕ(F x) = γ(x), x ∈ R^n, in real-analytic functions ϕ(x) with given real-analytic matrix function A(x), vector function γ(x) and mapping F : R^n → R^n. The relations are studied between local and global solvability of the equation. In particular we state conditions which guarantee that the local solvability implies the global one.

On existence of periodic solutions for a linear difference system with continuous argument under periodic control Michael G. Blizorukov Ural State University, Ekaterinburg, Russia email: mikhael.blizorukov@usu.ru The purpose of this paper is a condition for the system of difference equations with continuous argument under continuous and periodic control u(t)

x(t + 1) = Ax(t) + u(t); (1) x(τ) = φ(τ), τ ∈ [0, 1), that must be fulfilled for existence of a periodic solution. Here u(t) is a continuous and T - periodic by t n-vector-function, t ∈ R^+, A is a real nonsingular n×n matrix, x(t) is a real phase vector, φ(t) - is an initial n - vector-function. Solution of this problem is an initial step in stabilization of a periodic motion for the system (1). An extensive literature is devoted to the theory of such kind of systems, for example [1,2]. There has been much interest recently in the construction of general or special solutions for difference

Delay Equations 65

systems with continuous argument, see e.g. [3,4]. In particular, existence conditions for a periodic solutions with an integer period of the system (1) were established, for example in [5].

This paper is devoted to existence conditions for periodic solutions of (1) with arbitrary period (both commensurable with the step of the system and incommensurable). The general solution of the homogeneous system

x(t + 1) = Ax(t), (2)

corresponding to (1) is constructed. Existence conditions of a periodic solutions for (2) are developed. It was shown that the system (1) has a T -periodic solution if and only if matrix A has an eigenvalue equal to 2πik/T , and the initial function φ(τ) in accordance with T has a form: for an integer T - φ(τ) is arbitrary 1-periodic function; for a rational T = k/m (where k and m are mutually disjoint integers) - φ(τ) is 1/m - periodic by τ function; for irrational T - φ is arbitrary constant. For the system (1) the sufficient conditions for existence of a periodic solution with integer, rational and irrational period are obtained. The theory of normal form by Poincare is used [6, chap. 5]. The problem of series’ convergence arising from the small devisors problem is investigated on the base of [6, p. 108]. Illustration examples are given.

References

[1] Sharkovskii A. N., Maistrenko Yu. A., Romanenko E. Yu. Difference equations and its applications. Kiev (1986). (Russian).

[2] Chermanescu M. Ecuatii functionale. Bucharest, 1960.

[3] Harris W. A., Sibuya Y. Note on linear difference equations. Bulletin of the American Mathematical Society, 70(1):123-127, (1964) .

[4] Tanaka Sen-Ichiro. On asymptotic solutions of the functional difference equations associated with some nonlinear differential equations. Publications of the Research Institute for Mathematical Sciences, 6(2):205-236, (1970).

[5] Pelykh V. I. On periodic solutions of difference equations. Ukrainian Math. Journal 481:140-145 (1996). (Russian).

[6] Arnold V. I. Additional chapters of the theory of ordinary differential equations.

Moscow, 1978. (Russian).

Neutral Equations with Causal Operators Constantin Corduneanu University of Texas at Arlington, Department of Mathematics, Arlington, Texas 76019-0408, USA email: mnutt@UTARLG.UTA.EDU

The paper is concerned with existence results, both local and global, for functional equations of the form (V x)(t) = (W x)(t), in which V and W stand for causal (nonanticipative) operators on various function spaces.

The case of functional differential equations of the for (d/dt)(V x)(t) = (W x)(t) is also covered.

66 B. Infinite-dimensional Systems

Methods of Nonlinear Analysis are used in proving the existence results. Many special types of equations are treated as particular cases of the general equations mentioned above.

Asymptotic properties of functional differential equations Alexander Domoshnitsky The Research Institute, The College of Judea and Samaria, 44837 Ariel, Israel email: adomo@research.yosh.ac.il

New results on boundedness/unboundedness of solutions and exponential stability of differential equations with delayed argument and integro-differential equations are proposed.

A) In previous studies in this theme stability of integro-differential equations was achieved through their ”ordinary part”. As to their integral part, it was required to be small enough. In our approach stability is achieved through the ”integral parts”. Tests for exponential stability even in the case of ”non-stable ordinary part” are proposed.

B)Delay in the following differential equations of a second order

ü(t) + p(t)u(t − h(t)) = 0 (1)

destroys stability. It is shown that for non-decreasing positive bounded coefficient p(t) convergence of the integral ∫_∞ 0 h(t) is necessary and sufficient for boundedness of all solutions. The case when p(t) tends to infinity has been also considered.

Invariant manifolds for RFDE under discretization Gyula Farkas Technical University of Budapest, Department of Mathematics, H-1521 Budapest, Hungary email: gyfarkas math.bme.hu In our previous work we showed that the unstable manifold around hyperbolic equilibrium of a scalar retarded functional differential equation (RFDE for short) is preserved under the Euler method. That is, if W^U and W^{Uh} denote local unstable manifolds of the original and the Euler discretized equation, respectively, then ‖g − g_h‖_C0 → 0 as h → 0, where g and g_h are functions representing the manifolds locally as graphs and h is the step size.

The aim of the present talk is two-fold. On one hand we generalize the above mentioned result by allowing general RFDE and general numerical method. On the other hand we show the higher order closeness of invariant manifolds, i.e. ‖g − g_h‖_Cj → 0 as h → 0, where j depends on the order of the numerical method. The proof is based on the Parameterized Contraction Mapping Principle while smoothness follows from the Fibrum Contraction Theorem.

Connections to the Hartman-Grobman Theorem are also discussed. Using it we obtain conjugacy between the solution flow and its numerical approximation on a neighborhood of the hyperbolic equilibrium lying on the global attractor.

Delay Equations 67

References [1] C.T. Baker and D.R. Wille, Issues in the numerical solution of delay differential equations, Adv. Comp. Math., 3:171–196, (1995).

[2] Gy. Farkas, Unstable manifolds for RFDE under discretization: The Euler method, Comp. Math. Applic., (1998) (submitted).

[3] B.M. Garay, On C^j-closeness between the solution flow and its numerical approxiamtion, J. Difference Eq. Appl., 2:67–86, (1996).

[4] M.-C. Li, Structural stability of flows under numerics, J. Diff. Eqs., 141:1–12, (1997).

[5] N. Sternberg, A Hartman-Grobman Theorem for a class of retarded functional differential equations, J. Math. Anal. Appl., 176:156–165, (1993).

On error estimates for waveform relaxation methods for delay differential equations Marian Kwapisz The Pedagogical University of Bydgoszcz, Poland email: mkwapisz@ksinet.univ.gda.pl In the talk we present delay dependent error estimates for the iterative processes x^′_{k+1}(t) = F (t, x_{k+1}(t), x_k(t), x_k(·)), k = 0, 1, . . . , t ∈ J = [0, T ], x_{k+1}(t) = g(t), t ∈ [−h, 0] for solving the initial value problems for systems of equations of the form x^′(t) = f(t, x(t), x(·)), t ∈ J = [0, T ], x(t) = g(t), t ∈ [−h, 0], h > 0, where f(t, x, y(·)) = F (t, x, x, y(·)). For F we assume the one-sided Lipschitz condition with respect to the second argument (F (t, x, y, z) − F (t, x̄, y, z), x − x̄) ≤ m(t)‖x − x̄‖^2 and the Lipschitz conditions with respect to the last two arguments ‖F (t, x, y, z) − F (t, x, ȳ, z̄)‖ ≤ K(t)‖y − ȳ‖ + L(t)‖z − z̄‖_{β(t)} with some continuous nondecreasing function β such that 0 ≤ β(t) ≤ t, where ‖y‖_t = max_{−h≤s≤t} ‖y(s)‖ for t ∈ J. When x_∗ is the exact solution of our initial value problem and u_k(t) = max_{0≤s≤t} ‖x_∗(s) − x_k(s)‖ then we obtain the following results. If m(t) < 0, K(t) ≡ 0, P_∗(t) = max_{0≤s≤t} [_{L(s)} −m(s) ] , then

u_k(t) ≤ u_0(β^k(t)) (_{k−1} ∏ i=0 P_∗ ( β^i(t) ) ) H_k(t), where the sequence ⟨H_k⟩ of functions depends on m and satisfies the conditions 0 ≤ H_k(t) ≤ 1, lim_{k→+∞} H_k(t) = 0.

68 B. Infinite-dimensional Systems

Another result reads: if m(t) ≥ 0 and K(t) ≡ 0, then u_k(t) ≤ (_{k−1} ∏ i=0 L(β^i(t)) ) exp (∫_t 0 m(s)ds ) u_0(β^k(t)) ∫_t 0 Φ_{k−1}(1)(s)ds, t ∈ J, for k = 1, 2, . . . , with a suitably defined sequence ⟨Φ_k(1)⟩ depending on β. We have also the following result: if m(t) = max (0, m(t)), then u_k(t) ≤ t^k k! exp (∫_t 0 m(τ)dτ ) (_k∑ i=0 [( k i ) K^{k−i}(t)L^i_∗(t)u_0(β^i(t)) ]) , k = 0, 1, . . . ,

where L_∗(t) = sup_{0≤s≤t} [ L(s) exp ( − ∫_s β(s) m(τ)dτ )] . On equations with delay depending on solution Michael Drakhlin The Research Institute, The College of Judea and Samaria, 44837 Ariel, Israel email: drakhlin@research.yosh.ac.il Elena Litsyn The Research Institute, The College of Judea and Samaria, 44837 Ariel, Israel email: lelena@research.yosh.ac.il

Consider the following equation

ẋ(t) + m∑ i=1 A_i(t)x(t − (H_ix)(t)) = f(t), t ∈ [0, ∞), (1) x(ξ) = φ(ξ), ξ < 0. Assume that the elements of the n × n matrices A_i, i = 1, 2, ..., m, are measurable and essentially bounded on [0, ∞), the function φ : (−∞, 0] → R^n is continuous, the function f : [0, ∞) → R^n is measurable and essentially bounded. Suppose also that the operations H_i, i = 1, 2, ..., m, put into correspondence to each absolutely continuous function z : [0, ∞) → R^n scalar measurable essentially bounded functions H_iz : [0, ∞) → R, i = 1, 2, ..., m. An absolutely continuous function x : [0, ∞) → R^n, is called a solution of equation (1) if it satisfies the equation almost everywhere.

Along with (1) let us consider a linear equation (L_xy)(t) ≡ ẏ(t) + m∑ i=1 A_i(t)y(t − (H_ix)(t)) = ψ(t), t ∈ [0, ∞), (2) y(ξ) = 0, ξ < 0. Here x : [0, ∞) → R^n is an absolutely continuous function, ψ : [0, ∞) → R^n is measurable and essentially bounded.

As a solution of (2) we understand an absolutely continuous function y : [0, ∞) → R^n, which satisfies (2) almost everywhere.

Delay Equations 69

We suggest an approach for investigation of the nonlinear equation (1). Its’ essence is stressed out by the following result.

Let a function x : [0, ∞) → R^n be a solution of (1), then it is also a solution of (2), where ψ(t) = f(t) − m∑ i=1 A_i(t)φ̃(t − (H_ix)(t)), (3)

φ̃ = { φ(t), t < 0, 0, t ≥ 0.

Collocation methods for computation of periodic solutions of retarded functional differential equations Tatyana Luzyanina Department of Computer Science, K.U.Leuven, Belgium email: Tatyana.Luzyanina@cs.kuleuven.ac.be

Koen Engelborghs Department of Computer Science, K.U.Leuven, Belgium email: Koen.Engelborghs@cs.kuleuven.ac.be

Dirk Roose Department of Computer Science, K.U.Leuven, Belgium email: Dirk.Roose@cs.kuleuven.ac.be

A periodic solution of a differential equation can be computed as the solution of a periodic two-point boundary value problem (BVP). The periodic BVP is a finitedimensional problem for ordinary differential equations (ODEs) (a point has to be found) and it is an infinite-dimensional problem for functional differential equations (FDEs) (a function segment has to be found). The most successful method for the numerical solution of periodic BVPs for ODEs is the well known collocation method using piecewise polynomials. As far as we know, no prior numerical work on the application of the collocation technique (not based on approximation by truncated Fourier series) for solving periodic BVPs for FDEs exists. Furthermore, the corresponding theoretical results (convergence, asymptotic error of numerical schemes) are non existing. We show that the collocation method with piecewise polynomials is quite efficient for solving periodic BVPs for RFDEs with constant delays. Our numerous numerical experiments show numerical order of convergence of the collocation solution to the exact solution and the asymptotic error of the different collocation schemes we applied. In particular, we show that special interpolators for the approximation of the computed solution in the past recover superconvergence at mesh points which is well known for the ODEs case. Adaptive mesh selection, based on the algorithm used in the AUTO software package for ODEs, allows to compute periodic solutions with complicated profile efficiently.

70 B. Infinite-dimensional Systems

On nonlinear parabolic functional differential equations László Simon Department of Applied Analysis, Eötvös Loránd University, Budapest email: simonl@ludens.elte.hu We shall consider initial-boundary value problems for the equation of the form D_tu + ∑ |α|≤m (−1)^{|α|}D^α_x [f_α(t, x, ..., D^β_x u, ...)]+ ∑ |α|≤m−1 D^α_x [g_α(t, x, ..., D^γ_xu, ...)] + ∑ |α|≤m−1 D^α_x [g̃_α(t, x, u)]+ ∑ |α|≤m−1 D^α_x [h_α(t, x, H_1(u), ..., H_r(u))] = F, (t, x) ∈ Q_{T0} = (0, T_0) × Ω

where Ω ⊂ R^n is a bounded domain with sufficiently smooth boundary, |β| ≤ m, |γ| ≤ m − 1, H_j are linear continuous operators (defined in some function spaces), functions f_α, g_α, h_α have (usual) polynomial growth in D^β_x u, D^γ_xu, H_j(u) respectively; g_α, h_α are not continuous in D^γ_xu, H_j(u) respectively (but they are locally bounded), functions g̃_α may be rapidly increasing in u.

We shall formulate an existence theorem on weak solutions. Further, boundedness of ‖ u(t) ‖_L2_{(Ω)} for t ∈ (0, ∞) will be shown. Finally, we shall formulate a result on the stabilization of solutions as t → ∞.

An important problem where the conditions of our theorems are satisfied is a climate model, considered by J.I. Diaz, G. Hetzer, J. Hernández, L. Tello. The stabilization result is a joint work with J.I. Diaz and is based on arguments applied by the above mentioned authors.

Oscillation of Linear Systems Jacek Tabor Jagiellonian University email: tabor@im.uj.edu.pl We investigate the notion of oscillation for linear systems with discrete and continuous time. A real valued function oscillates by the definition if it has arbitrarily large zeros. A vector valued function oscillates if its composition with every linear functional oscillates.

Let T be a strongly continuous semigroup and let A denote its generator. We say that a point x oscillates if the function T (·)x oscillates.

We show that if the time parameter is discrete then every point oscillates if the spectrum of A has no real nonnegative values. We apply this result to oscillation of solutions of infinite difference equations.

The situation when the time is continuous is more complicated. If T is a strongly continuous group then if the spectrum of A has no nonnegative real values then every point oscillates. In the case when T is a semigroup even under this assumption not all points have to oscillate, however we show that in this case the oscillation is generic. Moreover, applying the results from [1] we obtain that if the semigroup is generated by the functional differential equation then every solution oscillates iff the generator has no real eigenvalues.

Delay Equations 71

References

[1] O. Diekmann, S. A. van Gils, S. M. Verduyn Lunel, H.-0. Walther. Delay Equations, Springer-Verlag, Applied Mathematical Sciences 110.

Posters

Iterative methods for the Darboux problem for partial functional differential equations Tomasz Człapiński Institute of Mathematics, University of Gdańsk email: czltsz@ksinet.univ.gda.pl We consider the Darboux problem for the following hyperbolic partial functional differential equation D_{xy}z(x, y) = f ( x, y, z_{(x,y)} ) , (x, y) ∈ E := [0, a] × [0, b] (1) z(x, y) = ϕ(x, y), (x, y) ∈ E^0 := [−a_0, a] × [−b_0, b] \ (0, a] × (0, b], (2) where f : E × C^1(B, X) → X, ϕ : E^0 → X and B := [−a_0, 0] × [−b_0, 0]. The function z_{(x,y)} : B → X represents the functional dependence in (1) and it is defined by z_{(x,y)}(t, s) = z(x + t, y + s), (t, s) ∈ B. If X = IR then by the linearization of (1) we define two monotone sequences uniformly convergent to the solution of problem (1), (2). The convergence that we get is of the Newton type, which means that the difference between the m-th term of either of the approximating sequences and the solution can be estimated by A/2^{2m} , where A is some constant not dependent on m.

If X is a Banach space we also prove a theorem on the convergence of the Newton method for problem (1), (2). Also in this case we get the convergence of the Newton type.

References [1] T. Człapiński. Iterative methods for the Darboux problem for partial functional differential equations. J. Inequal. Appl., volume(54), (1998).

Modal stabilization in systems with delay Denis Ya. Khusainov Kiev University, Faculty of Cybernetics, Ukraine email: denis@dh.cyb.univ.kiev.ua Characteristic polynomial of the linear stationary control systems without delay ẋ(t) = Ax(t) + bu(t), u(t) = c^T x(t) (1) has n roots. The problem of the spectrum control (modal control) is equivalent to the coefficients of the characteristic polynomial control. For systems with delay ẋ(t) = Ax(t) + A_1x(t − τ) + bu(t), u(t) = m∑ j=0 c^T_j x(t − jτ), τ > 0 (2)

72 B. Infinite-dimensional Systems

characteristic quasipolynomial f_n(λ, e^{−λτ} ) = n∑ i=0 i∑ j=0 p_{ij}e^{−jλτ} λ^{n−i}, p_{00} = 1 (3) has countable number of roots. There is no good interconnetion between coefficients and spectrum here. The problem of modal control is set as the coefficients control problem, although the investigation of transient quality depending on coefficients cause difficulties. System stabilization up to power γ > 0 often is more advisable now. That is calculation of c^T_j , j = 0, m, when quasipolynomial (3) roots hold λ_i < −γ, i = 1, 2, . . .. Theorem Let (3) be a given quasipolynomial. Then the quasipolynomial f̃_n(λ, e^{−λτ} ) =^n∑ i=0 i∑ j=0 p̃_{ij}e^{−jλτ} λ^{n−i}, p_{00} = 1 (4)

p̃_{ij} = i∑ s=j p_{sj}C^{i−s}_{n−s}(N + 1 + γ)^{i−s}e^{−j(N+1+γ)τ} , N = max_{i=1,n}{ i∑ j=0 |p_{ij}|} (5) is stable up to power γ > 0.

Explicit expressions for coefficients c^T_j , j = 0, m of equation u(t) is obtained with formulas (4) and (5).

Equilibrium stability of price formation dynamics Timur Khusainov Kyiv, pr. Obolonski 7b 203, 252205 Ukraine email: timur@akcecc.net A price formation mathematical model is considered [1]. It is represented by nonlinear system of differential equations with quadratic and linear fractional right side.

ẋ_i(t) = − v_ix_i(t) x_i(t) + a_i − n∑ j=1,j≠i c_{ij} (x_i(t) − x_j (t)) + d_ix_i(t) x_i(t) − b_i +

+r_ix_i(t)[q^0_i − n∑ j=1,j≠i α_{ij} (x_i(t) − x_j (t))], i = 1, n. The system can be given in vector-matrix form ẋ(t) = {Q − V [A + X(t)]^{−1} + D[X(t) − B]^{−1} + X(t)G}x(t). Here A, B, D, V , X(t) are diagonal matrices. Conditions of solution x(t) ≡ 0 (balanced price) stability and lower bound of stability domain are obtained.

Theorem. Let matrix Ã = Q − V A^{−1} − DB^{−1} is asymptotically stable, that is Reλ_i(Ã) < 0, i = 1, n. Then solution x(t) = 0 of the system is asymptotically stable and stability domain contains the sphere with radius R = Ψ √ Φ(H) min{[Ψ(H)|A^{−1} + V (A^{−1})^2|]^{−1}, [Ψ(H)|B^{−1}| + |D(B^{−1})^2|]^{−1}, |G|},

Ψ(H) = λ_{min}(C) 6λ_{max}(H)

, Φ(H) = λ_{max}(H) λ_{min}(H) .

Delay Equations 73

References

[1] Kalitin B.S. Dynamical market model of the “effective competition” type. Vestnic Beloruskogo gosudarstvenogo universiteta, Fizika, Matematica, Informatica 1(2):68-70, (1997).

[2] Kalitin B.S. Dynamical market model of the “effective competition” type. Nonnegative strength stock. Vestnic Beloruskogo gosudarstvenogo universiteta, Fizika, Matematica, Informatica 1(2):41-45, (1998).

[3] Khusainov D.Ya., Shevelenko E.E. Stability of differential systems with rational right side investigation. Ukrainski Matematicheski Zurnal, 47(9):1295-1299, (1995).

[4] Khusainov D.Ya., Shevelenko E.E. Stability of differential rational systems with delay investigation. Differensialnie uravnenia, 31(1):175-177, (1995).

Some Properties of Solutions of Nonlinear Difference Equations Malgorzata Migda Institute of Mathematics, Poznan University of Technology ul. Piotrowo 3a, 60-965 Poznan igda@math.put.poznan.pl Ewa Schmeidel Institute of Mathematics, Poznan University of Technology ul. Piotrowo 3a, 60-965 Poznan email: eschmeid@math.put.poznan.pl In the paper asymptotic properties of the solutions of nonlinear difference equation are investigated. We deal with the existence of nonoscillatory bounded and unbounded solutions.

References [1] S.Belohorec. Monotone and Oscillatory Solutions of a Class of Nonlinear Differential Equations. Matematicky casopis, 3:169-187, (1969).

[2] B.Szmanda. Nonoscillation, Oscillation and Growth of Solutions of Nonlinear Difference Equations of Second Order. Journal of Mathematical Analysis and Applications, 109(1):22-30, (1985).

[3] B.Szmanda. Characterization of Oscillation of Second Order Nonlinear Differences Equations. Bulletin of Polish Academy of Sciences Mathematics 34(3-4):133-141 (1986).

Oscillation of Iterative Functional Equations Wieslawa Nowakowska Poznan University of Technology email: wnowakow@math.put.poznan.pl Jaroslaw Werbowski Poznan University of Technology email: jwerbow@math.put.poznan.pl We consider behavior of solutions of iterative functional equations. Sufficient conditions for the oscillation are given.

74 B. Infinite-dimensional Systems

References

[1] M.Kuczma, B.Choczewski, R.Ger. Iterative functional equations. Cambridge University Press, Cambridge, (1990).

[2] W.Nowakowska, J.Werbowski. Oscillation of linear functional equations of higher order. Arch. Math., 31:251-258, (1995).

Some oscillation criteria for differential equations generated by delay arguments Agnieszka Szawiola Poznan University of Technology email: aszawiol@math.put.poznan.pl Jaroslaw Werbowski Poznan University of Technology email: jwerbow@math.put.poznan.pl In this paper we investigate linear differential equations with delay arguments of the form:

(−1)^δ L_nx (t) = m∑ i=1 q_i(t) x(q_i(t)), (E_δ)

where n ≥ 2, δ ∈ {1, 2, n, n + 1} and L_0x = x, L_ix =^1_{pi}^d_{dt} L_{i−1}x, p_n ≡ 1.

The functions p_i, g_k, q_k : ℜ_+ −→ ℜ_+ = (0, ∞) are continuous with g_k(t) ≤ t on ℜ_+, lim_{t→∞}g_k(t) = ∞ and ∫_∞ p_i(t) = ∞, i = 1, ..., n, k = 1, ..., m. The main purpose of this work is to show how the delay arguments g_i influence the oscillatory character of solutions of the above equations. We consider the equations (E_δ) depending on whether n is an even or odd number as well as the value of δ.

References [1] T.A.Chanturia. On the oscillation of solution of higher order linear differential equations. Seminar of I.N. Vekua Institute of Applied Mathematics, Reports 16:Tbilisi University Press, Tbilisi, (1982).

[2] I.T.Kiguradze. The problem of oscillation of solutions of nonlinear differential equations. Differencialnyje Uravnenija, 8:995-1006, (1965).

2.2 Geometric Dynamics

Organizer : Hiroshi Matano

Contributed talks

The Einstein Flow, the Sigma-Constant, and Geometrization of Three-Manifolds Arthur E. Fischer Department of Mathematics, University of California, Santa Cruz, CA 95064, USA

Geometric Dynamics 75

email: aef@cats.ucsc.edu Vincent Moncrief Departments of Mathematics and Physics, Yale University, New Haven, CT 06511, USA email: moncrief@hepvms.physics.yale.edu For the problem of the Hamiltonian reduction of Einstein’s equations on a (3 + 1)- vacuum spacetime that admits a foliation by constant mean curvature compact spacelike hypersurfaces M that satisfy certain topological restrictions, we introduce a dimensionless non-local time-dependent reduced Hamiltonian system H_{reduced} : R^− ×P_{reduced} → R, where R^− = (−∞, 0), P_{reduced} is the reduced symplectic manifold, and R^− × P_{reduced} is the associated reduced contact manifold. The reduced contact variables (τ, γ, p^{T T} ) ∈ R^− × P_{reduced} are given by the constant mean curvature τ of an expanding spacelike hypersurface, a Riemannian metric γ with constant scalar curvature −1, and a transversetraceless symmetric 2-contravariant density p^{T T} .

Taking as a temporal coordinate condition t =^2_{3τ 2} , the reduced Hamiltonian is given by H_{reduced}(τ, γ, p^{T T} ) = −τ^3vol(M, g). For compact 3-manifolds of Yamabe type −1, we establish the following properties: (1) H_{reduced}(τ, γ, p^{T T} ) is a strictly monotonically decreasing function of t unless p^{T T} = 0 and γ = γ̃ is hyperbolic, at which point H_{reduced}(τ, γ̃, 0) is constant in time; (2) for τ ∈ R^− fixed, H_{reduced}(τ, γ, p^{T T} ) has a critical point at (γ̃, 0) which is unique up to isometry and which is a strict local minimum (in the non-isometric directions) of H_{reduced}; and (3) for τ ∈ R^− fixed, the σ-constant of M is related to the reduced Hamiltonian by

σ(M) = −^2_3 ( inf (γ,p^{T T} )∈P_{reduced}

H_{reduced}(τ, γ, p^{T T} ) )_{2/3} . If M is a compact hyperbolic manifold, then we conjecture that (γ̃, 0) is a global minimum of H_{reduced}. More generally, for any compact M we conjecture that the Einstein flow generically seeks to attain the σ-constant asymptotically insofar as the reduced Hamiltonian is monotonically seeking to decay to its infimum. However, possible obstructions, such as the formation of black holes, may prevent particular solutions from asymptotically approaching σ(M). Further applications are discussed.

References [1] Fischer, A, and Moncrief, V. The structure of quantum conformal superspace. Lecture Notes in Physics, 460:111–173, Springer, Berlin, (1996).

[2] Fischer, A, and Moncrief, V. Hamiltonian reduction of Einstein’s equations of general relativity. Nuclear Physics B (Proc. Suppl.), 57:142–161, (1997).

[3] Fischer, A, and Moncrief, V. The reduced Hamiltonian of general relativity and the σ-constant of conformal geometry. LNP, Springer, Berlin, (to appear).

Nonlinear curvature driven evolution of plane curves Daniel Ševčovič Comenius University Bratislava email: sevcovic@fmph.uniba.sk

76 B. Infinite-dimensional Systems

Karol Mikula STU Bratislava email: mikula@vox.svf.stuba.sk We study the evolution of plane curves satisfying the geometric equation v = β(k, ν), where v is normal velocity, k and ν are curvature and the angle of the tangential vector of the plane curve Γ. As a typical example one can consider the function β(k, ν) = γ(ν)|k|^{m−1}k where γ(ν) is a given anisotropy function and m > 0. A key tool in our study is to analyze a degenerate parabolic equation for the curvature k

∂_tk = ∂^2_s β(k) + α∂_sk + k^2β (1)

where α is a functional of the curvature and other geometric quantities. The geometric meaning of α is the tangential velocity of the material points belonging to Γ. We propose a nonlocal functional α keeping the ratio of the local length to the total length of the curve Γ constant with respect to time. This choice of a nontrivial tangential velocity α leads to a powerful numerical scheme.

In the case where the function β is regular we establish short time existence of a classical solution k ∈ C(I, C^{2+σ}(S^1)) ∪ C^1(I, C^σ(S^1)) provided that the initial curve is smooth enough. If β is degenerate we are concerned with the fast (0 < m < 1) as well as slow (1 < m ≤ 2) diffusion case. In the case of a slow diffusion the initial curve is supposed to have at most 2 +^1_{m−1} order contact with its tangents at inflection points. The idea of the proof is to make use of the theory of fully nonlinear parabolic equations developed by Angenent [1] and the Nash-Moser iterative technique for obtaining apriori bounds for the gradient of β(k). It is similar, in technique, to the one used in the paper by Angenent, Sapiro and Tannenbaum [2]. We also present some of numerical simulations that have been obtained by using a nontrivial tangential velocity α. References [1] S.B.Angenent, Nonlinear analytic semiflows, Proc. R. Soc. Edinb., Sect. A (115) 1990, 91-107 [2] S.B.Angenent, G.Sapiro, A.Tannenbaum, On affine heat equation for non-convex curves, Journal of the AMS (11) 1998, 601-634 [3] K.Mikula, D.Ševčovič, Solution of nonlinearly curvature driven evolution of plane curves, Applied Numerical Mathematics (31), (1999)

2.3 Hyperbolic Conservation Laws

Organizers : Tai-Ping Liu, Gerald Warnecke

Key note lecture

Recent Progresses in Shock Wave Theory Tai-Ping Liu Department of Mathematics, Stanford University email: liu@gauss.Stanford.EDU

Hyperbolic Conservation Laws 77

There have been intensive activities in the study of shock waves in the past decade. Important progresses are made in the study of the effects of dissipations, relaxations and sources, the well-posedness problem for hyperbolic conservation laws, the regularizing properties of nonlinearity and other numerical and analytical issues. We plan to survey these developements, with emphasis on the physical phenomena and the new analytical ideas when applied to physical systems. We will also discuss open problems and speculate on possible future research directions.

Invited lectures

Convergence Rates for Relaxation Methods Approximating Conservation Laws Hailiang Liu IAN, Otto-von-Guericke-University Magdeburg, PSF 4120, D-39016 Magdeburg, Germany.

email: hailiang.liu@mathematik.uni-magdeburg.de Gerald Warnecke IAN, Otto-von-Guericke-University Magdeburg, PSF 4120, D-39016 Magdeburg, Germany.

email: gerald.warnecke@mathematik.uni-magdeburg.de This talk discusses the global error estimates for a relaxation scheme approximating scalar conservation laws. In such schemes there are two parameters: mesh size Δx and the relaxation rate ϵ. We prove that the L^∞(0, T ; L^1(IR))-norm of the error goes to zero as ϵ^{1/2} + (Δx)^{1/2} when both the discretization parameter ϵ and the discretization parameter Δx go to zero. We show how to do this without resorting to any restriction on the initial error. Our result shows that the initial error does not prevent the convergence of the conserved variable to the entropy solution of conservation laws, and the initial layer persists in “kinetic” variables only for a short time of order ϵ.

Nonclassical shocks for conservation laws Benedetto Piccoli University of Salerno email: piccoli@sissa.it Diffusive-dispersive approximations to conservation laws give rise to travelling waves that converge to shocks not verifying the classical Lax entropy condition (or Oleinik-Liu condition) and are called nonclassical shocks.

Various physical models, for which the diffusive-dispersive approximation has a physical justification, have a natural entropy. The set of all discontinuities satisfying the condition related to this single entropy are too many to have uniqueness and a selection criterion must be introduced. A kinetic relation, linked to the approximation, is used to find a unique Riemann Solver and possibly a nucleation criteria is introduced. This last appears to be natural in case of phase transition models.

78 B. Infinite-dimensional Systems

Front-tracking is then used to construct solutions to the Cauchy problem. The main difficulty is the control of the total variation that may increase also in the scalar case. An equivalent functional is introduced that decreases in time along approximate solutions.

After a first result for the cubic scalar case in [1], a method for the general scalar case is described in [2]. Some assumptions are made on the kinetic function while no nucleation criteria is needed.

It is also shown that the Riemann Solvers with good properties coincides with one associated to a kinetic function of the type considered.

Finally the problem of uniqueness is investigated in [3]. It is proved that, as for the classical case, there exists under mild conditions at most one Lipschitz semigroup compatible with the Riemann solver, moreover any admissible solution satisfying a mild regularity is a semigroup trajectory.

References [1] D. Amadori, P. Baiti, P.G. Lefloch, B. Piccoli. Nonclassical shocks and the Cauchy problem for nonconvex conservation laws. J. of Differential Equations, 151:345- 372, (1999).

[2] P. Baiti, P.G. Lefloch, B. Piccoli. Nonclassical shocks and the Cauchy problem:

general conservation laws. Contemporary Mathematics, to appear. [3] P. Baiti, P.G. Lefloch, B. Piccoli. Uniqueness of classical and nonclassical solutions for nonlinear hyperbolic systems. Indiana University Math. Journal, submitted.

Stability of Viscous and Inviscid Shock Waves Denis Serre Ecole Normale Supérieure de Lyon email: serre@umpa.ens-lyon.fr We are concerned with shock waves (u^l, u^r; s) of multidimensional systems of n conservation laws. Here u^{l,r} denote the left and right constant states, and s is the shock speed. The direction of propagation is a priori chosen along the first coordinate axis. We may consider several kinds of stability, under small initial perturbations. With increasing complexity :

• One-D stability, that is stability against perturbations in the sole x_1 direction. As is well-known, it amounts to assume Δ ≠ 0, where Δ is a determinant of the n−m outgoing modes with m vectors representing the degrees of freedom of the shock. Here, m = 1 for a Lax shock, but m > 1 for an undercompressive shock (see [1]). All overcompressive shocks are unstable at this level.

• Multi-D stability. The theory is due to A. Majda [5] for Lax shocks and to Freistühler for undercompressive ones. At the linearized level, the shock may be strongly or weakly stable, or strongly unstable. The latter prevents from local well-posedness. The analysis requires the knowledge of zeros of an explicit analytic function : the Lopatinski determinant. Examples show that the sign of Δ may be involve in the nature of the shock : in full gas dynamics, Δ < 0 is equivalent to strong instability.

Hyperbolic Conservation Laws 79

• Viscous stability, that is asymptotic stability of a viscous profile of the shock, as a travelling wave of an approximate system. The relevance of this approach was recognized by T.-P. Liu [4]. It was shown in [3] that the sign of Δ plays a rôle in the stability, even in one space dimension. This was extended in [7] to multi-D contexts, where we show that the long-wave limit of the Evans function of the profile is nothing but the Lopatinski determinant. This shows that Majda’s instability of the shock itself, which is of Hadarmard’s type, implies the asymptotic instability of every possible profile.

On one hand, we shall present the latter aspect. On the other hand, we shall explain why the change of sign of Δ, as the shock varies along a given curve, is related to both weak stability and strong instability (see [6]).

References [1] H. Freistühler. The persistence of ideal shock waves. Applied Math. Letters, 64:344- 352, (1995).

[2] H. Freistühler, K. Zumbrun. Examples of unstable overcompressive shock waves.

Unpublished, (1998).

[3] R. Gardner, K. Zumbrun. The gap lemma and geometric criteria for instability of viscous shock profiles. Comm. Pure & Applied Math., 51: 797-855, (1998).

[4] Tai-Ping Liu. Nonlinear stabilty of shock waves for viscous conservation laws. Memoirs of the A. M. S., 328. Providence, (1985).

[5] A. Majda. The stability of multidimensional shock fronts. Memoirs of the A. M.

S., 275. Providence, (1983).

[6] D. Serre. La transition vers l’instabilité pour les ondes de choc multi-dimension-nelles. Preprint, (1999).

[7] D. Serre, K. Zumbrun. Viscous and inviscid stability of multidimensional shock fronts. Preprint, (1999).

Compressible Navier-Stokes Equations with Density-Dependent Viscosity and Vacuum Tong Yang Math. City University, Hong Kong email: matyang@cityu.edu.hk In this talk, we will present some results on the one-dimensional motion of viscous gas connecting to vacuum state when the viscosity is constant or depends on the density. When the viscosity coefficient is constant, the regularity of the solution near vacuum and the behaviour of the interface separating the vacuum and gas are given. When the viscosity coefficient μ is proportional to ρ^θ and 0 < θ < 1/2, where ρ is the density, the global existence and the uniqueness of weak solutions are proved.

Discrete Shock Waves and Small Divisors Shih-Hsien Yu UCLA email: shyu@math.ucla.edu

80 B. Infinite-dimensional Systems

We study finite difference approximations to hyperbolic conservation laws, especially in the presence of shock waves. A small divisor problem, which is caused by discretization will be discussed.

References

[1] Tai-Ping Liu & Shih-Hsien Yu . Continuum Shock Profiles for Discrete Conservation Laws, I. Construction. Comm. Pure Appl. Math., LII, 0085-0127, (1999).

[2] Tai-Ping Liu & Shih-Hsien Yu. Continuum Shock Profiles for Discrete Conservation Laws, II: Stability. Comm. Pure Appl. Math., LII (1999).

Contributed talks

A connection between scalar conservation laws and infinite linear systems of PDE’s P.B. Dubovski Institute of Numerical Mathematics, Russian Academy of Sciences email: dubovski@inm.ras.ru We demonstrate that solutions of most scalar conservation laws satisfy an infinite linear system of partial differential equations. This observation allows to prove an existence theorem for such infinite systems and, vice versa, to estimate the solution of the original scalar conservation law. The Hopf’s equation is included in such a class of conservation laws.

References [1] Chae D. and Dubovskiǐ P.B.. A connection between scalar conservation laws and infinite linear systems of PDE’s. Appl. Math. Lett., 8 (5): 21–25 (1995).

[2] Marchuk G.I., Agoshkov V.I., and Shutyaev V.P., Adjoint equations and perturbation algorithms in nonlinear problems, Boca Raton: CRC Press Inc., 1996.

Admissibility of traveling waves in scalar balance laws Jörg Härterich Freie Universität Berlin email: haerter@math.fu-berlin.de We consider hyperbolic balance laws

u_t + f(u)_x = g(u), f ∈ C^2, g ∈ C^1,

and their viscous approximations u_t + f(u)_x = εu_{xx} + g(u), ε ≪ 1. Assuming that the flux is convex and that g possesses only simple zeroes, Mascia has found several types of heteroclinic traveling waves, i.e. solutions of the form u(x, t) = u(x − st) that tend to constant states u_{±∞} as ξ := x − st tends to ±∞. All these traveling waves are entropy traveling waves in the sense that their discontinuities satisfy

Hyperbolic Conservation Laws 81

an entropy condition. We discuss the question, which types of traveling waves can be obtained as limits of traveling waves of the viscous problem in the following sense: A traveling wave u_0 of the hyperbolic balance law with speed s is called admissible if sequences s_n → s and ε_n ↘ 0 exist such that the viscous problem has a traveling wave solution u_n with lim_{n→∞} ‖u_n − u_0‖_L1 = 0.

This leads to the study of a singularly perturbed o.d.e. where the wave speed s acts as an additional parameter.

We show that not all of the entropy traveling waves are admissible.

Shocks with oscillatory tails in systems of viscous hyperbolic balance laws Stefan Liebscher Free University of Berlin email: liebsch@math.fu-berlin.de Searching for viscous shock profiles of the Riemann problem, we consider systems of hyperbolic balance laws of the form

u_t + f(u)_x = ϵ^{−1}g(u) + ϵ δ u_{xx}

with u = (u_0, u_1, · · · , u_N ) ∈ IR^{N+1}, δ > 0 fixed, and with real time t and space x. Traveling wave solutions u = u (_{x−st} ϵ ) with limiting states lim_{τ →±∞} u(τ) = u^± give rise, for ϵ ↘ 0, to shock solutions of the Riemann problem.

Therefore we investigate the second order traveling wave equation u̇ = v δ v̇ = −g(u) + (A(u) − s)v and look for heteroclinic orbits between equilibria u^± of the reaction term: g(u^±) = 0. The asymptotic behavior of viscous profiles u(τ) for τ → ±∞ depends on the linearization at u = u^±.

A special structure of the source term, e.g. the mixture of conservation laws with balance laws, can lead to lines or, generally, surfaces of equilibria. Investigating the change of stability along these curves of equilibria, it turns out that heteroclinic connections can have oscillating tails. This is possible even for examples with gradient flux terms where the source terms u̇ = g(u) alone do not support oscillatory behavior. The interaction of flux and reaction, in contrast, is able to produce purely imaginary eigenvalues of the linearization at u^±.

Near Hopf-like bifurcation points, continua of heteroclinic orbits exist. They correspond to weak shock solutions with oscillating tails at both sides. Besides this, a fixed left state u^− can connect to an whole interval of right states u^+, with fixed traveling speed s.

The results are based on normal form theory and a spherical blow-up construction inside the center manifold near the line of equilibria.

82 B. Infinite-dimensional Systems

References

[1] B. Fiedler, S. Liebscher, and J.C. Alexander. Generic Hopf bifurcation from lines of equilibria without parameters: I. Theory. Preprint, FU Berlin, 1998.

[2] B. Fiedler and S. Liebscher. Generic Hopf bifurcation from lines of equilibria without parameters: II. Systems of viscous hyperbolic balance laws. Preprint, FU Berlin, 1998.

[3] B. Fiedler, S. Liebscher, and J.C. Alexander. Generic Hopf bifurcation from lines of equilibria without parameters: III. Binary oscillations. Preprint, FU Berlin, 1998.

Stability of a Self-Similar 3-Dimensional Gas Flow Wen-Ching Lien Institute for Advanced Study We are concerned with inviscid gas flow in three space dimension. In the presence of symmetries, the flow becomes self-similar and the system may be reduced to ordinary differential equations. We are interested in steady flow past an infinite cone and its stability with respect to perturbation of the cone. Such a flow has a cylindrical symmetry. Let u and v represent the axial and radial components of velocity. With the additional assumption that the flow is isentropic, the compressible Euler equations are reduced to

(ρu)_x + (ρv)_y = −1 y (ρv) (1)

(ρu^2 + P )_x + (ρuv)_y = −1 y (ρuv) (2) (ρuv)_x + (ρv^2 + P )_y = −1 y (ρv^2) (3)

P = P (ρ). (4)

When a uniform supersonic flow hits the obstacle, which is an infinite cone, and the angle of opening at the vertex is sufficiently small, the conical flow can be constructed by studying self-similar solutions. The flow is deflected by an attached shock front beginning at the vertex and is continued so that the state of the air is constant on each concentric cone behind the shock cone and is parallel to the obstacle cone. Since the flow is isentropic and irrotational, the equations (1)-(4) are reduced to a system of ordinary differential equations. Such self-similar flow is suggested by Busemann [1], who gave a graphical method for obtaining them.

We consider a more realistic case when the obstacle is a perturbation of the infinite cone. The shock front and the flow behind it are conical until the expansion wave and the shock wave coming from the bendings of the obstacle interact with the conical flow and the shock front. The flow then becomes rotational and, in general, contains infinitely many interacting shock waves. The main questions are: With all these wave interactions, does a solution exist globally? Is it stable with respect to the perturbation, for finite x and also asymptotically as x → ∞? We answer these questions affirmatively and show that the long-range behavior of the flow is self-similar corresponding to an infinite cone with the asymptotic angle of the perturbation. In particular, the flow between the

Hyperbolic Conservation Laws 83

leading shock and the obstacle tends to be irrotational and isentropic. In fact, there is a boundary layer of high concentration of vorticity and entropy variation. The width of the layer tends to zero as x → ∞. This can occur, of course, only for inviscid flow; for the viscous flow the vorticity would propagate into the flow. Nevertheless, experimental evidences show that the inviscid flow still accurately represents the actual flow, Courant- Friedrichs [2]. The flow pattern eventually tends to a self-similar solution corresponding to the conical flow for the infinite cone without any deflections.

References [1] Busemann, A. : Drücke auf kegelförmige Spitzen bei Bewegung mit Überschallgeschwindigkeit. Zeitschrift fur angewandte Mathematik und Mechanik, 9(No 6):496-498, (1929).

[2] Courant, R., Friedrichs, K. O. : Supersonic flow and shock waves. New York :

Interscience (1948).

Cauchy Problem for the Compressible Euler Equation with Damping Ronghua Pan SISSA, Italy email: panrh@sissa.it We study the Cauchy problem for the system of compressible adiabatic flow through porous media in the one space dimension and the related diffusive problem, namely

v_t − u_x = 0 u_t + p(v, s)_x = −u, s_t = 0, (v, u, s)(x, 0) = (v_0(x), u_0(x), s_0(x)), (v_0, u_0, s_0)(x) → (v_±, u_±, s_±), as x → ±∞, (1)

and ṽ_t = −p(ṽ, s)_{xx} ũ = −p(ṽ, s)_x s_t = 0, ṽ(x, 0) = ṽ_0(x), s(x, 0) = s_0(x), ṽ_0(±∞) = v_±, s_0(±∞) = s_±. (2)

In this paper, we consider the following two cases

Case1: (v_±, s_±) satisfy p(v_−, s_−) = p(v_+, s_+) = p̄; Case 2: s_− = s_+ = s̄.

By introducing the new approach which combines the usual energy methods with special L^1-estimate and with the use of weighted norms, we can solve the problem (2) in detail. The global existence and large time behavior for the classical solutions for both two cases are proved. The asymptotic states for the solutions are given by stationary solution for case 1 and by similarity solution for case 2 respectively. Thanks to our new approach, the almost optimal convergence rates are obtained.

Then, we establish the global existence and large time behavior for the smooth solutions to the problem (1) in both cases by comparing the solutions of (1) to those of

84 B. Infinite-dimensional Systems

(2) via and energy estimate methods. It is also shown that the problem (1) can be approximated very well time-asymptotically by (2) which obtained from (1) by Darcy’s law. The optimal decay rates for the difference between the solutions of (1) and those of (2) are then proved by weighted energy estimates.

Our results for case 1 generalized the results in [1] for more general cases with in addition the decay rates. The results for case 2 strongly improved the results in [2] by removing the key technique condition in [2](referred in [2] as condition V) and giving the optimal decay rates.

References

[1] L. Hsiao and D. Serre. Large-time behavior of solutions for the system of compressible adiabatic flow through porous media. Chin. Ann. Math, volume(16B, 4):pages 1–14, (1995).

[2] L. Hsiao and T. Luo. Nonlinear diffusive phenomena of solutions for the system of compressible adiabatic flow through porous media. J. Diff. Equa, volume(125):pages 329–365, (1996).

2.4 Hyperbolic Wave Equations

Organizers : Frank Duzaar, Joseph Grotowski

Key note lecture

The notion of hyperbolicity for Euler-Lagrange equations Demetrios Christodoulou Mathematics Department, Princeton Univerisity, New Jersey, USA email: demetri@math.princeton.edu The lecture shall begin with a critical review of existing notions of hyperbolicity, i.e.

Leray’s notion of strict hyperbolicity and Friedrich’s notion of symmetric hyperbolicity. We shall then introduce a new notion of hyperbolicity appropriate to systems of Euler- Lagrange equations. This notion is intimately connected with the notion of ellipticity in the calculus of variations (the Legendre-Hadamard condition). We shall show how the basic properties, such as the domain of dependence theorem, follow directly from the new notion, which overcomes the difficulties associated with singularities of the characteristic variety encountered by earlier approaches. Finally we shall indicate how the new approach provides a basis for the solution of problems such as the problem of global nonlinear stability of a given solution.

Invited lectures

Quasilinear Wave Equations and Strichartz Estimates Hajer Bahouri

Hyperbolic Wave Equations 85

Faculté des Sciences de Tunis email: hajer.bahouri@fst.rnu.tn

Jean-Yves Chemin Université Pierre et Marie Curie email: chemin@ann.jussieu.fr

In this paper, our aim is the proof of local wellposedness for quasilinear wave equations for initial data less regular than what is required by energy method. This implies to prove Strichartz type estimates for wave operators whose coefficients are only Lipschitz.

References

[1] H. Bahouri and J.-Y. Chemin. Inégalités de Strichartz et équations d’ondes quasilinéaires. Preprint of the Laboratoire d’analyse numérique de l’Université Paris VI. Amer. J. Math., to appear.

Solutions of the Einstein equations with prescribed singularity structure Alan Rendall Max-Planck-Institut für Gravitationsphysik email: rendall@aei-potsdam.mpg.de

The singularity theorems of Hawking and Penrose are one of the best known theoretical results in general relativity. They assert the existence of spacetime singularities under general circumstances but say nothing about the structure of these singularities. The proofs of these theorems involve differential geometry and ordinary differential equations and do not use the character of the Einstein equations as a quaslinear hyperbolic system. It seems unavoidable that the theory of hyperbolic equations must be used in order to obtain more precise information on this matter. One approach to this problem is to attempt to construct solutions of the Einstein equations with a prescribed type of singularity. Heuristic considerations indicate that the singularities could have a complicated oscillatory structure in general and this suggests difficulties in constructing them. The same heuristics indicates, however, that in the presence of a scalar field things simplify dramatically, the oscillatory behaviour being replaced by uniform blow-up.

Motivated by these considerations, Lars Andersson and the author have studied the Einstein-scalar field system from this point of view. The unknowns are a fourdimensional Lorentzian metric g and a real-valued function ϕ (the scalar field) and the equations are Ric(g) = ∇ϕ ⊗ ∇ϕ, where Ric(g) is the Ricci curvature of the metric g. It was shown that there exists a large class of solutions of these equations with singularities of blow-up type which can be described in considerable detail. The solution of the system of partial differential equations is described approximately near the blow-up hypersurface by a system of ordinary differential equations. (This is known in the relativity literature as the velocity dominated approximation.) The solutions constructed depend on a certain class of free data. These are required to be analytic but are otherwise general.

The analytical part of the proof is similar to that used in a more special problem in [1], the fundamental idea going back to Baouendi and Goulaouic [2].

86 B. Infinite-dimensional Systems

References

[1] S. Kichenassamy, A. D. Rendall. Analytic description of singularities in Gowdy spacetimes. Class. Quantum Grav., 15:1339-1355, (1998).

[2] M. S. Baouendi, C. Goulaouic. Remarks on the abstract form of nonlinear Cauchy- Kowalewski theorems. Commun. P. D. E., 2:1151-1162, (1977).

Contributed talks

Bounded Solutions and Blow-up in Nonlinear Wave Equations Jorge Esquivel-Avila Universidad Autonoma Metropolitana email: jaea@hp9000a1.uam.mx

We consider a Klein-Gordon equation with linear dissipation and a nonlinear source term u_{tt} − Δu + mu + δu_t = f(u), in a bounded domain Ω ⊂ ℜ^n, with m > −λ = first eingenvalue of −Δ in H^1_0 (Ω), δ > 0, f(u) = μu|u|^{r−2}, μ > 0, r > 2, and with homogeneous Dirichlet boundary condition u = 0, in ∂Ω, and initial conditions

u(0) = u_0, u_t(0) = v_0.

We give necessary and sufficient conditions for globality and boundedness, and for nonglobality and blow-up of solutions. Also, we characterize those solutions which tend to the nonzero equilibria as well as to the zero equilibrium as t → ∞. We improve previous results of Cazenave [1], Ikehata [2] and Goergiev and Todorova [3].

References [1] Cazanave, T., Uniform estimates for solutions of nonlinear Klein-Gordon equations, J. Functional Analysis, 60(1):36-55, (1985).

[2] Ikehata, R., Some remarks on the wave equations witht nonlinear damping and source terms, Nonlinear Analysis, T. M. A., 27(10):1165-1175, (1996).

[3] Georgiev, V., G. Todorova, Existence of a solution of the wave equation witht nonlinear damping and source terms, J. Differential Equations, 109(2):295-308, (1994).

Hyperbolic Wave Equations 87

Asymptotic behaviour of solutions to a class of semilinear hyperbolc systems.

Frank Jochmann HU-Berlin, Unter den Linden 6, 10099 Berlin, Germany email: jochmann@mathematik.hu-berlin.de In this talk the long time asymptotic behavior of solutions of semilinear symmetric hyperbolic system including Maxwell’s equations and the scalar wave-equation in an arbitraty spatial domain are investigated. The possibly nonlinear damping term may vanish on a certain subset of the domain. Decay in the weak topology for suitable initial-states is shown. In the case that the nonlinear damping is in addition montone, also strong local L^q-convergence is shown.

These results are applied to the initial-boundary-value-problem for Maxwell’s equations in an exterior domain. It is shown that the solution behaves like a free-space-solution (in whole space with constant coefficients) provided that the initial-state is orthogonal to all stationary states. Here a L^p-regularity-theorem for Maxwell’s equations and some commutator-estimates are used.

On the Attractors of Hamiltonian Nonlinear Wave Equations Alexander Komech Department of Mechanics and Mathematics, Moscow State University, Moscow 119899, Russia email: komech@mech.math.msu.su We consider the asymptotics in long-time limits, t → ±∞, of finite energy solutions to Hamiltonian nonlinear wave equations in the whole space. For “generic” equations the solutions converge to an attractor which is the set of all stationary states. The convergence holds in the Fréchet topology defined by local energy seminorms. The convergence is established for general 1D nonlinear wave equations with nonlinear term concentrated at a finite segment [1], for 3D scalar wave equation coupled to a particle [2], and for 3D Maxwell-Lorentz system with a charge [3]. In [4] the soliton-like asymptotics is established for finite energy solutions to the translation-invariant system from [2]. In [5] the stability of the soliton manifold and the adiabatic effective dynamics are proved for the soliton-like solutions to the system from [2] with slowly varying potential. The related physical problems are discussed in [6].

References [1] A.I.Komech. On transitions to stationary states in 1D nonlinear wave equations.

To appear in Arch. Rat. Mech. Anal.

[2] A.I.Komech, H.Spohn, M.Kunze. Long-time asymptotics for a classical particle interacting with a scalar wave field. Comm. Partial Diff. Equs., 22:307-335, (1997).

[3] A.I.Komech, H.Spohn. Long-time asymptotics for the coupled Maxwell-Lorentz equations. To appear in Comm. Partial Diff. Equs.

[4] A.I.Komech, H.Spohn. Soliton-like asymptotics for a classical particle interacting with a scalar wave field. Nonlin. Analysis, 33:13-24, (1998).

88 B. Infinite-dimensional Systems

[5] A.I.Komech, M.Kunze, H.Spohn. Effective dynamics for a mechanical particle coupled to a wave field. To appear in Comm. Math. Physics.

[6] A.I.Komech. On transitions to stationary states in Hamiltonian nonlinear wave equations. Phys. Lett. A, 241:311-320, (1998).

Nonlocal problem with integral conditions for hyperbolic equation Ludmila Pulkina Samara State University email: pulkina@ssu.samara.ru

Consider the equation Lu ≡ u_{xy} + A(x, y)u_x + B(x, y)u_y + C(x, y)u = f(x, y) in the rectangle D = {(x, y) : 0 < x < a, 0 < y < b}.

Nonlocal integral conditions arise when one studies certain problems of plasma physics [1], heat conduction [2], dynamics of ground waters [3]. Motivated by this, we study the following problem: Lu = f, ∫_α 0 u(x, y)dx = ψ(y), ∫_β 0 u(x, y)dy = ϕ(x), where ϕ(x), ψ(y) are given, 0 < α < a, 0 < β < b. If α = a, β = b the existence and uniqueness of generalized solution are proved [4].

Introducing a new unknown function w(x, y), we reduce the equation Lu = f to a loaded equation L̄w = F, while the integral conditions take the form ∫_a 0 w(x, y)dx = 0, ∫_b 0 w(x, y)dy = 0. The existence and uniqueness of the solution in Sobolev space H^1(D) are proved. The proof is based on a-priori estimates and a complete continuity property of the operator, generated by the problem.

References [1] A.A. Samarskii. Some problems in the modern theory of differential equations.

Differentsialnie Uravnenia, 16(11):1221-1228, (1980).

[2] J.R. Cannon. The solution of the heat equation subject to the specification of energy. Quart.Appl.Math., 21(2):155-160, (1963).

[3] A.M. Nakhushev. On certain approximate method for boundary value problems for differential equations and its applications in ground water dynamics. Differentsialnie Uravnenia, 18(1):72-81, (1982).

[4] L.S. Pulkina. On solvability of the nonlocal problem with integral conditions for hyperbolic equation. Vestnik SamGU, 8(2):64-68, (1998).

Hyperbolic Wave Equations 89

Semilinear wave equations on pseudo-Riemannian manifolds: stability and motion of non-topological solitons.

David M.A. Stuart University of Cambridge email: D.M.A.Stuart@damtp.cam.ac.uk

The starting point is the equation:

∂^2ϕ ∂t^2 − Δϕ + m^2ϕ − β(|ϕ|)ϕ = 0 (∗) for a function ϕ : IR^{1+n} → CI . This equation supports a class of solitary wave solutions, called non-topological solitons ([2]), of the form ϕ(t, x) = e^{iωt}f_ω(x), (∗∗) where f_ω is the solution of a constrained minimisation problem ([3]); in the case β(f) = |f|^{p−1} the function f_ω can also be characterised as an “optimiser” of the Gagliardo- Nirenberg inequality ([4]). The stability properties of these solutions have been investigated in both the physics and mathematics literature (see [1],[2] and references therein); an interesting feature is the ω−dependence of the stability conditions. A modulational approach to stability theory is developed, which gives stronger results than those obtained previously; in particular, the solution to the Cauchy problem for (*), with initial data close to a Lorentz transform of (**), remains uniformly close to the corresponding point on an explicitly determined curve in the space of Poincare transforms of (**). This stability holds for an approriate range of ω, which may, in the case β(f) = |f|^{p−1}, be determined sharply from linear theory, using information gleaned from the Gagliardo- Nirenberg characterisation of f_ω.

The main motivation for the present development of this technique is to provide a basis for an investigation of solitons in the equation L_gϕ + m^2ϕ − β(|ϕ|)ϕ = 0 (C) where L_g is the covariant d’Alembertian determined by a pseudo-Riemannian metric g. It is proved that under the rescaling g → ϵ^{−2}g, with ϵ small, there exist solutions to (C) in which the solitons (**) are concentrated on time-like geodesics. This generalises a previous one dimensional theorem ([5]).

References [1] Grillakis, M.; Shatah, J.; Strauss, W. J. Funct. Anal., 97(1):160-197, (1987). [2] T.D. Lee. Non-topological solitons. Phys. Rep., 221(5,6):251-350, (1992). [3] Berestycki, H.; Lions, P.-L. Arch. Rational Mech. Anal., 82(4):313-175, (1983). [4] Weinstein, M.I. Comm. Math. Phys. 87(4):567-576, (1983). [5] Stuart, D.M.A. Comm. PDE 23(9/10):1815-1837, (1998).

90 B. Infinite-dimensional Systems

On discrete models of the wave equation Volodymyr Sushch Technical University of Koszalin, Poland email: sushch@lew.tu.koszalin.pl The purpose of this work is to present a generalization of Dezin’s results [1] dealing with a discrete model of the Laplace operator for the case of pseudo-Euclidean space. The present work is a direct continuation of [2].

Let IR^n_1 be pseudo-Euclidean space of type (1, n − 1), i.e. IR^n with the Lorentz metric. If we take n = 4 we obtain Minkowski space. We construct a combinatorial model of IR^n_1 as the complex C(IR^n_1 ) with boundary operator ∂. Then the dual complex K(IR^n_1 ) to C(IR^n_1 ) can be considered as a space of discrete forms. The coboundary operator d^c on K(IR^n_1 ) is a discrete analog of the exterior differential d. The definition of d^c does not depends on a metric and coincides with the one for the combinatorial model of Euclidean space [1]. But to define a discrete analog of the Hodge star operator ∗ we must take into account a metric. We define a discrete analog of the codifferential δ as the formal adjoint operator (denote δ^c) to d^c. Note that δ^c depends from a metric too. The combinatorial Laplacian is defined by

Δ^c = d^cδ^c + δ^cd^c

Clearly, the generalized Laplacian with respect to the Lorentz metric on K(IR^n_1 ) is a discrete analog of the wave operator. The Cauchy problem and boundary value problems for this discrete model of the wave equation are studied.

Within our intrinsic approach, we may write in terms of the generalized Laplacian a discrete model of the Klein-Gordon equation. Likewise, using the combinatorial model of Minkowski space we can describe a discrete model of the Maxwell equations. An important generalization of these equations leads immediately to a discrete model of the so-called Yang-Mills equations of the quantum field theory.

It should be possible to consider one more discrete model in which ”time” is the continuous parameter. The latter fact means that a discrete model of the wave equation is constructed on the complex K(IR^{n−1}) with the Euclidean metric and K(IR^{n−1}) is depending from the continuous parameter t. In this case a system of the second order ordinary differential equations by t is a discrete analog of the wave equation.

References [1] Dezin A.A. Multidimensional analysis and discrete models. CRC Press, Boca Raton, (1995).

[2] Sushch V.N. On some difference analog of the first order invariant hyperbolic systems.Differentsial’nye Uravneniya (Differential Equations), 35(3):p.1-7, (1999).

Global Dynamics of Nonlinear Hyperbolic Equations With Non-Monotone Damping Yuncheng You University of South Florida email: you@math.usf.edu

Hyperbolic Wave Equations 91

Many challenging issues concerning global dynamics emerge from nonlinear hyperbolic equations with a kind of weak dissipation such as localized damping, non-monotone damping, or boundary damping. In this work, we study a nonlinear wave equation

u_{tt} + Au + g (u_t) + f(u) = h,

where typically A represents −νΔ over a bounded 2-D domain with homogeneous Dirichlet boundary condition, g (u_t) = −αu_t + βu^3_t with constants α and β > 0 is a non-monotonedamping, f is a Caratheodory function (or simply a polynomial) satisfying the usual power growth condition and the asymptotic sign condition, and h ∈ L^∞ (0, ∞; L^2(Ω)) is a given input. This equation has been used as a model in dynamic analysis and stabilizing control of the galloping vibration of power lines of electric transmission. Due to the difficulty caused by the nonlinear and non-monotone damping, the long-term behavior of solutions remains open to a large extent. The following results are obtained. First, the local existence and uniqueness of weak and strong solutions are established by the Bubnov-Galerkin approach and the regularity analysis is conducted. Second, by an asymptotical bootstrap method in dealing with a Lyapunov-like functional E (u, u_t), it is proved that for any initial data in the energy space the weak solution exists globally and remains bounded based on the differential inequality d dt E (u, u_t) ≤ − ϵ 2 E (u, u_t) + C_0β ‖u_t‖^3_L4 (ϵ‖u‖_H1 − C_1) + C_2(ϵ) + ( 1 + α^{−1} ) ‖h‖_∞. Moreover, it is proved that the solution semiflow is dissipative in terms of the existence of absorbing sets. Third, with some restriction that h is time-invariant and β > cα for some constant c, it is shown that thesolution semiflow S(t) is uniformly κ-contracting as it satisfies

‖S(t)w_1 − S(t)w_2‖ ≤ ψ(t) ‖w_1 − w_2‖ + ρ_t (w_1, w_2) , t > τ ≥ 0,

where ψ(t) → 0 and ρ_t is a precompact pseudometric on the energy space. Finally it is proved that there exists a global attractor for the semiflow generated by this nonlinear hyperbolic equation.

Posters

The global Cauchy problem for the critical non-linear wave equation in variable coefficients Ibrahim Slim Faculty of Sciences of Bizerte email: slim.Ibrahim@fsb.rnu.tn

Mohamed Majdoub Institut préparatoire aux études Scientifiques et Techniques email: mohamed.Majdoub@ipest.rnu.tn

92 B. Infinite-dimensional Systems

In this work, we study the global existence of both smooth and strong solutions of the critical wave equation in variable coefficients in three dimension of space (E) □_Au+ | u |^4 u = ∂^2_t u − div(A(x).∇_xu)+ | u |^4 u = 0, IR_t × IR^3_x. where A is a regular function valued in the space of 3 × 3 positive definite matrices which is the identity outside a compact set of IR^3. References [1] Grillakis M. Regularity for the wave equation with a critical non linearity. Commun.

Pure Appl. Math., XLVI:749-774, (1992).

[2] Ibrahim S., Majdoub M., Existence globale de solutions pour léquation des ondes semi-linéaire critique à coefficients variables. C.R.A.S.P, 328(I):579-584, (1999).

2.5 Hysteresis

Organizer : Jürgen Sprekels

Key note lecture

P.D.E.s with hysteresis operators Augusto Visintin University of Trento – Italy email: VISINTIN@SCIENCE.UNITN.IT Hysteresis appears in several phenomena, in physics, engineering, chemistry, biology, economics, and so on. A systematic investigation of its mathematical properties began only in the 1970s, see [1].

Hysteresis relations can be represented by a black box, which transforms an input function u into an output function w. This is formalized through the notion of hysteresis operator F : u → w, acting between spaces of time dependent functions, e.g. C^0([0, T ]). Rate independence appears as the basic property; this means that if F : u → w then F : u ∘ φ → w ∘ φ, for any increasing time diffeomorphism φ : [0, T ] → [0, T ].

For instance, the model studied by Duhem a century ago corresponds to the transformation u → w defined by the following Cauchy problem: {_{dw} dt = g_1(u, w) (_{du} dt )_+ − g_2(u, w) (_{du} dt )_− in ]0, T [, w(0) = w^0; (1) here g_1 and g_2 are given continuous functions and w^0 is a datum.

The classical hysteresis models due to Prandtl, Ishlinskiĭ, Preisach will also be outlined, and some of their properties (continuity, monotonicity and others) discussed.

We then briefly deal with the following P.D.E., which arises as a simplified model of (scalar) ferromagnetic hysteresis: ∂ ∂t [u + F(u)] − ∂^2u ∂x^2 = f in ]a, b[×]0, T [; (2)

Hysteresis 93

here F is a hysteresis operator and f is a given function. Under suitable assumptions, the corresponding initial and boundary value problem is well-posed in appropriate function spaces.

Details and an extended bibliography can be found in [2].

References [1] M.A. Krasnosel’skiĭ, A.V. Pokrovskiĭ. Systems with hysteresis. Springer, Berlin 1989.

[2] A. Visintin. Differential models of hysteresis. Springer, Berlin 1994.

Invited lectures

Asymptotically stable almost-periodic oscillations in systems with hysteresis nonlinearities Martin Brokate University of Kiel, Germany email: mbr@numerik.uni-kiel.de

Alexei Pokrovskiĭ National University of Ireland, Cork, Ireland email: alexei@peterhead.ucc.ie

We consider a perturbed ODE system x^′ = f(t, x) + εg(x, z(t)) , where the perturbation includes the hysteretic element (Γ being a hysteresis operator)

z(t) = (Γ[t_0, z(t_0)]Lx)(t) .

We assume that the unperturbed system (ε = 0) has an asymptotically stable almostperiodic solution. We present sufficient conditions for the perturbed system to have an asymptotically stable almost-periodic solution. We illustrate the result with an example from feedback control.

References [1] M. Brokate, A. Pokrovskiĭ. Asymptotically stable oscillations in systems with hysteresis nonlinearities. J. Diff. Eq., 150 98 – 123, (1988).

[2] M. Brokate, A. Pokrovskiĭ. Asymptotically stable almost-periodic oscillations in systems with hysteresis nonlinearities. Submitted.

94 B. Infinite-dimensional Systems

Elastic Contact Problems and the Stop Operator G. Wolfgang Desch Karl-Franzens-Universität Graz email: georg.desch@kfunigraz.ac.at

Given a closed convex set K ⊂ IR^n, a forcing function f : [0, ∞) → IR^n, and an initial value u(0) ∈ K, we look for a function u such that u(t) ∈ K for all t, and u^′(t) is as close as possible to f^′(t), i.e., f^′(t) − u^′(t) lies in the normal cone of K at the point u(t). It is well known that this problem admits a unique solution. The operator S mapping (u(0), f) ∈ K × W^{1,p}([0, ∞), IR^n) into u ∈ W^{1,p} is called the stop operator.

It is known that the stop operator is continuous in many function spaces, but it is not Lipschitz continuous in the spaces W^{1,p} for 1 < p < ∞. The question of Lipschitz continuity in W^{1,1} has been settled only recently. The stop operator is globally Lipschitz continuous if K is a convex polyhedron. If K has W^{2,∞}-smooth boundary, then the stop operator is locally Lipschitzian. There are examples of domains K with C^1-boundaries where S is not locally Lipschitz continuous.

As an application we utilize the Lipschitz continuity of the stop operator on a polyhedron to prove wellposedness of a two-point initial-boundary value problem modeling the dynamics of a linearly elastic beam with unilateral contact conditions.

Homogenization of Scalar Wave Equation with Hysteresis Operator Jan Franců Technical University Brno email: francu@fme.vutbr.cz

Pavel Krejčí Weierstraß-Institute Berlin email: krejci@wias-berlin.de

Longitudinal vibrations of the elastoplastic rod are modelled by scalar wave equation

ρ u_{xx} = (F[u_x])_x + f ,

with constitutive stress-strain relation of elastoplastic material in the form of Ishlinskii operator σ = F[e] := η_∞e − ∫_∞ 0 S_r[e] dη(r) where S_r is the stop operator. The equation is completed by convenient initial and boundary conditions.

The material of the rod is heterogeneous i. e. spatially dependent, which means spatially dependent material data ρ = ρ(x) η = η(x, r) . Properties of spatially dependent Ishlinskii operator are studied; existence, uniqueness and estimates of the solution to this initial boundary value problem are proved.

Hysteresis 95

Homogenization problem consists in considering a sequence of materials with periodic structure with diminishing period, which means a sequence of problems with periodic functions ρ^ε, η^ε in the constitutive relation having diminishing period ε → 0

ρ^ε(x) = ρ ( x ε ) , η^ε(x, r) = η ( x ε , r ) , where ρ(y) and η(y, r) are functions periodic in y. The corresponding solutions u^ε converge to a function u^0 which is a solution to the so-called homogenized problem. The form of the homogenized problem is derived and convergence u^ε → u^0 is proved.

Hysteresis operators in modeling of phase transitions Pavel Krejčí WIAS Berlin email: krejci@wias-berlin.de Jürgen Sprekels WIAS Berlin email: sprekels@wias-berlin.de Among mathematical methods designed for solving problems in phase transitions modeling, the method of hysteresis operators is one of the most recent ones. Its development is connected with a systematic effort of applied mathematicians (see [1,3,4,6]) to set up an appropriate theoretical framework for describing rate-independent hysteresis phenomena independently of their physical nature. For complex physical problems like those arising in phase transitions, the hysteresis theory makes it possible to replace analytically nonsmooth constraints (represented e. g. by rate-independent evolution variational inequalities) by more regular objects (hysteresis operators) in suitable function spaces. It turns out that, at least in some cases, this may lead to a considerable simplification in the analysis of the problem.

The aim of this contribution is to present some extensions to the results published in [5] for the phase-field type system

μ(θ) w_t + f_1[w] + θ f_2[w] = 0 ,

(θ + F_1[w])_t − Δθ = ψ(x, t, θ) ,

motivated by the Frémond-Visintin formulation (see [2]) of the relaxed Stefan problem, where the order parameter w and the absolute temperature θ are the unknowns of the problem, μ and ψ are given functions and f_1, f_2, F_1 are hysteresis operators, and to discuss further issues.

References [1] Brokate, M., Sprekels, J.: Hysteresis and phase transitions. Appl. Math. Sci.

Vol. 121, Springer-Verlag, New York, (1996).

[2] Frémond, M., Visintin, A. : Dissipation dans le changement de phase. Surfusion.

Changement de phase irréversible. C. R. Acad. Sci. Paris Sér. II Méc. Phys. Chim. Sci. Univers Sci. Terre, 301: 1265–1268, (1985).

96 B. Infinite-dimensional Systems

[3] Krasnosel’skii, M. A., Pokrovskii, A. V. : Systems with hysteresis. Springer-Verlag, Heidelberg, (1989) (Russian edition: Nauka, Moscow, 1983).

[4] Krejčí, P. : Hysteresis, convexity and dissipation in hyperbolic equations. Gakuto Int. Series Math. Sci. & Appl., Vol. 8, Gakkōtosho, Tokyo, (1996).

[5] Krejčí, P., Sprekels, J. : Hysteresis operators in phase-field models of Penrose-Fife type. Appl. Math., 43: 207–222, (1998).

[6] Visintin, A. : Differential models of hysteresis. Springer-Verlag, New York, (1994).

Posters

Monte Carlo study of the mixed spin Ising ferromagnetic model with a ferrimagnetic surface Ahmed Fathi Lab. de Phys. Theo. Faculti des Sciences Ain Chock, BP 5366 Maarif, Casablanca, Morocco email: a fathi@mailcity.com Noureddine Benayad Lab. de Phys. Theo. Faculti des Sciences Ain Chock, BP 5366 Maarif, Casablanca, Morocco email:

The three-dimensional mixed spin 1/2 and spin 1 Ising model with competing surface and bulk exchange interactions is studied. Within the frame work of the Monte Carlo simulation, the phase diagrams are investigated, they exhibit qualitatively interesting features. The effects of the surface and the bulk crystal field interactions on the phase diagrams and in particular for surface ordering, are also examined. It is also shown that such system can exhibit a variety of phase transitions.

2.6 Large Domains

Organizers : Alexander Mielke, Guido Schneider

Key note lecture

The long wave limit for the water wave problem C. Eugene Wayne Boston University email: cew@math.bu.edu I will describe the derivation and justification of approximating equations for long waves moving on the surface of an inviscid, irrotational fluid in an infinitely long canal without surface tension. A variety of equations, such as the Korteweg-de Vries or Boussinesq equations, have been derived to formally approximate the evolution of such waves.

Large Domains 97

Using recently developed techniques for justifying modulation equations one can can show rigorously that to the order of approximation considered in formal derivations of the KdV or Boussinesq equations the solutions of the water wave problem split up into two wave packets, one moving left and one moving right, where each of these wave packets evolve independently as a solution of the Korteweg-de Vries equation. In particular, this means that to the order of approximation considered, such counterpropagating waves do not interact with each other. In addition to the fact that this approximation can be rigorously justified, it also has the advantage that the approximating equations are well posed and completely integrable. This work was done in collaboration with Guido Schneider.

Invited lectures

Dimension and Entropy for parabolic PDE’s in Infinite Domains Jean-Pierre Eckmann Departments of Physics and Mathematics, University of Geneva email: Jean-Pierre.Eckmann@physics.unige.ch This is a report on work with P. Collet. We define the topological entropy per unit volume in parabolic PDE’s such as the complex Ginzburg-Landau equation, and show that it exists, and is bounded by the upper Hausdorff dimension times the maximal expansion rate. We then give a constructive implementation of a bound on the inertial range of such equations.

References [1] P. Collet, J.-P. Eckmann. Extensive properties of the complex Ginzburg-Landau equation. Commun. Math. Phys., 201, 657–697, (1999).

[2] P. Collet, J.-P. Eckmann. The definition and measurement of the topological entropy per unit volume in parabolic PDE’s. Nonlinearity, in print.

Loss of Stability in the Magnetic Benard Problem B. Scarpellini Mathematics Institute, University of Basel email: meiner@math.unibas.ch We study the loss of stability of the trivial equilibrium v_0 = ϑ_0 = h_0 = p_0 = 0 of the system ∂_tv = νΔv + ∇p + SB∂_zh + S(h∇)h − (v∇)v + gαkϑ , ∂_tϑ = χΔϑ + (T_0 − T_1)v_3 − (v∇)ϑ , ∂_th = rΔh + B∂_zv + (h∇)v − (vΔ)h , div v = div h = 0 . Here k = (0, 0, 1)^t, v = (v_1, v_2, v_3), h = (h_1, h_2, h_3), while ν, χ, r, α, g, S are constants related to the physical setting. (x, y, z) ranges over the infinite plate Ω = R^2 × ( −^1_2 ,^1_2 ) . We assume Dirichlet conditions for v, ϑ and stress-free conditions for h, i.e. ∂_z h_1 =

98 B. Infinite-dimensional Systems

∂_zh_2 = h_3 = 0 on ∂Ω. The above system describes a conducting fluid in Ω, subject to a temperature gradient induced by the temperature T_0 at z = −^1_2 and T_1 < T_0 at z =^1_2 . Moreover the fluid is subject to a constant magnetic field H_0 = (0, 0, B) parallel to the z-axis. This induces a magnetic field h, coupled to v via the above system. It is our aim to discuss the stability of the trivial solution under perurbations which belong to L^2(Ω), in particular its dependence on B and T_0 − T_1. This point of view is justified by recent results, which establish among others its equivalence with a stability notion due to W. Eckhaus.

Rolls and Modulating Pulses in the Swift–Hohenberg equation Hannes Uecker Universität Bayreuth email: Hannes.Uecker@uni-bayreuth.de We consider stationary spatially periodic solutions of the Swift–Hohenberg equation u_t = −(1 + ∂^2_x)^2u + ε^2u − u^3, u = u(t, x) ∈ IR, t > 0, x ∈ IR^d, 0 < ε ≪ 1. The family of latex stationary rolls is given by {u_{ε,k}(x) = 2 √ (ε^2 − (1 − k^2)^2)/3 cos(x_1 + ϕ) + O(ε^2) :

k^2 − 1 ∈ (−ε, +ε), ϕ ∈ S^1}. We present results on the nonlinear diffusive stability of Eckhaus–stable stationary rolls in two dimensions (d = 2) with respect to perturbations in polynomially weighted spaces [5]. The method consists in combining the results from [3] on the linearization around a roll with renormalization theory in Bloch wave space [1,4].

Next we consider a modified, spatially periodic Swift–Hohenberg equation, which can be considered as a model problem for pattern formation over weakly oscillating domains [2]. In the associated modulation equation the S^1 symmetry is broken. We consider the existence and stability of modulating pulse solutions [6]. These solutions consist of a pulse–like envelope modulating a spatially and temporarely oscillating wave train. They are constructed by means of spatial dynamics and center manifold theory. References [1] J. Bricmont, A. Kupiainen and G. Lin. Renormalization Group and Asymptotics of Solutions of Nonlinear Parabolic Equations. Comm. Pure Appl. Math., (6):893- 922, (1994).

[2] Arjen Doelman, Raphael Schielen. Modulation equations for spatially periodic systems: derivation and solutions. SIAM J. APPL. MATH. 58(6):1901-1930, 1998.

[3] Alexander Mielke. Instability and stability of rolls in the Swift–Hohenberg equation. Comm. Math. Phys.,(189):829–853, 1997.

[4] Guido Schneider. Diffusive stability of spatial periodic solutions of the Swift– Hohenberg equation, Comm. Math. Phys.,(178):679–702,1996.

[5] Hannes Uecker. Diffusive stability of rolls in the two–dimensional real and complex Swift–Hohenberg equation. To appear in Communications in Partial Differential equations, (1999).

[6] Hannes Uecker. Modulating pulses in the spatially periodic Swift–Hohenberg equation, Preprint. (1999).

Lattice Dynamical Systems 99

Contributed talks

Energy flow in extended gradient systems Siniša Slijepčević Nonlinear Centre, Cambridge email: ss265@damtp.cam.ac.uk We study a class of systems on unbounded domain whose restriction to a bounded domain is a gradient system. Typical example is the real Ginzburg-Landau equation

u_t = u_{xx} + u − u^3, (1)

u(x, t) : IR × IR^+ → IR, for which all the results apply (other examples include some 1D and 2D parabolic PDE’s, damped hyperbolic PDE’s, as well as lattice dynamics such as gradient dynamics of Frenkel-Kontorova models).

Extended gradient systems. We propose “axioms” of an extended gradient semiflow: relations between the energy density and energy current (satisfied e.g. by (1) on C_{b,u}(IR) in sup-norm as well as localised topologies). We deduce: non-existence of periodic orbits (with period T > 0), and that for each x non-stationary, the average return time of any orbit to any neighbourhood of x is ∞. If the phase space is compact (e.g. localised topology in (1)), all Borel invariant probability measures are supported on the set of equilibria, and the ω-limit set of each point contains an equilibrium.

Additional spatial structure. If we assume that the semiflow commutes with a group of spatial translations, the induced semiflow on the space of translationally invariant Borel probability measures is gradient. We deduce that, given any translationally invariant measure μ on the phase space, ω-limit set of μ-almost every initial condition consists of equilibria.

Applications. We suggest applications of the results to variational problems, in particular to construction of orbits and invariant measures of Hamiltonian dynamical systems. References

[1] S.Slijepčević. Monotone gradient dynamics and Mather’s shadowing. Nonlinearity, 12(4, in print), (1999).

[2] S.Slijepčević. Energy flow in extended gradient systems. In preparation.

2.7 Lattice Dynamical Systems

Organizer : Shui-Nee Chow

Key note lecture

Traveling Waves in Lattice Dynamical Systems John Mallet-Paret Brown University email: jmp@cfm.brown.edu

100 B. Infinite-dimensional Systems

We discuss recent results in the theory of lattice differential equations. Such equations yield continuous-time infinite-dimensional dynamical systems which possess a discrete spatial structure modeled on a lattice. The systems we consider, generally over a higherdimensional lattice such as ZZ^d ⊆ IR^d, are the simplest nontrivial ones which incorporate both local nonlinear dynamics and short-range interactions. Of particular interest are traveling wave solutions connecting equilibria which may either be spatially homogeneous or exhibit regular patterns. Also of interest are the effects of anisotropy of the lattice, as well as imperfections in the lattice.

References [1] S.-N. Chow, W. Shen, and J. Mallet-Paret. Traveling waves in lattice dynamical systems. J. Diff. Eq., 149:248–291, 1998.

[2] J.W. Cahn, J. Mallet-Paret, and E.S. Van Vleck. Traveling wave solutions for systems of ODE’s on a two-dimensional spatial lattice. SIAM J. Appl. Math., 59(2):455–493, 1999.

[3] J. Mallet-Paret. The Fredholm alternative for functional differential equations of mixed type. J. Dyn. Diff. Eq., 11(1):1–47, 1999.

[4] J. Mallet-Paret. The global structure of traveling waves in spatially discrete systems. J. Dyn. Diff. Eq., 11(1):49–127 , 1999.

Invited lectures

Pinning and propagation for waves for bistable lattice systems with long range interaction Peter W. Bates Brigham Young University, Provo, UT, USA email: peter@math.byu.edu We study an Ising-like model for phase transitions, incorporating long-range interactions. The dynamics of the state is according to an l_2 gradient flow for the Helmholtz free energy. We construct traveling and stationary waves and give criteria for propagation and pinning of a wave. Some results concerning uniqueness and stability of the wave are given.

Dimer automata and edge processes K.P. Hadeler Universität Tübingen email: hadeler@uni-tuebingen.de We study a class of lattice dynamical systems where the geometric space is a grid (lattice) or, more generally, a graph, the local state space is finite (in most obvious examples the states are ”0” and ”1”, i.e., white and black), the action is local, stochastic, and asynchronous. The motivation for these systems is the following: Deterministic synchronous cellular automata have been proposed as ultimate discretizations of systems modeling interactions and spatial spread. But these systems cannot accomodate the exchange of the contents of two neighboring cells nor a random walk.

Lattice Dynamical Systems 101

To get a true discrete analogue of reaction diffusion equations on lattices we have defined ”dimer automata”, i.e., lattice dynamical systems where the deterministic local function selects a cell according to a Poisson process and evaluates two cells at a time. These systems can be classified and their dynamical behavior can be characterized in terms of a parameter space. For these systems mean field approximations can be derived which yield a close connection to differential equations and which reproduce experimentally sampled data with astonishing accuracy.

This concept has been generalized in two ways. 1. The regular grid is replaced by an arbitrary graph (topological properties of the graph play some role). 2. The deterministic local function is replaced by a convex combination (in stochastic sense) of such functions.

The resulting class of ”edge processes” forms a polyhedron in some parameter space the extremal points of which are (a subset of seven) of the deterministic ”dimer systems” mentioned above. The qualitative behavior of the edge processes can be characterized in terms of the theory of stochastic processes. The theory of these systems is put in relation to interacting particle systems in general and to geometric processes studied by T.E.Harris in the seventies.

Finally some findings on two-species systems on lattices are presented. (joint work with Birgitt Schönfisch, Christoph Bandt, Frank Kriese)

References [1] B.Schönfisch, K.P.Hadeler. Dimer automata and cellular automata. Physica D, 94:188-204, (1996).

[2] C.Bandt, K.P.Hadeler, F.Kriese. Particle systems acting on undirected graphs.

J.Statist. Physics, 91, Nos. 3/4, (1998).

Cellular Neural Networks: Pattern and Waves Song-Sun Lin Department of Applied Mathematics National Chiao Tung University Hsin Chu, 30050, Taiwan lin@math.nctu.edu.tw In this talk I would like to report some results about the patterns and waves of Cellular Neural Networks (CNN). In section 1 we study the stationary solutions of CNN by using the method of iteration map. When the map is one-dimensional, the spatial entropy of stable stationary solutions can be obtained explicitly. When the map is two dimensional, then the Smale’s horseshoe is also constructed. In section 2 we consider the travelling wave solutions of lattice dynamical system and prove the existence and multiplicity of monotone travelling wave solutions for some lattice differential equations by using monotone iteration method. In section 3 we illustrate the applications of these results to CNN.

Discrete Breathers Robert S. MacKay University of Cambridge

102 B. Infinite-dimensional Systems

email: R.S.MacKay@damtp.cam.ac.uk Discrete breathers are time-periodic spatially localised vibrations of networks of oscillators. Several developments on this topic will be reported, including:

1. Existence of discrete breathers in systems with Euclidean invariance;

2. An effective Hamiltonian for approximate dynamics of generalised multi-breathers [1];

3. Numerical evidence for an almost continuous connection from discrete breathers to Anderson modes [2].

References [1] Ahn T, MacKay RS, Sepulchre J-A. Dynamics of relative phases and generalised multi-breathers. submitted to Nonlinear Dynamics.

[2] Archilla J, MacKay RS, Marin JL. Discrete breathers and Anderson modes: two faces of the same phenomenon. Physica D, to appear.

Contributed talks

Travelling Wave Solutions for some Quasilinear Parabolic Equations Jong-Shenq Guo Department of Mathematics, National Taiwan Normal University, Taipei 117, Taiwan, R.O.C.

email: jsguocc.ntnu.edu.tw We study the existence and uniqueness of travelling wave solutions for some quasilinear reaction-diffusion equations and their related discretized systems. These equations arise in various applications such as Mathematical Biology.

Differential equations describing the evolution of densities in particle systems Andreas Seib University Greifswald email: seib@rz.uni-greifswald.de The main objects of consideration are nearest neighbour interacting particle systems η_t on homogeneous directed graphs G = (V, E). In this framework homogenity means that for each edge there exists at least one automorphism of the graph mapping this edge to a fixed “root” edge. For each edge we fix one of these automorphisms. By ordering the set of edges we get a sequence of automorphisms.

For each configuration η of the interacting particle system we define distributions of configurations on finite subgraphs G^′ ⊂ G as the spatial mean with respect to the fixed sequence of automorphisms. For the subgraph G^′ = {v} consisting of one vertex v ∈ V this distribution can be interpreted as the density of particles in the configuration η.

Lattice Dynamical Systems 103

We show that existence of all finite distributions for a starting configuration η is sufficient for almost sure existence of all finite distributions for the configuration η_t, t ≥ 0. Now we describe the time evolution of the density of particles by a differential equation. Here the time change depends only on the parameters of the interacting particle system and the density of edge markings (that is the density of configurations on the next level subgraph G^′ consisting of one edge in E).

Some interesting consequences of this relation are presented, as for example the estimation of the parameter for the contact process.

References [1] C. Bandt, K.-P. Hadeler and F. Kriese. Particle systems acting on undirected graphs. J. Statist. Phys., 91, (1998).

[2] R. Durrett. Ten lectures on particle systems. Lecture Notes in Mathematics, 1608, 97-201, (1995).

[3] T.M. Liggett. Interacting Particle Systems. Springer, (1985). [4] B. Schönfisch and K.-P. Hadeler. Dimer automata and cellular automata. Physica D, 94, 188-204, (1996).

Complete Stability for a Class of Lattice Dynamical Systems Chih-Wen Shih Department of Applied Mathematics, National Chiao Tung University, Hsinchu, Taiwan, R.O.C.

email: cwshih@math.nctu.edu.tw Song-Sun Lin Department of Applied Mathematics, National Chiao Tung University, Hsinchu, Taiwan, R.O.C. lin@math.nctu.edu.tw We consider a class of lattice dynamical systems originated from cellular neural networks with symmetric feedback templates. In the vector field of this class the state vector and the output vector is related through a sigmoidal nonlinear function. For two types of sigmoidal functions Liapunov functions have been constructed in the literature. Complete stability is studied for these systems using LaSalle’s invariant principles on the Liapunov functions. The purpose of this presentation is twofold. The first one is to construct Liapunov functions for other kinds of sigmoidal functions. For example, for a type which is a mixture of the two types described in the literature. The second one is to consider the necessity for condition of isolation of equilibrium in concluding the complete stability. We shall show that for these sigmoidal functions, including the previously studied ones, the condition that every equilibrium is isolated is not necessary.

References [1] Chow, S. N., Mallet-Paret, J. & Van Vleck, E. S., “Pattern formation and spatial chaos in spatially discrete evolution equations”, Random Comput. Dynamics, v.4, 109-178, (1996).

[2] Chua, L. O. & Yang, L., “Cellular neural networks: Theory”, IEEE Trans. Circuits Syst. 35, 1257-1272, (1988).

104 B. Infinite-dimensional Systems

[3] Juang, J. & Lin, S. S.,“Cellular neural networks I: Mosaic pattern and spatial chaos”, to appear in SIAM, J. Appl. Math., (1999).

[4] Lin S.S. & Shih, C. W., “Complete stability for standard cellular neural network”, to appear in Int. J. Bifur. Chaos, (1999).

Periodic motions of non-autonomous Toda Lattices Pedro J. Torres Universidad de Granada email: ptorres@goliat.ugr.es We consider an infinite lattice of particles with a periodic external force and nearest neighbor interaction between particles

x^{′′}_i + cx^′_i = g_{i−1}(x_i − x_{i−1}) − g_i(x_{i+1} − x_i) + h_i(t), i ∈ ZZ

where h_i are continuous T -periodic functions and c ≥ 0 is a viscous friction coefficient. If h_i denote the mean value of h_i, our aim is to find conditions over such mean values leading to existence and multiplicity of T -periodic solutions.

The strategy of proof has two main steps: first, a related finite system is studied by using a change of variables that enable us a reduction to a simpler subsystem in which classical tools on topological degree can be applied. Second, a simple limiting argument leads to the conclusion, by using some a priori estimates deduced in the previous step.

References [1] P.J. Torres, Periodic motions of forced infinite lattices with nearest neighbor interaction, Z.A.M.P., (to appear).

[2] P.J. Torres, Necessary and sufficient conditions for existence of periodic motions of forced systems of particles, preprint.

2.8 Microstructure

Organizer : Stefan Müller

Key note lecture

How applied analysis can make use of separation of scales: some examples Felix Otto UCSB email: otto@math.ucsb.edu Any more complex model in the sciences comes with multiple length and time scales.

In many applications, the relevant parameter regime is such that these scales are clearly separated. In this situation, there is hope that the underlying mathematical problem is modular: The contribution of a small scale to the next larger scale can be read off from the solution of an auxiliary problem (which in fortunate cases is explicit).

Microstructure 105

The standard approach to investigate such a modular structure is by expansion of the solution of the full problem in powers of the (small) ratio of the scales. But this asymptotic analysis may not be applicable in a straightforward way when the description changes from small scale level to large scale level (from a free boundary to density function, say). Moreover, this asymptotic analysis becomes questionable when the solution on a large scale level develops singularities, since it relies on smoothness.

Modern mathematical techniques, mainly developed in variational theory, may help to investigate the modular structure induced by a separation of scales with more rigor than traditional asymptotic analysis. I would like to present a couple of such cases, like thin film micromagnets, Ostwald ripening or the lubrication approximation.

Invited lectures

Branched microstructures: scaling and self-similarity Sergio Conti Max-Planck-Institute for Mathematics in the Sciences, Leipzig email: Sergio.Conti@mis.mpg.de We address some properties of a scalar 2D model which has been proposed to describe microstructure in martensitic phase transformations, consisting in minimizing the bulk energy E[u] = ∫_l 0 ∫_h 0 u^2_x + ϵ|u_{yy}| where |u_y| = 1 a.e. and u(0, ·) = 0. Kohn and Müller[1] proved the existence of the minimizers for ϵ > 0, and obtained bounds on the total energy which suggested selfsimilarity of the minimizer. Building upon their work, we derive a local upper bound on the energy and on the minimizer itself, and show that the minimizer u is asymptotically self-similar, in the sense that the sequence u^j (x, y) = θ^{−2j/3}u(θ^jx, θ^{2j/3}y) (0 < θ < 1) has a strongly converging subsequence in W^{1,2}.

References [1] R. V. Kohn and S. Müller, Comm. Pure and Appl. Math., 47:405, (1994).

Hypersurfaces with mean curvature given by a trace Reiner Schätzle Mathematisches Institut der Albert-Ludwigs-Universität Freiburg, Eckerstraße 1, D-79104 Freiburg, Germany, email: schaetz@mathematik.uni-freiburg.de

We consider smooth, oriented n−hypersurfaces Σ_j = ∂E_j with interior E_j whose mean curvature is given by the trace of a function in the ambient space u_j ∈ W^{1,p}(IR^{n+1})

⃗H_{Σj} = u_j ν_{Ej} on Σ_j , (1)

106 B. Infinite-dimensional Systems

where ν_{Ej} denotes the inner normal of Σ_j . We investigate (1) when Σ_j → Σ weakly as varifolds and prove that Σ is an integral n−varifold with bounded first variation which still satisfies (1) for u_j → u, E_j → E . p has to satisfy p > 1 2 (n + 1)

and p ≥^4_3 if n = 1 . The difficulty is that in the limit several layers can meet at Σ which creates cancellations of the mean curvature.

References [1] W.K. Allard, On the first variation of a varifold, Annals of Mathematics, 95, pp.

417-491, (1972).

[2] K. Brakke, The motion of a surface by its mean curvature, Princeton University Press, 1978.

[3] L.A. Caffarelli, Interior a priori estimates for solutions of fully nonlinear equations, Annals of Mathematics, 130, pp. 189-213, (1989).

[4] L.A. Caffarelli and X. Cabré, Fully Nonlinear Elliptic equations, American Mathematical Society, 1996.

A mathematical formulation of rate independent phase transformations using an extremum principle Florian Theil Max-Planck Institute for Mathematics in the Sciences, Leipzig email: ftheil@mis.mpg.de A mathematical model for the study of the rate independent mesoscopic behavior of shape memory alloys is presented. The model meets two basic requirements:

1. Nontrivial hysteresis loops occur, i.e. history dependence is reflected,

2. threedimensional microstructures are taken into account.

An abstract framework for rate independent processes in the spirit of the first requirement is presented. Ingrediences are a state space P ⊂ X where X is a Banach space, a time dependent potential I : [0, T ] × P → IR_≥ and a dissipation functional Δ : X → IR_≥, which is convex and homogeneous of degree 1. Functions c : [0, T ] → P are denoted as admissible process if for every t ∈ [0, T ], a ∈ P the stability inequality Δ(a − c(t)) + I(t, a) − I(t, c(t)) ≥ 0 is satisfied and the energy inequality I(0, c(0)) − I(T, c(T )) − ∫_T 0 {Δ(ċ) − ∂_tI(t, c(t))} dt ≥ 0 holds. Qualitative properties, existence and uniqueness of admissible processes are discussed in simple cases.

Microstructure 107

In a second step energies describing materials which can undergo phase transformations are relaxed in such a way that they fit into the previously developed framework. Due to the generality of the formulation the existence of admissible processes can be expected in simple cases.

Continuum Limits of Step Flow Models E Weinan Courant Institute email: weinan@cims.nyu.edu Aaron N.K. Yip University of Wisconsin email: yip@math.wisc.edu We will present various continuum limits in the regime of partial differential equations (PDEs) that arise from the Burton-Cabrera-Frank type step flow models [1]. The motivation and goal is to provide a mathematical model for epitaxial thin film growth and to understand the bridging of various length scales in surface growth phenomena. We concentrate on 1+1 dimensions.

The hierarchy of models we consider can take into the account of the diffusion of terrace adatom, attachment and detachment, edge adatom density, bulk diffusion and multiple species. The PDEs take the form of a coupled diffusion equation for the adatom density and a Hamilton-Jacobi equation for the thin film height profile. Nucleation phenomena is introduced at the top terraces by imposing appropriate boundary conditions for the PDEs.

The equations provide a description of the thin film growth in the mesoscopic scale but they can be potentially linked to the more macroscopic motions laws.

References

[1] W.K. Burton, N. Cabrera, F.C. Frank. Phil. Trans. Roy. Soc. (London) A, 243:299, (1951).

Contributed talks

Numerical approach to the inverse homogenization problem Cristian Barbarosie CMAF, FCUL email: barbaros@lmc.fc.ul.pt Homogenization theory is a tool for describing effective properties of fine mixtures of materials. It is extensively used in the study of composite materials, in topology optimization and in structural design. We deal with the problem of finding composites with extremal elastic properties, that is, given two materials, finding an optimal way to mix them, in order for the composite to satisfy certain requirements, like maximum bulk modulus or extreme Poisson ratio. This is called “inverse homogenization problem”,

108 B. Infinite-dimensional Systems

and has been treated in several papers; see [3], [4], [5]. In order to solve this problem, attention is restricted to periodic mixtures only, and then one looks for an optimal arrangement of the two materials in the periodicity cell.

In the existing literature a “black and white squares” approach is used, that is, the cell is divided in squares, a number is associated to each square, zero for one material, one for the other material. Then those numbers are allowed to take any value in [0, 1] by using an artificial interpolation law between the two materials; after applying the optimization procedure a penalty method is applied to get rid of the intermediate densities. Then one has to find a way to eliminate the ”checkerboard effect”.

Our approach is different; it generalizes to the elastic framework the methods described in [1] and [2]. We use classical shape optimization techniques in the periodicity cell, employing a variable mesh. We simply move the boundary between the zones filled with the two materials in such a way to optimize the elastic properties of the composite. Consequently, we have no need to use an artificial interpolation law between the two base materials, or to penalize the intermediate densities, neither we have to deal with the checkerboard effect.

Our method has the disadvantage that one has to decide from the beginning the number of inclusions to be optimized. The algorithm cannot create any new inclusion or destroy an existing one.

Several numerical examples are presented.

References

[1] Barbarosie, C. Optimization of perforated domains through homogenization. Structural Optimization, 14:225-231, (1997).

[2] Haslinger, J; Dvořák, J. Optimum composite material design. Math. Modelling & Num. Analysis, 29:657-686, (1995).

[3] Neves, M; Rodrigues, H; Guedes, J. Optimal design of periodic linear elastic microstructures. Computers & Structures, to appear.

[4] Rodrigues, H; Fernandes, P. Topology Optimization of Linear Elastic Structures Subjected to Thermal Loads. in: Bendsøe, M, Mota Soares, C, (eds.) “Topology Design of Structures”, 437-450, Kluwer Academic Publishers, (1993).

[5] Sigmund, O. Materials with prescribed constitutive parameters: an inverse homogenization problem. International Journal of Solids and Structures, 31(17): 2313-2329, (1994).

Quasiconvexity Conditions and Stability of Classes of Lipschitz Mappings Alexandre A. Egorov Sobolev Institute of Mathematics email: yegorov@math.nsc.ru

Let E^m_k be the space of symmetric k-linear maps from IR^N into IR^m. For a Borel function f : E^m_k → IR let

f^{qc}(v) := { ∫ [0,1]^N

f(v + D^kw(x) dx : w ∈ C^∞(IR^N; IR^m), w(y + z) = w(y), y ∈ IR^N, z ∈ ZZ^N}

Microstructure 109

denote the quasiconvex envelop of f at v ∈ E^m_k [1]. Here D^kw(x) stands for the differential of order k of a mapping w at x ∈ IR^N . A set K ⊂ E^m_k is called quasiconvex if K = {v ∈ E^m_k : dist^{qc}(v, K) = 0}.

Let K be a compact set in E^m_k . We consider the class of all continuous W^{k,∞}_{loc} -solutions u : U → IR^m of the relation D^ku ∈ K a.e. in U, (1)

where U is a domain (open connected set) in IR^N . For a quasiconvex compact set K this class is stable in the C^{k−1}-norm in the following sense.

Theorem. Let K be a quasiconvex compact set in E^m_k . There exists a function α = α_K : [0, +∞) × (0, 1) → [0, +∞) such that (ı) lim_{ε→0} α(ε, ρ) = α(0, ρ) = 0 if 0 < ρ < 1; (ıı) if V is a domain in IR^N and v : V → IR^m is a continuous mapping of the class W^{k,∞}_{loc} with ‖dist(v(·), K)‖_L∞_{(V )} < ∞, then for every bounded domain U with diam_{inn}U < ∞ whose neighborhood {x ∈ IR^N , dist(x, U) <^{1−ρ}_ρ diam U} lies in V there is a continuous W^{k,∞}_{loc} -solution u : U → IR^m of (1) satisfying the inequality ∑_k j=1(diam_{inn}U)^{j−k}‖D^j(v − u)‖_{C(U)} ≤ α(‖dist(v(·), K)‖_L∞_{(V )}, ρ) diam U. By diam_{inn}U we denote the diameter of a domain U calculated in its intrinsic metric.

One application of the theorem is the study of ω-stability in the C-norm for classes of Lipschitz mappings. The concept of ω-stability was proposed by A. P. Kopylov [2] as a generalization of the stability property of the class I_N of isometric mappings u : U ⊂ IR^n → IR^n. The stability of I_N in this context was proved by F. John [3]. Note that in [3] the class I_N was studied in connection with an analysis of linearizations of elasticity problems.

The research was supported by the INTAS grant 97–10170 and by the RFBR grant 99–01–0051.

References [1] Fonseca, I. and S. Müller. A-quasiconvexity, lower semicontinuity and Young measures. Preprint, (1998).

[2] Kopylov, A. P. On stability of isometric mappings. Sib. Math. J., 25(2):132–144, (1984).

[3] John, F. Rotation and strain. Comm. Pure Appl. Math., 22(2):265–278, (1969).

Spectral problems in a periodic thick multi-structure with concentrated masses Taras Mel’nyk Stuttgart University email: melnyk@mathematik.uni-stuttgart.de Convergence theorems and asymptotic estimates (as ε → 0 ) are proved for eigenvalues and eigenfunctions of the main boundary-value problems for the Laplace operator in a plane thick periodic junction Ω_ε with concentrated masses on thin channels. This junction consists of the junction’s body

Ω_0 = {x ∈ IR^2 : 0 < x_1 < a, 0 < x_2 < γ(x_1)},

110 B. Infinite-dimensional Systems

and a large number N of the thin channels G^j_ε = {x ∈ IR^2 : |x_1 − ε (j + 1/2)| < εh/2, x_2 ∈ (−1, 0]}, j = 0, 1, . . . , N − 1. Here γ ∈ C^∞([0, a]), 0 < γ_0 = min_{x1∈[0,a]} γ(x_1); h is a fixed number from the interval (0, 1); N is a large positive integer, therefore, ε = a/N is a small discrete parameter which characterizes the difference between the thin channels and their thickness.

The density ρ_ε of the junction is order O(ε^{−α}), α ≥ 0, on the thin channels (the concentrated masses if α > 0), and O(1) outside of them. Spectral problems with different boundary conditions (Dirichlet, Neumann) on the boundary Υ_ε of the thin channels are considered. So, for the spectral problem −Δ_x u(ε, x) = λ(ε) ρ_ε(x)u(ε, x), x ∈ Ω_ε, ∂_ν u(ε, x) = 0, x ∈ ∂Ω_ε ∩ {x : x_2 ≥ 0}, u(ε, x) = 0, x ∈ Υ_ε = ∂Ω_ε ∩ {x : x_2 < 0}, (1)

with the Dirichlet conditions on Υ_ε, there are three qualitatively different cases in the asymptotic behavior of the eigenvalues and the eigenfunctions of problem (1): 0 ≤ α < 2, α = 2, α > 2. In the first case, the energy of the free vibrations is concentrated in the junction’s body, and the eigenvalues of problem (1) have the following asymptotics

λ_n(ε) = μ_n + O(ε) as ε → 0,

where μ_n is an eigenvalue of some mixed boundary-value problem for the Laplace operator in the junction’s body Ω_0.

In the second case, the energy is concentrated both in the junction’s body and in the thin channels. The eigenvalues tend to the corresponding eigenvalues of some discontinuous self-adjoint operator-function. Furthermore, they are split into a countable family of series, the limits of the eigenvalues from each series belong to a finite interval and these intervals are mutually disjoint.

In the third case, the energy of the free vibrations is concentrated in the thin channels; all the eigenvalues tend to zero, and have the asymptotics

λ_n(ε) = ε^{α−2}Λ_0 + ε^αβ_n + O(ε^{α+1}) as ε → 0.

Existence and relaxation results in the class of anti-plane shear deformations Mikhail Sytchev Max-Planck Institute for Mathematics in the Sciences, Leipzig In this talk we discuss existence and relaxation results for the problem J(u) = ∫ Ω L(x, u(x), Du(x))dx → min, u | |_{∂Ω} = f (1)

in the class of Sobolev functions u : Ω → R.

Microstructure 111

Standard assumptions in Nonlinear Elasticity lead to the requirement L ≥ α|Du|^p + γ, α > 0, p > n. (2) It turns out that under this requirement the relaxation result holds [1]. Theorem Assume that L : Ω × R × R^n → R ∪ {∞} satisfies the requirement (2) and assume that it is bounded in a neighborhood of each point (x, u, v) ∈ Ω × R × R^n, where it takes finite value.

Then for each function u_0 ∈ W^{1,p}(Ω) with J̃(u_0) < ∞, where J̃ is the integral functional with the integrand obtained by convexification of L with respect to Du, there exists a sequence u_k such that u_k converges weakly in W^{1,p} to u_0, u_k | |_{∂Ω} = u_0 | |_{∂Ω}, and

J(u_k) → J̃(u_0).

This theorem shows that to establish existence in (1) one still has to follow the standard scheme to find a solution of the relaxed problem along which the values of the original and the relaxed integrands coincide.

In the homogeneous case L = L(Du) it is easy to show that the requirement for each v ∈ R^n either ∂L(v) ≠ ∅ or there exist v_1, . . . , v_q ∈ R^n such that v belongs to the interior of the convex hull of {v_1, . . . , v_q} and ∩^q_{i=1}∂L(v_i) ≠ ∅ is both necessary and sufficient for all boundary value problems (1) to have a solution, see [2].

References

[1] M.Sychev. Young measures as measurable functions. MPI preprint, Leipzig, 1998. [2] M.Sychev. Characterization of homogeneous scalar variational problems solvable for all boundary data. Proc. Royal Soc. Edinburgh A, (to appear).

Constrained Young measures Anca-Maria Toader C. M. A. F. and F. C. U. L. email: amtan@lmc.fc.ul.pt

Several problems envolving non linear effects induced by homogenization have been studied since the importance of the subject was pointed out by L. Tartar. At the same time he introduced new appropriated methods crucial for the future development on the subject, like mixing the “old” tool of Young measures with the new tool of compensated compactness (see [4]) or like developping the new tool of H-measures (see [5]).

We inscribe our contribution in the effort to describe such nonlinear effects by answering the following simplified question proposed in [6]:

Given two sequences, u_n on ω_1 × ω_2 and v_n on ω_2 such that the constrain v_n = 1 |ω_1| ∫ ω_1 un(x, y)dx holds, what relationship do we have between their associated Young

measures? Is the condition sufficient?

Under appropriate hypotheses our main result gives necessary and sufficient conditions for the above problem. Namely, we prove that the following statements are equivalent:

1) ν and μ are probability measures on [α, β] such that μ ≺ ν;

112 B. Infinite-dimensional Systems

2) there exists a sequence (u_n), u_n : ω_1 × ω_2 → [α, β] which gives rise to Young measure ν ⊗ dx ⊗ dy and the sequence (v_n) defined by v_n(y) :=^1_{|ω1|} ∫ ω_1 un(x, y)dx gives rise to Young measure μ ⊗ dy.

The order relation ≺ on the set of probability measures on [α, β], is a version of that introduced by G. H. Hardy, J. E. Littlewood and G. E. Pólya in [1] and is defined by: μ ≺ ν if and only if ∫_β α ϕ(z)dμ(z) ≤ ∫_β α ϕ(z)dν(z), for all continuous and convex functions ϕ.

The characterizations of the order relation ≺ in terms of doubly stochastic operators and rearrangements (J. V. Ryff [2] and [3]) are employed.

References

[1] G. H. Hardy, J. E. Littlewood and G. E. Pólya. Inequalities. Cambridge, (1952). [2] J. V. Ryff. On the representation of doubly stochastic operators. Pacific J. Math., 13:1379-1386, (1963).

[3] J. V. Ryff. Orbits of L^1-fuctions under doubly stochastic transformations. Trans.

Amer. Math. Soc., 117:92-100, (1965).

[4] L. Tartar. Compensated compactness and applications to partial differential equations. Nonlinear Analysis and Mechanics: Heriot watt Symposium, Res. Notes in Math. Pitman, IV(39):136-212, (1979).

[5] L. Tartar. H-measures, a new approach for studying homogenization, oscillations and concentration effects in partial differential equations. Proc. Royal Soc. Edinburgh, 115A:193-230, (1990).

[6] L. Tartar. Personal communication. (1998).

Posters

Time Dependent Young Measure Solutions for an Elasticity Equation with Diffusion Marc Oliver Rieger MPI for Mathematics in the Sciences, Leipzig email: rieger@mis.mpg.de A system of a nonconvex elasticity equation possibly coupled with a nonconvex diffusion equation is studied. The aim of this system is to describe crystals consisting of different chemical ingredients which can produce microstructures. In particular we consider the initial boundary value problem: u_{tt}(x, t) − div S(∇u(x, t), c(x, t)) = 0, c_t(x, t) − div K(∇c(x, t), u(x, t)) = 0, where x ∈ Ω ⊂ IR^n and t ≥ 0, u denotes the displacement vector, c denotes the chemical concentrations and S and K are the nonlinear material functions. In the variational case we can prove – assuming a growth condition and certain regularities for S and K – an existence theorem for the class of time dependent Young measure solutions.

Nonlinear Functional Analysis 113

This existence theorem extends a result of Demoulini [1] for the nonconvex wave equation. Its proof uses time discretization and relaxation methods. An inportant ingredient is the fact that the quasiconvexification of a C^1-function is in C^1 as recently shown by Ball, Kirchheim and Kristensen [2].

Further properties of the Young measure solutions were studied.

References [1] S. Demoulini. Young measure solutions for nonlinear evolutionary systems of mixed type. Ann.Inst.Henri Poincaré, 14(1):143-162, (1997).

[2] J. M. Ball, B. Kirchheim, J. Kristensen. Regularity of quasiconvex envelopes.

Preprint MPI for Mathematics in the Sciences, Leipzig, to appear (1999).

2.9 Nonlinear Functional Analysis

Organizers : Hansjörg Kielhöfer, Jean L. Mawhin

Key note lecture

Applications of critical point theory to variational problems on IR^n Antonio Ambrosetti S.I.S.S.A. Trieste, Italy email: ambr@sissa.it

In this talk we will discuss some recent advances in critical point theory and their applications to elliptic problems on IR^n.

The abstract set up deals with the existence of critical points of C^2 functionals of the type f_ϵ(u) = f_0(u) + ϵG(u), u ∈ E (1)

where E is a Hilbert space and f_0 possesses a finite dimensional, possibly non compact manifold Z of critical points. Suppose that Z is non degenerate (in the sense that KerD^2f_0(z) = T_zZ for all z ∈ Z) and let Γ denote the functional G constrained on Z. Then near any topologically stable critical point of Γ there exists a critical point of f_ϵ, provided ϵ is small enough. See [1] for the case that Z is compact and [2, 3] for the general case.

The preceding abstract setting provides a unified frame for a broad variety of problems, variational in nature. A typical example is the existence of homoclinics and chaos in dynamical systems, see [2, 4]. Other applications include: (i) the existence of semiclassical states for nonlinear Schrödinger equations with potential, see [5]; and (ii) the problem of finding a conformal metric with a prescribed scalar curvature, see [6, 7].

114 B. Infinite-dimensional Systems

References

[1] A. Ambrosetti, V. Coti Zelati, I. Ekeland. Symmetry breaking in Hamiltonian systems. J. Diff. Equat., 67: 165-184 (1987).

[2] A. Ambrosetti, M. Badiale. Homoclinics: Poincaré-Melnikov type results via a variational approach. Ann. Inst. H. Poincaré Analyse Non Linéaire, 15: 233-252 (1998).

[3] A. Ambrosetti, M. Badiale. Variational Perturbative methods and bifurcation of bound states from the essential spectrum. Proc. Royal Soc. Edinburgh, 128 A: 1131-1161 (1998).

[4] M. Berti, P. Bolle. Homoclinics and chaotic behaviour for perturbed second order systems. Ann. Mat. Pura Appl., to appear.

[5] A . Ambrosetti, M. Badiale, S. Cingolani. Semiclassical states of nonlinear Schroedinger equations. Arch. Rational Mach. Analysis, 140: 285-300 (1997).

[6] A. Ambrosetti, J. García Azorero, I. Peral. Perturbation of Δu + u^{(N+2)/(N−2)} = 0, the scalar curvature problem in IR^N and related topics. J. Funct. Anal., to appear.

[7] A. Ambrosetti, A. Malchiodi. A multiplicity result for the Yamabe problem on S^n.

To appear.

Invited lectures

New Existence Theorems in Nonlinear Elastostatics Timothy Healey Cornell University email: tjh10@cornell.edu Nonlinear elasticity deals with the deformation of solid bodies under the influence of external loadings. As such it forms one of the pillars of classical continuum physics - dating back to Cauchy. In spite of its age, properly formulated elasticity theory produces formidable nonlinear problems, the resolution of which is in many cases beyond the reach of present-day mathematical analysis. In particular, there are no general existence results in nonlinear elastostatics. In this talk we discuss the mathematical difficulties, which are a direct consequence of restrictions dictated by the physical phenomenon. Next we present some recent results of the speaker yielding global branches of classical solutions based upon a novel Leray-Schauder approach. Lastly we compare/contrast our results with the famous minimum-energy results of Ball.

Pattern Formation of the Stationary Cahn-Hilliard Model Hansjörg Kielhöfer Universität Augsburg email: Kielhoefer@Math.Uni-Augsburg.DE We investigate critical points of the free energy E_ε(u) of the Cahn-Hilliard model over the unit square under the constraint of a mean value m. We show that for any fixed value m in the so-called spinodal region and to any mode of D_uE_ε(m) there are critical points of E_ε(u) having the characteristic symmetries and monotonicities of that

Nonlinear Functional Analysis 115

mode provided ε > 0 is small enough. As ε tends to zero these critical points have singular limits where the symmetries and monotonicities are preserved. Therefore they form characteristic patterns for each mode.

It is remarkable that all singular limits are global minimizers of E_0(u) which is not obvious since minimizing properties of the critical points of E_ε(u) are not known. Our method consists of a global bifurcation analysis of critical points of the energy E_ε(u) where the bifurcation parameter is the mean value m. This new analytic approach suggests a path following device to obtain the critical points (near global minimizers) numerically.

Smooth Curves of Variational Solutions Stanislaus Maier-Paape Georgia Tech & Universität Augsburg email: smaier@math.gatech.edu We consider positive solutions of the homogeneous Laplace equation −Δu + λu = u^q with Neumann boundary conditions and q subcritical. There are several families of symmetric multi-peaked solutions known, whose existence was shown by minimizing an energy functional subject to several side conditions (cf. e.g. [1]; the symmetries were discussed in [2]). In this talk we derive that these solutions in fact lie on smooth curves. We have to combine symmetry arguments, variational technics, and bifurcation theory.

Coauthor: Zhi-Qiang Wang

References [1] Z.-Q. Wang. Nonradial solutions of nonlinear Neumann problems in radially symmetric domains. Banach Center Publications, 35:85-96, (1996).

[2] S. Maier-Paape, K. Schmitt, Z.-Q. Wang. On Neumann problems for semilinear elliptic equations with critical nonlinearity: existence and symmetry of multipeaked solutions. Commun. Partial Differential Equations, 22:1493-1527, (1997).

Some results on the forced pendulum equation Rafael Ortega Universidad de Granada email: rortega@goliat.ugr.es I present two results on the periodic problem for the forced pendulum equation [2], [3]. Both are inspired by an interesting example first analyzed in [1].

References

[1] P.W. Bates. Reduction theorems for a class of semilinear equations at resonance.

Proc. Amer. Math. Soc., 24, 73-78 (1982).

[2] R. Ortega. A forced pendulum equation with many periodic solutions. Rocky Mountain J. Math., 27, 861-876 (1997).

[3] R. Ortega, E. Serra, M. Tarallo. Non-continuation of the periodic oscillations of a forced pendulum in the presence of friction. Proc. Amer. Math. Soc., to appear. (http://www.ugr.es/ ecuadif/)

116 B. Infinite-dimensional Systems

Contributed talks

Multipoint Boundary Value Problems

Abdelkader Boucherif University of Tlemcen, Algeria email: bel@ist.cerist.dz Consider the following multipoint boundary value problem for a second order ordinary differential equations y^{′′}(x) = f(x, y(x), y^′(x)) + e(x) x ∈ ]0, 1[ ax(0) + bx^′(0) = 0 cx(1) + dx^′(1) = ∑_m i=1 α_ix(ξ_i) + ∑_n j=1 β_j x^′(τ_j ) (1)

where f : [0, 1] × R^2 → R is a Caratheodory function, e ∈ L^1 ([0, 1]). Given ξ_i, τ_j ∈ (0, 1) , α_i, β_j ∈ R, all of the α_i ,respectively β_{j,} have the same sign for i = 1, 2, ..., m and j = 1, ..., n with 0 < ξ_1 < ... < ξ_m < 1 , 0 < τ_1 < ... < τ_n < 1, a, b, c, d, are real and ad − bc ≠ 0. Our objective is to prove the existence of solutions of problem (1) under suitable conditions on the nonlinearity f.

Multiple solutions of a quasilinear elliptic boundary value problems Sidi Mohammed Bouguima University of Tlemcen, Algeria email: bel@ist.cerist.dz In this talk, we give a description of the set of solutions for the following problem: − ( |u^′|^{p−2} u^′ )_′ = |u|^{α−1} u + λ |u|^{β−1} u x ∈ ]0, 1[ u(0) = u(1) = 0

where p > 1, 0 < β < 1 < α, and λ is a real parameter.

Theoretical and numerical study of multi-phase flows through order parameter formulation Franck Boyer MAB, Université Bordeaux 1 email: fboyer@math.u-bordeaux.fr In this work, we study a mathematical model for multiphase flows. It was proposed for example in [2] in order to study the evolution of an alloy of two incompressible fluids in a channel under shear. It deals with a coupling of the Cahn-Hilliard equations (1)-(2) and the incompressible Navier-Stokes equations (3)-(4) ∂φ ∂t + v.∇φ − div(B(φ)∇μ) = 0, (1) μ = −αΔφ + F^′(φ), (2)

Nonlinear Functional Analysis 117 ∂v ∂t − 2 div(η(φ)D(v)) + (v.∇)v + ∇p = μ∇φ, (3) div(v) = 0, (4)

where B(φ) is a mobility coefficient, η(φ) the viscosity of the alloy, and μ stands for a chemical potential in which F is the bulk free energy of the alloy.

This system is provided with Neumann boundary conditions for φ and μ, and by Dirichlet and/or periodicity conditions for the velocity. The Gibbs free energy F is caracterised by its double-well structure reprensenting the two phases of the alloy [3].

In a first part, we deal with theoretical properties of this system in the case of a channel under shear [1]. Under quite general assumptions on F , we prove the existence of global weak solutions even if the mobility is allowed to degenerate. Then, if the mobility does not degenerate, we show the existence and uniqueness of strong solutions which are global in 2D and local in 3D.

Then we prove a result of asymptotic stability in both dimensions 2 or 3 for the uniform alloy of composition φ = ω, if ω lies in a metastable region of F [3]. More precisely we establish that if the initial condition is close enough from the equilibrium φ = ω, and if the initial velocity is small enough, then there exists a unique global strong solution which converges to the stationary solution when t goes to infinity.

In a second part, we investigate the numerical approximation by finite differences of this model in 2D. In particular we show that even if the convective term is predominant in (1), the presence of the Cahn-Hilliard term limits the effects of the numerical diffusion of classical upwind schemes.

References [1] F. Boyer. Mathematical study of multi-phase flow under shear through order parameter formulation. to appear in Asymptotic Analysis.

[2] R. Chella, J. Vinals. Mixing of a two-phase fluid by a cavity flow. Physical Review E, 53 : p 3832, (1996).

[3] J.D. Gunton, M. San Miguel, P.S. Sahni. in Phase transitions and critical phenomena, 8 (Academic London), (1983).

On problems with nonlinear functional boundary conditions S.A. Brykalov Inst. of Math. and Mech., Ural Branch of Russian Acad. Sci. email: brykalov@imm.uran.ru Boundary value problems for ordinary differential equations and functional differential equations are considered. The boundary conditions are described by nonlinear functionals. Sufficient criteria for the solvability are obtained. These criteria are applicable to essentially nonlinear systems. The case of boundary conditions given by nonlinear monotone mappings is studied. The topological structure (including arcwise connectedness) of the solution set is investigated. Boundary value problems with nonlinear boundary conditions arise, in particular, in the theory of control and differential games.

This research was partially financed by Russian Foundation for Basic Research under grant 97-01-00160.

118 B. Infinite-dimensional Systems

Lower and upper solutions in the theory of ϕ – Laplacian problems Alberto Cabada Departamento de Análise Matemática, Facultade de Matemáticas, Universidade de Santiago de Compostela, Santiago de Compostela, Spain email: cabada@zmat.usc.es Patrick Habets Institut de Mathématique Pure et Appliquée, Chemin du Cyclotron, 2 B-1348, Louvain-la-Neuve, Belgium email: habets@anma.ucl.ac.be Rodrigo L. Pouso Departamento de Análise Matemática, Facultade de Matemáticas, Universidade de Santiago de Compostela, Santiago de Compostela, Spain email: rodrigo@zmat.usc.es In [2], the existence of solutions of the problem

−(ϕ(u^′(t)))^′ = f(t, u(t), u^′(t)), u(a) = u(b), u^′(a) = u^′(b) (1)

in the sector [α, β] is proved. Here α and β are respectively a lower and an upper solution of problem (1), ϕ is an increasing homeomorphism from IR onto IR and f is a Carathéodory function which satisfies some Nagumo type conditions.

It is well known that, even if ϕ is the identity, existence of lower and upper solutions in the reversed order, i.e. α ≥ β, in general does not imply the existence of solutions of problem (1). If ϕ = id optimal conditions on f(t, u, u^′) ≡ f(t, u), which guarantee the existence of solutions of problem (1) in [β, α], are known [1].

In this work, we study problem (1) with f(t, u, u^′) ≡ f(t, u) and ϕ^{−1} a locally Lipschitz function. Existence of extremal solutions in [β, α] via the monotone method is obtained. Such results are based on anti-maximum comparison principles for the operator −(ϕ(u^′))^′ − Mu (M > 0), which are stronger than the classical anti-maximum principle since we need to compare two solutions of the problem −(ϕ(u^′))^′(t) − M u(t) = σ(t), u(a) = u(b), u^′(a) = u^′(b). These comparison results are derived from those obtained in [3] for the Neumann problem. Our results are optimal in the sense that if ϕ is the identity we obtain the best possible estimate on M given in [1]. Furthermore, we indicate functions ϕ^{−1} which are not locally Lipschitzian and f so that there exist a lower solution α, an upper solution β ≤ α and there exists no solution lying between β and α. References

[1] A. Cabada. The method of lower and upper solutions for second, third, fourth and higher order boundary value problems. J. Math. Anal. Appl, 185:302-320, (1994).

[2] A. Cabada and R. L. Pouso. Existence result for the problem (ϕ(u^′))^′ = f(t, u, u^′) with periodic and Neumann boundary conditions. Nonlinear Anal. T.M.A., 30(3):1733-1742, (1997).

[3] A. Cabada, P. Habets and R. L. Pouso. Optimal existence conditions for ϕ- Laplacian equations with upper and lower solutions in the reversed order. Preprint.

Nonlinear Functional Analysis 119

On the ensemble of resonance of a fourth order equation. Juan Campos Universidad de Granada email: jcampos@goliat.ugr.es In this talk we will try to give an answer to a question that appears in the book of Fučík [1]. The problem is to give a description of the set A_1 of all pairs (a, b) such that the system { u^{iv} = au^+ − bu^− u(0) = u(π) = u^{′′}(0) = u^{′′}(π) = 0,

has a non-trivial solution. Here u^+ = max{u, −u} and u = u^+ − u^−. This problem appears when one looks for a priori bounds in a problem { u^{iv} = f(u) u(0) = u(π) = u^{′′}(0) = u^{′′}(π) = 0,

where f grows linearly.

In this talk we describe the set A_1 as a countable set of analytic curves. We shall also analyze their intersections and the asymptotic behavior. This situation resembles the case of second order in which analytic curves go through the eigenvalues of the operator.

References [1] S. Fučík, Solvability of nonlinear equations and boundary value problems, Reidel, Dordrecht, (1980).

Remarks on a periodic boundary value problem for second order impulsive integro-differential equations Daniel Franco Dpto. de Matemática Aplicada. Univ. Nacional de Educación a Distancia email: dfranco@ind.uned.es Juan J. Nieto Dpto. de Análisis Matemático. Univ. de Santiago de Compostela email: amnieto@usc.es Consider the following second order integro-differential equation with impulses at fixed moments −u^{′′}(t) = f(t, u(t), [Ku](t)), t ∈ J \ {t_1, t_2, . . . , t_p}, Δu|_{t=tk} = I_k(u^′(t_k)), k = 1, 2, . . . , p, Δu^′|_{t=tk} = Ī_k(u(t_k)), k = 1, 2, . . . , p, (1)

where J = [0, 2π], 0 = t_0 < t_1 < t_2 < · · · < t_p < t_{p+1} = 2π, f: J × IR × IR → IR, I_k, Ī_k: IR → IR, Δu|_{t=tk} = u(t^+_k ) − u(t^−_k ), Δu^′|_{t=tk} = u^′(t^+_k ) − u^′(t^−_k ) and K is the integral operator defined by [Ku](t) = ∫_T 0 a(t, s)u(s)ds, a ∈ C[J × J; IR]. Note that this equation has the peculiarity that the impulses are in some sense crossed, since Δu|_{t=tk} depends on u^′(t_k) and Δu^′|_{t=tk} depends on u(t_k). Equation (1)

120 B. Infinite-dimensional Systems

has been considered in several papers with different boundary conditions. Here we shall study the periodic problem, i.e.,

u(0) = u(T ), u^′(0) = u^′(T ). (2)

In [2] problem (1)-(2) is studied without impulses in u and with linear impulses in u^′ (i.e. I_k = 0, Ī_k(x) = c_kx). In [1] it is considered with linear impulses at u and u^′ (i.e. I_k = c_kx, Ī_k(x) = c̄_kx). Both papers are presented in the more general scheme of Banach spaces.

By establishing certain existence and comparison results, and using the monotone iterative technique, we shall obtain a criteria on the existence of minimal and maximal solutions for (1)-(2).

In the scalar case we improve and simplify results in [1] and [2]. Besides, it is easy to generalize our results for integro-differential equations in Banach spaces.

References

[1] Guo D. Periodic boundary value problems for second order impulsive integrodifferential equations in Banach spaces. Nonlinear Anal., 28 (6): 983-997, (1997).

[2] Liu X. y Guo D. Periodic boundary value problems for a class of second-order impulsive integro-differential equations in Banach spaces. J. Math. Anal. Appl., 216: 284-302, (1997).

The sweeping processes without convexity Vladimir V. Goncharov S.I.S.S.A., via Beirut 2-4, 34013 Trieste, ITALY email: goncha@sissa.it The sweeping process introduced by Moreau in the Seventies describes the behaviour of a moving point that is constrained both to belong in each time moment t to some closed set K(t), and to have a velocity “normal” to the boundary of this set. Due to mechanical applications (such as friction and resistence) this moving point may be treated as the velocity of a particle as well. The case of convex set K(t) was detaily investigated by J.J.Moreau, C.Castaing, M.Valadier, M.D.P.Monteiro Marques and other researchers. Some results were also obtained if K(t) is the complement of an open convex set by a suitable way depending on t.

We propose a new approach to study the sweeping processes associated with not necessarily convex sets. Passing to the mathematical formulation, we have to find a solution of the problem −ẋ(t) ∈ N_{K(t)}(x(t)) x(0) = x_0 ∈ K(0) x(t) ∈ K(t) ∀t (1)

where N_K (x) means the Clarke normal cone to K at the point x ∈ K, and the mapping t → K(t) is supposed to be Lipschitzean. Notice that in the nonconvex case statement of the problem depends essentially on the meaning of normal vectors. Moreover, as shown by an example, the problem (1) in general can have no solutions if we consider

Nonlinear Functional Analysis 121

the Bouligand normal cone in the place of the Clarke one. We present two existence results for solutions of (1) in a Hilbert space. One of them requires local compactness of the graph of K(t), while other involves the assumption permitting to control the lack of convexity of K(t) through some variational inequality. It seems that the last property known in the literature as φ-convexity (see, e.g., [1]) is strictly related with existence and uniqueness of the projection onto the set. Also we study the variational properties which naturally generalize φ-convexity and their relations with regularity of the closed sets. Finally, we prove uniqueness and regularity theorems for solutions of (1) under assumptions that the moving closed set K(t) satisfies some of these properties.

References [1] A.Marino, M.Tosques. Some variational problems with lack of convexity. Methods of Nonconvex Analysis, Proceedings from CIME, Varenna 1989 (A.Cellina, ed.), Lecture Notes 1446:58-83, (1990).

Polynomial solutions on matrix differential equations of Ricati type Biljana Jolevska-Tuneska Faculty of Electical Engineering, Skopje, R. Macedonia email: biljanaj@cerera.etf.ukim.edu.mk

Petar Lazov Faculty of Electical Engineering, Skopje, R. Macedonia

By introducing and using the properties of polynomial part of the expansion of a root of polynomial in scalar case, up to now polynomial solutions of Riccati differential equations and some wider classes of algebraic differential equations are described - issue studied in many papers from many various authors.

Matrix equations of Riccati type with λ-matrixes as coefficients is solved in this thesis. λ-matrix with the basic properties of previously mentioned polynomial is defined, its existing is proved in a terms of eigenvalues of the oldest matrix and than the solutions of the matrix differential equation are described and also the conditions for their existence are given.

For commutative matrices the results get the same form as in the scalar case.

Boundedness of Volterra Difference Equations Rigoberto Medina Departamento de Ciencias Exactas. Universidad de Los Lagos. Casilla 933, Osorno-Chile email: rmedina@puyehue.di.ulagos.cl

Volterra difference equations mainly arise in the modeling process of some real phenomena or by applying a numerical method to a Volterra integral equation. Actually much of their general quantitative and specially their qualitative theory remains to be developed.

We consider the following system of Volterra difference equations

122 B. Infinite-dimensional Systems

Δx(n) = A(n)x(n) + n−1∑ j=n_0 K(n, j)x(j) + F (n), x(n_0) = x_0, (1)

where Δx(n) = x(n + 1) − x(n); A(n), K(n, j) are m × m matrices for each n, j ∈ N, and F : N → R^m is a function.

The goal of this article is to give sufficient conditions under which the solutions of the Volterra difference Equation (1) are bounded. For this purpose, we will establish that the following linear difference Equation (2) is equivalent to the Equation (1):

Δy(n) = B(n)y(n) + L(n, n_0)x_0 + H(n), y(n_0) = x_0, (2)

where B(n) = A(n) − L(n, n), H(n) = F (n) + n−1∑ j=n_0 L(n, j + 1)F (j) (3)

and L is an m × m matrix.

Moreover, weighted norms are used to find sufficient conditions under which Equation (1) has bounded solutions.

A multiplicity result for a floating beam equation Anna Maria Micheletti Dipartimenti di Matematica Applicata, Pisa email: a.micheletti@dma.unipi.it We consider a strongly indefinite functional whose critical points are the weak solutions of a beam equation of the type u_{tt}(x, t) + u_{xxxx}(x, t) + b[u(x, t)]^+ = c in [0, a] × R 0 = u_{xx}(0, t) = u_{xx}(a, t) = u_{xxx}(0, t) = u_{xxx}(a, t) for all t ∈R u(x, t) = u(x, t + 2π) for all x ∈ [0, a], t ∈R u(x, t) = u(x, −t) for all x ∈ [0, a], t ∈R u(x, t) = u(a − x, t) for all x ∈ [0, a], t ∈R where b and c are positive constants and [u]^+ = max(0, u). This kind of equation, modelling a floating beam, has been studied by Lazer and Mc Kenna by means of a finite dimensional reduction. They prove the existence of two nontrivial solutions when b belongs to a certain interval.

We get the existence of two nontrivial solutions for b > −Λ^−_1 , and the existence of four nontrivial solutions for b > −Λ_k (with k ≥ 2) and b close to Λ_k. Here we denote by Λ^−_i the sequence of the negative eigenvalues of the operator Lu = u_{tt} + u_{xxxx}. In the proof we describe the geometry of a suitable associated functional and use a limit category argument.

This is a joint work with Claudio Saccon.

Nonlinear Functional Analysis 123

Lower and Upper Solutions Method for Third Order Nonlinear Periodic Problem Feliz Manuel Minhós Departamento de Matemática. Universidade de Évora. 7000 Évora PORTUGAL email: fminhos@dmat.uevora.pt We study in this work an existence result for the nonlinear third order periodic boundary value problem x^{′′′} = f(t, x, x^′, x^{′′}) using topological degree and the method of lower and upper solutions for continuous functions. With our technique we can bound the solution and its derivative.

References

[1] Coster, C. de .La méthode des sur et sous solutions dans l’étude de problèmes aux limites. Université Catolique de Louvain. Faculté des Sciences. Départment de Mathématique. Février (1994).

[2] Mawhin, J. Topological Degree Methods in Nonlinear Boundary Value Problems.

AMS, Providence, Rhode Island. (1979) [3] Rachunková, I. Periodic Boundary Value Problems for Third Order Differential Equations. Math. Slovaca, 41 (3): 241-248, (1991).

[4] Rusnák, J. Constructions of Lower and Upper Solutions for a Nonlinear Boundary Value Problem of the Third Order and Their Applications. Math. Slovaca,41 (1): 101-110, (1990)

Quasilinear Elliptic Equations in the whole space Ireneo Peral Departamento de Matematicas, U.A.M. 28049 Madrid (Spain) email: ireneo.peral@ uam.es We look for positive (weak) solutions of the following problems: −Δ_pu(x) + αu^{p−1}(x) = λh(x)u^{q−1}(x) + g(x)u^{r−1}(x), x ∈ IR^N , (P_λ) with 1 < p < ∞, 1 < q < p < r ≤ p^∗, where p^∗ =^{Np}_{N−p} if 1 < p < N, p^∗ = ∞, if p ≥ N, λ is a real parameter, α ≥ 0, h and g verify some integrability conditions. When p = 2 the problem corresponds to the classical Laplacian and even in this case the results are new. We will study three different cases:

We will emphasize the differences of behaviour with the case of the Dirichlet problem in a bounded domain.

We would like to point out that for p = 2 and the critical case the problem is related to some scalar curvature problems in IR^N .

References [1] Perturbation of Δu + u^{(N+2)/(N−2)} = 0, the scalar curvature problem in IR^N and related topics. J. Funct. Anal., (To appear) [2] Elliptic Variational Problems in IR^N with Critical Growth J. Diff. Equations., (To appear) [3] Perturbation Results for an Anisotropic Schrödinger Equation via a variational Method. Nonlinear Diff Equations and Applications, (To appear)

124 B. Infinite-dimensional Systems

[4] Bifurcation for the p-Laplacian in IR^N . Advances in Diff. Equa. (To appear)

Setting of the dual problems in mathematical physics Boris E. Pobedria Mechanical and Mathematical Faculty, Moscow State University email: pobedria@mech.math.msu.su A solution of boundary value problem of mathematical physics is used at calculation of physical fields. These problems are a differential corollary of conservation laws of some physical magnitudes (u — basic variable). For magnitude u in domain V ⊂ R^3 the functional equation is given:

L(u) = f (1)

Let the ”natural” boundary conditions are given on a surface bounding the domain

pn = ϕ (2)

where ”fluxes” p of magnitude u are introduced with the help of operator M

p = M(u) (3)

Thus Div M = L (4) There is a dual setting of problem (1), (2). It consists of solution of the equations Div p = f (5) being a corollary of relations (1), (4). Besides the ”equations of a compatibility” are introduced:

P (p) = 0 (6)

being the solvability conditions of the equation (3).

Variational principles are connected, as a rule, with each of the dual problems (1), (2) and (5), (6), (2). The simultaneous application of these variational principles allows energetically estimating a solution of the problem from above and from below.

We offer new setting of the dual problem which in most cases essentially simplifies realization of applied calculations of physical fields. It consists of solution of the functional equations P (p) + A{Div p − f} = 0 with boundary conditions P_n = ϕ; Div p − f = 0 The new variational principle is offered. The effective methods of a numerical realization of the problem in new setting are indicated. Special examples are included. The possible generalizations are considered.

Nonlinear Functional Analysis 125

Upper and lower solutions for first order discontinuous BVPs Rodrigo L. Pouso Depto. de Análise Matemática, Univ. de Santiago de Compostela email: rodrigo@zmat.usc.es Existence of Carathéodory – type solutions for the problem

(P ) x^′(t) = f(t, x(t)) for a.e. t ∈ [0, T ], B(x(0), x) = 0,

where f and B are not necessarily continuous functions, is studied in the frame of upper and lower solutions.

Condition B(x(0), x) = 0 is defined as an extension of the periodic boundary conditions (x(0) = x(T )) which involves the behavior of the solution along the whole interval [0, T ]. For instance, under the previous formulation we will be able to consider functional conditions such as

x(0) = ∫_T 0 x(s)ds or x(0) = max_{t∈[0,T ]}x(t).

Existence of solutions for problem (P ) is studied in [1], with absolutely continuous upper and lower solutions. We shall see that the regularity of these functions can be relaxed to obtain finer results in practical situations: we shall define the concepts of upper and lower solutions in the space of functions of bounded variation, covering the useful case of piecewise absolutely continuous upper and lower solutions (see [2, 3]).

In [1] the following assumptions on f are required: f(t, x) = q(x)g(t, x) where q : IR → (0, ∞) needs not be a continuous function, and g is a Carathéodory function (in particular, continuous with respect to its second variable). We shall see how to prove an existence result for (P ) assuming no continuity hypothesis over g: essentially, this is done replacing the Carathéodory conditions by the ones introduced in [4].

Finally, we consider the situation in which the upper and the lower solution are given with no ordering. To prove a proper existence and localization result in this case we have to couple the basic ideas presented in [5] with adequate new arguments (suitable to deal with upper and lower solutions of bounded variation).

References [1] S. Heikkilä. First-order discontinuous differential equations with functional boundary conditions. Advances in Nonlinear Dynamics; Stability, Control Theory Methods Appl., Gordon & Breach, Amsterdam, 5: 273-281, (1997).

[2] C. De Coster. La méthode des sur et sous solutions dans l’ètude de problèmes aux limites. PhD Thesis, Université Catholique de Louvain-la-Neuve (1994) [3] E. Liz & R.L. Pouso. Upper and lower solutions with “jumps”. J. Math. Anal.

Appl., 222: 282-493, (1998).

[4] E.R. Hassan & W. Rzymowski. Extremal solutions of a discontinuous differential equation. Nonlinear Anal., to appear.

[5] C. Marcelli & P. Rubbioni. A new extension of classical Müller’s theorem. Nonlinear Anal., 28(11): 1759-1767, (1997).

126 B. Infinite-dimensional Systems

Equivalence of two definitions of index of periodic solutions of an evolution equation of second order Aureliano M. Robles-Pérez Universidad de Granada email: arobles@goliat.ugr.es We consider the evolution equation ü + cu̇ + ℓu = f(t, u) where ℓ is a coercive self-adjoint operator with dense domain in a Hilbert space H and f is periodic in time.

If u is a periodic solution in t of such equation, we can define the index of u in two ways: either as the fixed point of the Poincaré map or in terms of a standard functional setting for periodic problems.

We prove the equivalence of both definitions. In the proof we follow the ideas of Krasnoselskii and Zabreiko.

This is joint work with R. Ortega.

References [1] M.Krasnoselskii, P.P. Zabreiko. Geometrical Methods of Nonlinear Analysis, Springer-Verlag, (1984).

The Fucik spectrum of general Sturm-Liouville problems Bryan Rynne Heriot-Watt University, Edinburgh EH14 4AS, Scotland email: bryan@ma.hw.ac.uk We consider the general Sturm-Liouville boundary value problem

−(pu^′)^′ + qu = αu^+ − βu^−, in (0, π), a_0u(0) + b_0u^′(0) = 0, a_1u(π) + b_1u^′(π) = 0,

where u^± = max{±u, 0}. The set of points (α, β) ∈ IR^2 for which this problem has a nontrivial solution is called the Fucik spectrum. When p ≡ 1, q ≡ 0, and either Dirichlet or periodic boundary conditions are imposed, the Fucik spectrum is known explicitly, and consists of a countable collection of curves, with certain geometric properties. In this talk we show that similar properties hold for the general problem above, and also for a further generalization of the Fucik spectrum. We also discuss some spectral type properties of a positively homogeneous, ‘half-linear’ problem, and use these results to consider the solvability of a nonlinear problem with jumping nonlinearities.

Bounded solutions for nonlinear elliptic equations in unbounded domain Robert Stańczy Faculty of Mathematics, University of Łódź, Banacha 22, 90-238 Łódź, Poland email: stanczr@imul.math.uni.lodz.pl

Nonlinear Functional Analysis 127

We prove the existence of a bounded, radial solution in unbounded domain of the nonlinear elliptic problem Δu = f(‖x‖ , u) for ‖x‖ > 1, x ∈ IR^n, n ≥ 3 u(x) = 0 for ‖x‖ = 1 (1)

under some asymptotic and sign condition on f.

Under stronger assumptions it is proved that this solution must be of constant sign. The problem is at resonance, since the function u(x) = 1 − ‖x‖^{2−n} is a solution for coresponding homogeneous BVP (with zero right-hand side of (1)). The theory of coincidence degree developed in [1], [2] does not apply here, because the differential operator (with the boundary condition taken into account) is not Fredholm.

To prove the existence of solution of (1) we use perturbation method together with some fixed point theorem in the space of bounded and continuous functions.

A good survey of known results on the existence of positive solutions of (1) is in [3]. However, only solutions convergent to zero at infinity are considered therein.

References

[1] R.E. Gaines and J. Mawhin. Coincidence Degree and Nonlinear Differential Equations. Lecture Notes in Math., 568, Springer Verlag, New York, Berlin, (1977).

[2] J. Mawhin. Topological Degree Methods in Nonlinear Boundary Value Problems.

CBMS Regional Conf. Series in Math., 40, Amer. Math. Soc., Providence, RI, (1979).

[3] B. Franchi, E. Lanconelli and J. Serrin. Existence and uniqueness of nonnegative solutions of quasilinear equations in IR^n. Adv. Math., 118:177-243, (1996).

Adjoint Operators to Nonlinear Operators Vladilen A. Trenogin Moscow State Steel and Alloys Institute, Address: Departement Mathematics, Leninsky prosp.4, 117936, Moscow, Russia email: vladilen@trenogin.misa.ac.ru If on a nonvoid set the nonnegative identical symmetric function is given then this set is called weakly metric space. An operator which maps one weakly metric space to another weakly metric space is considered. In this situation the concepts of adjoint spaces and adjoint operator are introduced. Different properties of adjoint operators are establshed. The role of adjoint operator concept for nonlinear equation solvability is explained. More explicitly the Lipshitz operators and its adjoint operators in Banach spaces are investigated.

References [1] Trenogin V.A. Functional Analysis. (in Russian) 2nd ed.,1993, Nauka, Moscow;

French.transl.: 1987, Mir, Moscow.

[2] Trenogin V.A. Doklady Acad.Nauk, 1996, 350(4).

[3] Trenogin V.A. Proc. of Int.Conf. to 175 years of P.L.Chebyshev (in Russian), Moscow Univ.1996, v.1.

128 B. Infinite-dimensional Systems

2.10 Variational Methods

Organizer : Mariano Giaquinta

Key note lecture

Minimal geodesics on groups of volume-preserving maps and generalized solutions of the Euler equations Yann Brenier U. Paris 6 and IUF email: brenier@ann.jussieu.fr The three-dimensional motion of an incompressible inviscid fluid is classically described by the Euler equations, but can also be seen, following Arnold, as a geodesic on a group of volume-preserving maps. Local existence and uniqueness of minimal geodesics have been established by Ebin and Marsden. In the large, for a large class of data, the existence of minimal geodesics may fail, as shown by Shnirelman. For such data, we show that the limits of approximate solutions are solutions of a suitable extension of the Euler equations or, equivalently, as sharp measure-valued solutions to the Euler equations in the sense of DiPerna and Majda.

Invited lectures

Existence of equivariant harmonic maps Andreas Gastel Heinrich-Heine-Universität Düsseldorf email: gastel@cs.uni-duesseldorf.de One way to obtain harmonic maps between Euclidean spheres in nontrivial homotopy classes is to reduce the effective dimension of the problem by imposing certain symmetry conditions. Several situations where this reduction leads to ODE problems have been discussed (cf. [1] for an overview), beginning with Smith’s paper [3] about harmonic joins. In this talk, examples are given where the reduced problem is of higher dimension.

We minimize energy in Sobolev spaces of mappings between spheres which are equivariant with respect to certain torus actions. Doing so, we get weakly harmonic minimizers. It is now a matter of regularity theory [2] to deduce conditions under which these minimizers are actually smooth harmonic maps. These conditions imply existence of harmonic representatives of the nontrivial elements of the following homotopy groups: π_{n+1}(S^n) ∼= Z_2 (n ≥ 3), π_{n+2}(S^n) ∼= Z_2 (n ≥ 5 odd). Moreover, each of these classes contains infinitely many harmonic maps of arbitrarily high energy.

References [1] J. Eells, A. Ratto. Harmonic maps and minimal immersions with symmetries.

Annals of Math. Studies, 130, Princeton University Press (1993). [2] A. Gastel. Regularity theory for minimizing equivariant (p–)harmonic mappings.

Calc. Var. PDE, 6:329–367, (1998).

Variational Methods 129

[3] R.T. Smith. Harmonic mappings of spheres. Amer.J.Math., 97:364–385, (1975).

Critical points of the area functional by gluing technics Frank Pacard Université Paris 12 email: pacard@univ-paris12.fr

We prove a ‘gluing theorem’, which states roughly that if two (appropriate) constant mean curvature surfaces (resp. minimal surfaces) are juxtaposed, so that their tangent planes are parallel with opposite orientation, and very close to one another, then there is a new constant mean curvature surface (resp. minimal surface) near this configuration, which is a topological connected sum of the two surfaces. Even though, gluing constructions for geometric objects are by now well understood and somewhat commonplace (e.g. in the context to CMC and minimal surfaces, the pioneering work was that of N. Kapouleas and, probably more relevant to the results here, is the recent work of S.D. Yang, in which geometric connected sums of complete minimal surfaces of finite total curvature are constructed), our procedure is both easier to understand, gives more information. What is more, the technics can be easily adapted to other problems (e.g. existence (and uniqueness) of Ginzburg-Landau vortices, existence of CMC or minimal hypersurfaces, existence of singular or regular solutions of semilinear elliptic equations, . . . ).

A simple context for our result is when we are given two orientable compact nondegenerate CMC surfaces, Σ_1 and Σ_2, with nonempty boundaries. Let us asume that 0 ∈ Σ_1 ∩ Σ_2, that T_0Σ_1 = T_0Σ_2 are equal to the x y-plane and have opposite orientation at this point. Then we prove that there is S_ϵ a one-parameter family of smooth, immersed CMC surfaces with boundary, for ϵ ∈ (0, ϵ_0], such that, S_ϵ converges in the C^∞ topology to Σ_1 ∪ Σ_2 away from the origin, and the dilated surface ϵ^{−1} S_ϵ converges in the C^∞ topology to a catenoid with vertical axis. Moreover, the boundary of S_ϵ is the union of the boundaries of the Σ_i, each possibly transformed by a small rigid motion.

We also give sufficient conditions for S_ϵ to be embedded and finally we prove that these surfaces S_ϵ are ”generically” nondegenerate (This question of nondegeneracy is quite important in the moduli space theory).

The above result can be used to establish a general connected sum theorem for complete, noncompact, embedded CMC surfaces (resp. minimal surfaces). For example, using this theorem and starting from two Delaunay surfaces, we are able to produce new embedded four-ended CMC surfaces which are quite different from the previously known examples.

References

[1] R. Mazzeo and F. Pacard. Constant mean curvature surfaces with Delaunay ends.

Submitted to Comm. in Analysis and Geometry.

[2] R. Mazzeo, F. Pacard and D. Pollack. Connected sums of constant mean curvature surfaces in Euclidean 3 space. Preprint.

130 B. Infinite-dimensional Systems

Contributed talks

Periodic solutions and rigid rotation of Ginzburg-Landau vortices Sophia Demoulini University of Oxford email: demoulini@maths.ox.ac.uk Ginzburg-Landau vortices are finite action critical points of the functional E(A, Φ) = 1 2 ∫ D |dA|^2 + |D_AΦ|^2 + λ 4 (|Φ|^2 − 1)^2dx GL

where −iA is an S^1 connection, Φ is a section of the associated complex line bundle and D_AΦ = d − iAΦ is the covariant derivative. The action is invariant under an infinite dimensional group of gauge transformations ρ(χ) : (A, Φ) → (A + ∇χ, Φe^{iχ}) for smooth functions χ. The domain D is taken to be either S^2 or a disc in the plane. Time periodic solutions of systems describing the dynamics of Ginzburg-Landau vortices are obtained by a direct variational method. The existence of such solutions was conjectured in [1]. The systems studied include the Abelian Higgs model, which is a system of semi-linear wave equations, as well as a system of non-linear Schrödinger type, introduced in [2]. The solutions describe vortices moving in rigid rotation about one another. A previous result of this type was proved in [3] by perturbative techniques.

References

[1] Jaffe, A.; Taubes, C. Vortices and Monopoles. Birkhauser (1982). [2] Manton, N.S. First order vortex dynamics. Ann. Phys. 256 (1):114-131, (1997). [3] Stuart, D.M.A. Time periodic solutions of the Abelian Higgs model and rigid rotation of vortices. Geometric and Functional Analysis, to appear.

The loaded differential Equations and their Applications Muvasharkhan Dzhenaliev Institute of Theoretical and Applied Mathematics Pushkin str.125, Almaty 480100, Kazakhstan email: dzhenaliev@itpm.sci.kz The equations prescribed in Ω ⊂ R^n are called loaded, if they contain some operations of the traces of desired solution on manifolds (of dimension which is strongly less than n) from Closure Ω. The loaded equations are examined in Works [1], [2].

Assume we are given a bounded and regular connected open Set Ω ⊂ R^N and positive Number T (T is a final instant of time). Let Q = Ω×(0, T ), Σ = ∂Ω×(0, T ), Ω = Ω∪∂Ω.

Problem. Find a Solution u(x, t) of the Boundary Value Problem: ∂u ∂t = Δu + ∑_m k=1 M_k(x, t)u + f, {x, t} ∈ Q, ∂u ∂t + ∂u ∂⃗n + ∑_{n−1} k=1 c_k(σ, t) ∂u ∂⃗τ_k = ∑_{m+l} k=m+1 Mk(σ, t)u + g, {σ, t} ∈ Σ, u(x, 0) = u_0, x ∈ Ω, u(σ, 0) = u_1, σ ∈ ∂Ω,

Variational Methods 131

where M_k(θ, t)u = ∫ Γ_k(t) M(θ, ξ, t)D^{αk(t)}_ξ u(ξ, t)dξ, Γ_k(t) − (n − 1) − dimensional Manifolds in Ω for ∀t ∈ [0, T ], D^γ_ξ = (1 − Δ_{|∂Ω})^{γ/2} − fractional integral-differential Operator of γ-order, Δ_{|∂Ω} − the Laplace-Beltrami Operator, ⃗n, ⃗τ − the unique outer normal and tangent vectors to ∂Ω.

Theorem 1. Let f ∈ L_2(0, T ; Ξ^{−1}(Ω)), g ∈ L_2(0, T ; H^{−1/2}(∂Ω)), u_0 ∈ L_2(Ω), u_1 ∈ L_2(∂Ω). Then the Problem has unique Solution u(x, t) which satisfies

u ∈ L_2(0, T ; H^1(Ω)) ∩ L_∞(0, T ; L_2(Ω) ∩ L_2(∂Ω))

and depends continuously from f, g, u_0, u_1.

Theorem 2. Let f ∈ L_2(Q), g ∈ L_2(Σ), u_0 ∈ H^1(Ω)(u_1 = u_{0|∂Ω)}). Then the Problem has unique Solution which satisfies u ∈ L_∞(0, T ; H^1(Ω)) ∩ H^1(0, T ; L_2(Ω) ∩L_2(∂Ω)) and depends continuously from f, g, u_0. References [1] Nakhushev,A.M. Loaded Equations and its Applications. Differentsial’nye uravneniia (Russian), 19(1):86–94, (1983).

[2] Dzhenaliev, M.T. Boundary Value Problems for loaded Parabolic and Hyperbolic Equations with Derivatives in Time on Boundary Conditions. Differentsial’nye uravneniia (Russian), 28(4):661–666, (1992).

[3] Dzhenaliev, M.T. On unique Solvability of Boundary Value Problems for loaded Equations with Derivatives in Time on Boundary Conditions. Reports Ministry of Science — Academy of Sciences, Republic of Kazakhstan, (4):3–9, (1996).

On the Heat Equation with Integral Mean-Values Meyramkul Dzhenalieva Institute of Theoretical and Applied Mathematics Pushkin str.125, Almaty 480100, Kazakhstan email: dzhenaliev@itpm.sci.kz Eequations with integral mean-values arise in the search of approximative solutions of partial differential equations. For example, this approach was used for the calculation of the physical and heat engineering properties of the oiling in the bearings [1].

Let Q = {x, t|0 < x < 1, 0 < t < T }. We examine the following boundary value problem: (±)v^′(t) = ∂^2u(x, t) ∂x^2 + f in Q, u(0, t) = u(1, t) = 0 in (0, T ), v(0) = 0, where v(t) =

∫_1 0 u(ξ, t)dξ, (1)

W_1 = {u|u ∈ L_2(0, T ; H^2(0, 1) ∩ H^1_0 (0, 1)), v^′(t) ∈ L_2(0, T )}, W_2 = {u|u ∈ L_2(0, T ; H^1_0 (0, 1)), v^′(t) ∈ L_2(0, T )}.

We examine problem (1) both with the sign plus and the sign minus.

132 B. Infinite-dimensional Systems

Theorem 1. For every f ∈ L_2(Q), there is a unique u ∈ W_1 such that (1) holds. Theorem 2. For every f ∈ L_2(0, T ; H^{−1}(0, 1)), there is a unique u ∈ W_2 such that (1) holds. We examine the following generalization of problem (1): ∂v(x, t) ∂t = Δu(x, t) + f(x, t) at Ω × (0, T ),

u(x, t) = 0 at ∂Ω × (0, T ), v(x, 0) = φ(x) at Ω, v(x, t) ≡ ∑_m j=1 α_j (x)u(x_j, t). Here Ω ⊂ R^n− bounded Region, Δ− Laplace’s Operator.

References [1] Targ,S.M. The Basic Problems of the laminar Flow Theory. Moskow-Leningrad:

1951, 420p.

[2] On Heat Equation with Integral Mean-Values.I,II. Izvestiia Ministry of Science – Academy of Sciences of Kazakhstan. Seriia Phys.-math., (3):3–8, (1996); (1):24– 32, (1997).

Integral inequalities associated with Inequalities of Opial type Bronislaw Florkiewicz Wroclaw University of Technology email: florkiew@banach.im.pwr.wroc.pl Malgorzata Kuchta Wroclaw University of Technology email: kuchta@banach.im.pwr.wroc.pl We derive some new integral inequalities of the form (∗): ∫ I u|h|^p|h^′|dt ≤ (p + 1)^{p/(p+1)} (∫ I r|h^′|^{p+1}dt )_{1/(p+1)} (∫ I s|h|^p|h^′|dt )_{p/(p+1)} , h ∈ H, where I = (α, β), −∞ ≤ α < β ≤ ∞, p > 0, H is a wide, determined class of functions h, absolutely continuous on I, satisfying the limit conditions h(α) = 0 or h(β) = 0, the functions r, s and u are any set of functions related by the appropriate weight functions. The inequalities we examine are analogues of integral inequalities of Weyl type which are connected with integral inequalities of Hardy type [1]. To obtain the inequalities (∗) we use at first the uniform method of obtaining integral inequalities of Opial type of the form (∗∗): ∫ I s|h|^p|h^′|dt ≤ ∫ I r|h^′|^{p+1}dt, h ∈, H, where r is an arbitrary weight function, s depends on a parameter and is chosen appropriately for r in such a way that the inequality (∗∗) holds in a wide class of functions absolutely continuous on I [2]. Next by the optimisation with respect to parameter we obtain the inequality (∗).

Variational Methods 133

References

[1] B.Florkiewicz. On some integral inequalities of Weyl type. Colloquium Math., 49:

91-107, (1984).

[2] B.Florkiewicz. On some inequalities of Opial type. Journal of Inequalities and Applications, to appear.

Multiple existence of solutions for semilinear elliptic problems Norimichi Hirano Yokohama National University email: hirano@math.sci.ynu.ac.jp In this talk, we consider the multiple existence of semilinear elliptic problems of the form −Δu + u = g(x, u), x ∈ Ω u = 0 on ∂Ω

where Ω is an unbounded domain in IR^N and g : Ω × IR → IR is a continuous function with a superlinear growth. The existence of solutions of the problem above has been studied by many authors. In case that g(x, t) =| t |^{p−1} t with 1 < p < (N + 2)/(N − 2) and Ω = IR^N , it is well known that the problem has a unique positive solution. It is also known in this case that the problem has infinity many sign changing solutions. In this talk, we consider the existence of positive solutions and sign changing solutions for the case that g depends on x and the domain Ω is not necessarily the whole space.

References

[1] A. Bahri and P.L. Lions. On the existence of a positive solution of semilinear ellliptic equations in unbounded domains, Ann. H. Poincare Anal. Nonlineaire, 14:365-413, (1997).

[2] N. Hirano, Existence of entire positive solutions for nonhomogeneous elliptic euqations, Nonlinear Anal. , 29:889-901, (1997).

[3] X. P. Zhu, A perturbation result on positive entire solutions of a semilinear elliptic equations, J. Differential Equations , 92:163-178, (1991).

Recent results about existence of solutions to dynamic contact problems with Coulomb friction Jiří Jarušek Mathematical Institute of Academy of Sciences, Žitná 25, 115 67 Prague 1, Czech Republic email: jarusek@math.cas.cz Christof Eck Institute of Applied Mathematics, University Erlangen–Nürnberg Martensstr. 3, 91058 Erlangen, Germany email: eck@am.uni-erlangen.de

134 B. Infinite-dimensional Systems

Despite its practical application, the theory of dynamic contact problems remains underdeveloped. The Signorini contact condition to the hyperbolic system is up–to– now solvable only for half–spaces or for one space dimension. This led to introduction of some (possibly small) physically based viscosity into the elastic problems. Moreover, the Coulomb friction law creates the problem to be nonsmooth, the friction term is nonmonotone and seems to be of the same order as the volume forces.

We shall present our recent results about the existence of solutions for the approximate Signorini condition formulated in velocities. They are based on the penalization of the contact condition and on the proof of a partial regularity of solutions to such auxiliary problem (which allows the limit procedure to the original problem). The proof, employing a certain localization technique, is based on exact trace and inverse trace theorems which allow the bounds for the admissible magnitude of the coefficient of friction to be as high as possible. The bounds depend exclusively on the viscous behaviour of the material and are remarkably better for homogeneous isotropic materials. The coefficient of friction can be solution–dependent.

References [1] J. Jarušek and C. Eck. Dynamic contact problems with small Coulomb friction for viscoelastic bodies. Existence of solutions. Math. Models Meth. Appl. Sci. 9(1): 11–34, (1999).

[2] C. Eck and J. Jarušek. Existence of solutions for the dynamic frictional contact problem of isotropic viscoelastic bodies. Preprint Nr. 242, Inst. Angew. Math, Univ. Erlangen–Nürnberg 1998.

Bifurcation of homoclinic solutions for Hamiltonian systems Robert Joosten EPFL (Switzerland) email: Robert.Joosten@epfl.ch We consider the following first order Hamiltonian system Ju^′(x) + Mu(x) − ∇_sF (x, u(x)) = λu(x) where J is a 2N × 2N real matrix such that

J = −J^T = −J^{−1} ,

M is a 2N × 2N real symmetric matrix such that σ(JM) ∩ iIR = ∅ and F : IR × IR^{2N} → IR is such that lim_{|s|→0} F (x, s) |s|^2 = 0 .

We are interested in existence and bifurcation results of homoclinic solutions for a subset of such systems. By homoclinic solution, we mean a solution u(x) such that lim x→±∞ u(x) = 0.

Variational Methods 135

With global and local hypotheses on F , we prove the existence of non trivial homoclinic solutions when the parameter λ is in a small neighbourhood.

Under certain local conditions on F , we find a bifurcation point for the system. The proofs are based on variational arguments developed in the reference below.

References [1] C. A. Stuart. Bifurcations into spectral gaps. Supplement to Bull. Soc. Math.

Belgique, (1995).

The shape of functions yielding best constants in Sobolev-type inequalities Bernd Kawohl Mathemaisches Institut, Universitët zu Köln email: kawohl@mi.uni-koeln.de

If for p, q ∈ [1, ∞] one looks for minimizers u of

J_1(v) := ||∇v||_Lp_{(Ω)} ||v||_Lq_{(Ω)} on W^{1,p}(Ω) ∩ ∫ Ω v dx = 0 (1) or J_2(v) := ||v||_W 1,p_{(Ω)} ||v||_Lq_{(Ω)} on W^{1,p}(Ω), (2)

then already in one space dimension, for Ω = [−1, 1] the shape of minimizers varies considerably in q, for fixed p.

As shown in [1], the minimizer u_1 of (1) changes of course sign and is odd and monotone for q ≤ 2p + 1 and not odd but still monotone for q > 4p − 1. This improves results in [2] and [3].

The minimizer u_2 of (2) is always of one sign. In fact it is constant for q ≤ p, but nonconstant, positive, strictly monotone and has exactly one inflection point for p < q < ∞, which moves to the boundary as q → ∞. The case q = ∞ was treated in [4].

References [1] M.Belloni & B.Kawohl. A symmetry problem related to Wirtinger’s and Poincarè’s inequality. J. Differ. Equations, to appear.

[2] B.Dacorogna, W. Gangbo & N.Subia. Sur une généralisation de l’inégalité de Wirtinger. Ann. Inst. Henri Poincarè. Analyse Nonlin. 9 29–50, (1992) [3] Y.V.Egorov. On a Kondratiev problem. C. R. Acad. Sci. Paris, Ser. I, 324 503–507, (1997).

[4] J.T.Marti, Evaluation of the least constant in Sobolev inequality for H^1(0, s). SIAM J.Numer. Anal. 20 1239–1242, (1983)

136 B. Infinite-dimensional Systems

Gradient flow for Willmore surfaces Ernst Kuwert Universität Freiburg email: kuwert@mathematik.uni-freiburg.de

Here we report on joint work with Reiner Schätzle (Freiburg). An immersion f : Σ → IR^3 of a closed, oriented surface Σ is called a Willmore surface if it is critical for the Willmore integral W (f) = ∫ Σ H^2 dμ, (1)

where H =^{κ1+κ2}_2 is the mean curvature and dμ is the induced area element. L. Simon used the direct method to prove the existence of a minimizing torus, see also [2]. Here we propose the study of the corresponding L^2 gradient flow

∂_tf = (ΔH + 2H(H^2 − K))ν, (2)

where ν is the unit normal and K = κ_1κ_2 is the Gauß curvature. It is not clear whether (2) develops singularities in finite time and whether it converges as t → ∞. We prove a lower bound for the maximal lifespan T > 0 of the solution to (2) depending on how much the curvature is concentrated in L^2 for the initial surface. More precisely for 0 < ε_0 < 8π we introduce the quantity

r_0(f) = inf{r > 0 : ∃ x ∈ IR^3 with ∫ f^{−1}(B(x,r)) |A|^2 dμ ≥ ε_0} (3)

and prove the following result: Theorem Let f_0 : Σ → IR^3 satisfy ∫ Σ |A_0|^2 dμ_0 ≤ Λ < ∞. There are constants ε_0 > 0, c_0 < ∞ depending only on Λ such that T ≥ c_0 r_{ε0} (f_0)^4 =: T_0. On [0, T_0] the solution is estimated in terms of the initial data.

If the flow blows up at T < ∞, the result implies r_{ε0} (f) ≤ (_{T −t} c_0 )_{1/4} → 0 and thus the curvature concentrates.

References [1] Simon, L., Existence of surfaces minimizing the Willmore functional. Communications in Analysis and Geometry, 1(2):281-326, (1993).

[2] Kusner, R., Estimates for the biharmonic energy on unbounded planar domains, and the existence of surfaces of every genus that minimize the squared-mean-curvature integral. In Elliptic and parabolic methods in geometry :67-72 (1996).

Regularity for minimizers of some variational integrals F. Leonetti Dipartimento di Matematica Pura ed Applicata, Università di L’Aquila, 67100 L’Aquila, Italy email: leonetti@univaq.it

Variational Methods 137

We consider integral functionals of the calculus of variations F(u, Ω) = ∫ Ω f(Du) dx, (1) where Ω is an open subset of IR^n, n ≥ 2, u : Ω → IR^N , N ≥ 1 and the integrand f satisfies the following growth assumption | z |^p≤ f(z) ≤ L(1+ | z |^q), (2) q ≥ p ≥ 2, z ∈ IR^{nN} . A wide literature has been devoted to the study of regularity properties of local minimizers of (1) when q = p. More recently, the case q > p has been considered. In particular, in the scalar case (N = 1) regularity of local minimizers has been proved, provided q and p are not too far apart. Counterexamples show that restrictions on the exponents p, q have to be assumed in order to have regular minimizers, [1, 2, 3]. Now we consider the vectorial case N ≥ 1 and we deal with higher integrability. In our setting a local minimizer of F is a function u ∈ W^{1,1}_{loc} (Ω) such that

f(Du) ∈ L^1_{loc}(Ω) (3)

and ∫ suppφ f(Du) dx ≤ ∫ suppφ f(Du + Dφ) dx, (4) for every φ ∈ W^{1,1}(Ω) with suppφ ⊂⊂ Ω. By (2) and (3) we only have that u ∈ W^{1,p}_{loc} (Ω): we prove (see [4]) that the minimality of u boosts its integrability from W^{1,p}_{loc} (Ω) to W^{1,q}_{loc} (Ω) provided q < p + 2 min{1, p n }. (5) Once we filled the gap between p and q, standard technique allows us to get higher differentiability and further higher integrability.

References [1] Growth conditions and regularity, a counterexample Manuscripta Math. 59 (1987) 245–248 [2] solution discontinue d’un probleme variationnel dans le cas scalaire, preprint Istituto Matematico U. Dini, Universita’ di Firenze, 1987/88, n. 11 [3] Hong Ming Chung, Some remarks on the minimizers of variational integrals with non standard growth conditions Boll. Un. Mat. Ital. A 6 (1992) 91–101 [4] L. Esposito, F. Leonetti and G. Mingione, Higher integrability for minimizers of integral functionals with (p,q) growth preprint

Closed Surfaces Minimizing the Bending Energy under Prescribed Area and Volume Takeyuki Nagasawa Tôhoku University, Sendai, Japan email: nagasawa@math.tohoku.ac.jp

138 B. Infinite-dimensional Systems

Izumi Takagi Tôhoku University, Sendai, Japan email: takagi@math.tohoku.ac.jp Let Σ ⊂ IR^3 be a closed surface, and h be its mean curvature whose sign is positive for convex surfaces. We consider a variational problem for the bending energy

W (Σ) = ∫ Σ (h − c_0)^2dS

under the prescribed area A(Σ) and volume V (Σ). Minimizers of this problem are interpreted as models of the shape of red blood cells [1,2]. Here, the constant c_0 denotes the spontaneous curvature for the red blood cell membrane. If Σ is a critical point, then it satisfies δW (Σ) + λ_1δA(Σ) + λ_2δV (Σ) = 0,

where δ means the first variation, and λ_i’s are the Lagrange multipliers. This is a second order elliptic partial differential equation for h.

Many results on the existence of critical points as well as their stability have been obtained numerically or by formal computations. For instance, Jenkins [3] obtained numerically bifurcating families of critical points near the sphere which are surfaces of revolution (in the case c_0 = 0). Subsequently Peterson [5] and Ou-Yang and Helfrich [4] carried out formal analysis of the stability/instability of the lowest-mode solution.

The purpose of this work is (i) to point out some subtleties overlooked in those formal analyses, (ii) to give a solid mathematical basis for the bifurcation analysis, and (iii) to prove, among other things, that there do exist local minimizers near the sphere unless c_0 coincides with an exceptional value.

References [1] P. B. Canham. The minimum energy of bending as a possible explanation of the biconcave shape of the red blood cell. J. Theor. Biol., 26: 61–81, (1970). (year).

[2] W. Heilfrich. Elastic properties of lipid bilayer: Theory and possible experiments.

Z. Naturforsch., 28c: 693–703, (1973). (year).

[3] J. T. Jenkins. Static equilibrium configurations of a model red blood cell. J. Math.

Biol., 4: 149–169, (1977).

[4] Ou-Yang Zhong-can & W. Helfrich. Bending energy of vesicle membranes: General expressions for the first, second, and third variation of the shape energy and applications to spheres and cylinders. Phys. Rev. A (3), 39 (10): 5280–5288, (1989).

[5] M. A. Peterson. An instability of the red blood cell shape. J. Appl. Phys., 57 (5):

1739–1742, (1985).

Multiple solutions for an elliptic equation with non–homogeneous boundary conditions Addolorata Salvatore University of Bari, Italy email: salvator@pascal.dm.uniba.it

Variational Methods 139

Anna Maria Candela University of Bari, Italy email: candela@pascal.dm.uniba.it Let us consider the nonlinear elliptic problem { Δu + |u|^{p−2} u = 0 in Ω u = g on ∂Ω (1) where Ω is an open smooth bounded subset of IR^N , N ≥ 2, g ∈ C(∂Ω) ∩ H^{1/2}(∂Ω) and p > 2 is fixed.

If g ≡ 0, it is well known that (1) has infinitely many distinct solutions for 2 < p <^{2N}_{N−2} if N ≥ 3 or p > 2 if N = 2. In this case the energy functional is even in a Banach space, then such results have been proved by using variational methods and the properties of the genus for symmetric sets.

On the contrary, if g ≢ 0 the problem (1) loses its symmetry and the energy functional is not invariant under any group of symmetries.

However, we prove that it is possible to apply a perturbative method introduced by Rabinowitz and developed by Bahri – Berestycki and Struwe. Hence, for p > 2 but not too larger, the existence of infinitely many solutions of (1) with higher and higher energy can be stated (see [2]).

Further generalizations of this result are contained in [1] and [3].

References [1] P. Bolle – N. Ghoussoub – H. Tehrani. Bolle’s method and the multiplicity of solutions in non–homogeneous boundary value problems. Preprint.

[2] A.M. Candela – A. Salvatore. Multiplicity results of an elliptic equation with non– homogeneous boundary conditions. Topol. Methods Nonlinear Anal., 11: 1–18, (1998).

[3] A.M. Candela – A. Salvatore. Some applications of a perturbative method to elliptic equations with non–homogeneous boundary conditions. Preprint.

Convexity estimates for mean curvature flow of mean convex surfaces Carlo Sinestrari Università di Roma “Tor Vergata” email: sinestra@axp.mat.uniroma2.it

We consider a family M_t (t ≥ 0) of n–dimensional immersed surfaces in IR^{n+1} evolving by mean curvature flow under the assumption that the initial surface M_0 is smooth, closed and mean convex (i.e. with nonnegative mean curvature). Then the flow is defined up to some critical time T at which the curvature becomes unbounded. Our aim is to describe the singular behaviour as t → T using rescaling techniques.

The paper [2] considered the case of surfaces satisfying a bound of the type H ≤ C/ √ T − t for the mean curvature H. It was shown that any limit of rescalings of such surfaces is a self-similar homothetically shrinking solution of the flow.

140 B. Infinite-dimensional Systems

Here we develop a different approach, based on a–priori estimates, which can be applied without restrictions on the growth of H. We denote by λ_1, . . . , λ_n the principal curvatures of the evolving surfaces M_t and let S_k (k = 1, . . . , n) be the elementary symmetric polynomial of degree k evaluated in λ_1, . . . , λ_n. In particular, S_1 = H. Then our main result is (see [3,4])

Theorem 1 Let M_t be a family of surfaces evolving by mean curvature flow with M_0 closed and mean convex. Then, for any η > 0 there exists C_η such that the estimate S_k ≥ −ηH^k − C_η holds on M_t for any t ∈ [0, T [ and for all k = 2, . . . , n.

The arbitrariness of η breaks the scaling invariance in the above inequality and implies that near a singularity, where H becomes unbounded, each S_k becomes nonnegative after rescaling:

Corollary 2 Let M_t be a solution of mean curvature flow as in Theorem 1. Then any smooth rescaling of the singularity for t → T is convex.

Once we know that the rescaling is convex, we can use the results of [1] about convex eternal solution of the flow to describe the profile of the surfaces which do not satisfy the growth restriction mentioned above. We show that in this case the rescaling procedure yields a translating solution of the flow.

References [1] R.S. Hamilton. Harnack estimate for the mean curvature flow. J. Differential Geom., 41:215–226, (1995).

[2] G. Huisken. Asymptotic behaviour for singularities of the mean curvature flow. J.

Diff. Geom., 31:285–299, (1990).

[3] G. Huisken, C. Sinestrari. Mean curvature flow singularities for mean convex surfaces. Calc. Variations, 8:1–14, (1999).

[4] G. Huisken, C. Sinestrari. Convexity estimates for mean curvature flow and singularities of mean convex surfaces. Acta Math., to appear.

Some general quadratic integral inequalities of the second order Katarzyna Wojteczek Technical University of Opole email: kwoj@polo.po.opole.pl Integral inequalities of the second order of the form (1) ∫ I sh^2dt ≤ ∫ I rh^{′′2}dt, h ∈ H, where I = (α, β), −∞ ≤ α < β ≤ ∞, r and s are real functions of the variable t, H is a class of functions h absolutely continuous on I, have been considered by many authors. They have been also derived by Florkiewicz and Wojteczek (see [1]) using the uniform method of obtaining integral inequalities involving a function and its derivatives.

Variational Methods 141

Now we shall derive integral inequalities of the form (2) ∫ I (rh^{′′2} + sh^{′2} + uh^2)dt ≥ 0, h ∈ Ĥ, using a generalization of this uniform method.

This generalization of the uniform method lets us for a given function r and auxiliary functions φ_1, φ_2 to determine directly the weight functions s and u and use them to build a wide class Ĥ of functions h for which the inequality (2) holds.

Then, using the inequality (2), we shall obtain some integral inequalities with constant weight functions, e.g. classical Hardy, Littlewood and Polya inequality of the form (3) ∫ I (h^{′′2} − h^{′2} + h^2)dt ≥ 0,

(see [2]) and examine the classes of functions h for which these inequallities hold.

References

[1] B. Florkiewicz and K. Wojteczek. Some second order integral inequalities of generalized Hardy-type. Royal Soc. Edinburgh Proc. A (Math.), in print.

[2] C.D. Ahlbrant, Variational Inequalities, in Inequalities, ed. W.N. Everitt 129:1-19, (1991).

Bifurcation Results for a Class of Quasilinear Elliptic Systems on R^n Nikos Zographopoulos National Technical University of Athens email: nz@math.ntua.gr In this paper we prove the existence of a branch of solutions for the system −Δ_pu = λa(x)|u|^{p−2}u + F_1(x, λ, u, v), x ∈ R^n −Δ_qv = λd(x)|v|^{q−2}v + F_2(x, λ, u, v), x ∈ R^n under certain conditions for p,q,F_1, F_2. This fact is achieved by applying degree theory. It was possible to carry out these methods by working between certain equivalent weighted and homogeneous Sobolev spaces.

References

[1] P. Drábek, Y.X. Huang, Bifurcation Problems for the p-Laplacian in R^n. Trans.

Amer. Math. Soc., 349(171-188), (1997).

[2] J. Fleckinger, R. Manasevich, N. Stavrakakis, F. de Thélin, Principal Eigenvalues for some Quasilinear Elliptic Systems on R^n. Advances in Diff. Eq., to appear.

Posters

Direct gradient method for semilinear elliptic systems János Karátson Eötvös Loránd University, Applied Analysis Department, Budapest email: karatson@cs.elte.hu

142 B. Infinite-dimensional Systems

The subject of this paper is the numerical solution of semilinear elliptic systems { T_i(u_1, . . . , u_r) ≡ −div (a_i(x)∇u_i) + f_i(x, u_1, . . . , u_r) = g_i(x) in Ω Qu_i ≡ α(x)u_i + β(x)∂_ν u_{i|∂Ω} = 0 (1) (i = 1, . . . , r), where a_i(x) ≥ m > 0 and the eigenvalues λ of the matrices {_{∂fj (x,ξ)} ∂ξ_i } fulfil 0 ≤ κ ≤ λ ≤ κ^′ + γ^r ∑ j=1 |ξ_j|^{p−2}. We investigate the application of the Hilbert space

version of the gradient method (GM) to system (1). Whereas the usual application of the GM is done after discretization , our approach is, in contrast, to execute the iteration directly in the corresponding Sobolev space, which demands the solution of linear auxiliary problems.

It is proved that for any u^0 = (u^0_1, . . . , u^0_r) ∈ H^2(Ω)^r with Qu_i = 0 (i = 1, . . . , r) in trace sense we can suitably define M > 0 such that the sequence

u^{k+1}_i = u^k_i − 2 M + m (−Δ)^{−1}(T_i(u^k) − g_i) (k ∈ N; i = 1, . . . , r)

converges to the weak solution u^∗ = (u^∗_1, . . . , u^∗_r) of (1) according to the estimate

‖u^k − u^∗‖_H1_{0 (Ω)}r ≤ const.· ( M − m M + m )_k . The solution of the auxiliary equations can be achieved by discretization, thus linear algebraic systems have to be solved instead of nonlinear ones obtained from discretizing (1). (A suitable FEM or FDM might be used here, similarly to the case of the Dirichlet problem.)

We examine some special domains in the case of polynomial nonlinearity when the auxiliary equations can be sol ved directly (without discretization). This includes domains that can be suitably transformed to a ball, cube or an annulus. Numerical examples of the solution of elliptic RDE equations are given.

Bifurcation of some semilinear elliptic equations Peter L. Simon Eötvös Loránd University, Applied Analysis Department, Budapest email: simonp@cs.elte.hu

János Karátson Eötvös Loránd University, Applied Analysis Department, Budapest email: karatson@cs.elte.hu We investigate the exact number of positive solutions of the semilinear boundary value problem Δu + f(u) = 0 u_{|∂BR} = 0 } (BV P ) where B_R ⊂ R^n is the ball centered at the origin with radius R and f is a C^2 convex function on [0, ∞). Our aim is to determine the bifurcation diagram of positive solutions

Viscosity Solutions 143

versus the radius R and to classify every strictly convex C^2 function according to the shape of the bifurcation diagram.

As is well-known, every positive solution of (BVP) is radially symmetric, hence it satisfies an ODE boundary value problem on the interval [0, R]. Then positive solutions of (BVP) can be obtained by the shooting method. We investigate the number of positive solutions via the time-map. Our aim is the describe the shape of the time-map, which is achieved through the following three characteristic properties:

• the domain of the time-map

• the limit of the time-map at the boundary points of its domain

• the monotonicity of the time-map on the maximal subintervals of its domain.

Using this the exact number of positive solutions of (BVP) can be determined.

We present different results on the above properties for n ≥ 1 and establish the bifurcation diagram for certain convex functions. In the one-dimensional case a full characterization is given for strictly convex C^2 functions.

2.11 Viscosity Solutions

Organizer : Neil Trudinger

Key note lecture

Homogenization of Hamilton–Jacobi PDE and Hamiltonian dynamics Lawrence C. Evans Department of Mathematics, University of California, Berkeley email: evans@math.berkeley.edu I will discuss some recent work (done jointly with D. Gomes) concerning the homogenization of Hamilton–Jacobi PDE in the spirit of Lions–Papanicolaou–Varadhan. The principal new ideas concern the interpretations and implications of the “effective” Hamiltonian for the long time asymptotics of certain solutions of the related Hamiltonian ODE.

Invited lectures

Singularities of Concave Solutions to Hamilton-Jacobi Equations Paolo Albano Dipartimento di Matematica, Università di Roma Tor Vergata email: albano@axp.mat.uniroma2.it

144 B. Infinite-dimensional Systems

Piermarco Cannarsa Dipartimento di Matematica, Università di Roma Tor Vergata email: cannarsa@axp.mat.uniroma2.it After a general introduction to the properties of the singular set (points of nondifferentiability) of viscosity solutions to nonlinear first order partial differential equations, the authors investigate the structure of such a set. In particular, a new technique introduced in [1] for studying propagation of singularities will be presented and compared with earlier methods.

Finally, the special case of a Hamilton-Jacobi equation of the form

u_t + H(Du) = 0 a.e. in IR_+ × IR^n

with initial condition u(x, 0) = u_0(x)

will be considered. It is well known that the solution of the above problem is concave with respect to x whenever the initial datum u_0 is concave and the Hamiltonian H is convex (see e.g. [2]). Actually, using Hopf’s formula, one can prove that u is concave in IR_+ × IR^n. For such a solution the authors show that singularities propagate, from any initial singular point (t_0, x_0), along a Lipschitz arc (t, x(t)) for all times t ≥ t_0 up to +∞. Moreover, the singular arc x(t) satisfies the generalized equation of characteristics ẋ(t) ∈ ∇H(D^+u(t, x(t))) t ≥ t_0 a.e. References

[1] P.Albano and P.Cannarsa. Singularities of semiconcave functions in Banach spaces.

Stochastic Analysis, Control, Optimization and Applications (W.M.McEneaney, G.G.Yin and Q.Zhang eds), Birkhäuser, Boston:171–190, (1999).

[2] L.C. Evans. Partial differential equations. American Mathematical Society, Graduate studies in Mathematics v. 19: (1998).

On the rate of convergence in the homogenization of HJ equations Italo Capuzzo Dolcetta Universita’ Roma La Sapienza email: capuzzo@mat.uniroma1.it The homogenization of partial differential equations can be regarded as an asymptotic process in which one looks at the limiting behaviour of solutions of a PDE with a rapidly oscillating structure as the frequency of oscillations tends to infinity.

We shall consider here fully nonlinear first order scalar partial differential equations of Hamilton-Jacobi type such as u^ϵ(x) + H(x, x ϵ , Du^ϵ(x)) = 0 in IR^N (1)

where ϵ is a small positive parameter and the Hamiltonian H satisfies

ξ → H(x, ξ, p) is Z^N − periodic (2)

Viscosity Solutions 145

for each (x, p) ∈ IR^{2N} . Equations of type (1) arise for example, via dynamic programming, in optimization problems for non linear control systems with rapidly oscillating dynamics. Although the importance of homogenization of Hamilton-Jacobi equations the first step on this subject was taken in 1985 by P. L. Lions, G. Papanicolau and S.R.S.Varadhan who established that, as ϵ tends to 0, the limit problem of equations (1) is given by u(x) + H(x, Du(x)) = 0 , x in IR^N (3)

where the effective Hamiltonian H is obtained by solving the so-called cell problem (which, in the control theoretic interpretation, can be seen as an ergodic control problem) . The next major contributions are due to L.C.Evans (1989) who developed the perturbed test functions methods for studying the homogenization problem in the framework of the theory of viscosity solutions. Further reaserch in this direction has been performed by M.C. Concordel, K. Horie and H. Ishii, O. Alvarez.

The question of estimating, in terms of ϵ , the rate of the uniform convergence of solutions of equations (1) to the solution of equation (3) has not been tackled up to now, at least in our knowledge. The purpose of this talk is to present some recent results in this direction obtained in collaboration with H. Ishii. Our main result is as follows:

Theorem Assume that H satisfies assumption (2), ν|p| − M ≤ H(x, ξ, p) ≤ ν|p| + M (x, ξ, p ∈ IR^N ), and ‖D H‖_∞ ≤ M, for some constant M > 0 and let u^ϵ,u ∈ BUC(IR^N ) be respectively the viscosity solutions of equations (1) and (3).

Then there is a constant C > 0 independent of ϵ ∈ (0, 1) such that |u^ϵ(x) − u(x)| ≤ Cϵ^{1/3} (x ∈ IR^N ).

Almost Periodic Homogenization of Hamilton-Jacobi Equations Hitoshi Ishii Tokyo Metropolitan University email: ishii@hitoshi.math.metro-u.ac.jp I shall discuss the almost periodic homogenization of the Hamilton-Jacobi equation λu^ε(x) + H(x, x/ε, u^ε(x), Du^ε(x)) = 0 in IR^N . Here λ > 0 is a given constant, H is a given continuous real function on IR^N × IR^N × IR × IR^N , which is often called the Hamiltonian, u^ε represents the unknown function, and ε > 0 is a small parameter to be sent to zero. The question addressed here is the characterization of the limit function of u^ε as ε → 0. Main assumptions on H(x, y, r, p) are its coercitiveness in the p variable and its almost periodicity in the y variable. The results I shall explain describe the limit partial differential equation which the limit function should solve and show the uniform convergence of u^ε to the solution of the limit equation under the assumptions above together with some other mild assumptions.

146 B. Infinite-dimensional Systems

References

[1] O. Alvarez. Homogenization of Hamilton-Jacobi equations in perforated sets. preprint.

[2] M. Arisawa. Multiscale homogenizations for first-order Hamilton-Jacobi-Bellman equations. to appear.

[3] K. Horie and H. Ishii, Homogenization of Hamilton-Jacobi equations on domains with small scale structure. Indiana Univ. Math. J., 47)(3):1011-1057, (1998).

[4] P-L. Lions, G. Papanicolaou, and S. R. S. Varadhan. Homogenizations of Hamilton-Jacobi equations. unpublished.

[5] L. E. Evans. Periodic homogenisation of certain fully nonlinear partial differential equations. Proc. Roy. Soc. Edinburgh Sect. A, 120:245-265, (1992).

Hessian Measures Neil S. Trudinger Centre for Mathematics and its Applications, Australian National University, Canberra, Australia email: Neil.Trudinger@anu.edu.au Hessian measures are defined through the action of certain second order, partial differential operators on associated classes of subharmonic functions. Special cases are the distributional Laplacian acting on classical subharmonic functions and the Monge- Ampere measure of Aleksandrov, as determined by the action of the Monge-Ampere operator on the class of convex functions. In the complex case, a measure arises through the action of the complex Monge-Ampere operator on certain plurisubharmonic functions.For these and more general operators,the associated classes of subharmonic functions are the viscosity subsolutions, and one is led to the general question of how the operator acts on its viscosity subsolutions. In this talk,we present a recent result,with Xu-jia Wang,on the weak continuity of operators given as elementary symmetric functions of the eigenvalues of the Hessian matrix of second derivatives.We also explore the extension of our techniques to other classes of operators,including quasilinear operators.

Contributed talks

Propagation of Maxima and Strong Maximum Principle for Degenerate Elliptic equations Martino Bardi Dept. of Mathematics, University of Padova, Via Belzoni 7, 35100, Padova, Italy email: bardi@math.unipd.it

Francesca Da Lio Dept. of Mathematics, University of Padova, Via Belzoni 7, 35100, Padova, Italy email: dalio@math.unipd.it We consider 2nd order partial differential equations of the form F (x, u, Du, D^2u) = 0, in Ω, (1)

Viscosity Solutions 147

where Ω ⊆ IR^N is an open set, F : Ω × IR × IR^N × S(N) → IR, Du corresponds to the gradient of u, D^2u corresponds to the matrix of second derivatives of u and S(N) is the set of symmetric N × N matrices. We require that F satisfies a very weak ellipticity condition.

We extend a Boundary Hopf Lemma and the Strong Maximum Principle to semicontinuous viscosity subsolutions of (1). We test our assumptions on several examples involving for instance the p-Laplacian and the minimal surfaces operator. We can cover equations that are singular at p = 0 and very degenerate operators such as the ∞- Laplacian and some first order Hamilton-Jacobi equations. Moreover we characterize the set of propagation of maxima of the subsolutions of 2nd order Hamilton-Jacobi-Bellman equations. More precisely we consider 2nd order operators which can be represented as the supremum or the infimum of a parametrized family of linear operators. We show that the set where a maximum propagates contains the reachable set of a suitable deterministic controlled system as well the reachable set of a controlled stochastic differential equation. We also derive a Strong Maximum Principle for fully nonlinear equations satisfying a suitable version of Hörmander hypoellipticity condition.

References [1] M.Bardi, F. Da Lio. On the strong maximum principle for fully nonlinear degenerate elliptic equations. Arch. Math. to appear.

[2] M.Bardi, F. Da Lio. Propagation of maxima and strong maximum principle for viscosity solutions of degenerate elliptic equations. I: convex operators. Preprint 29, (1998), Dept. of Mathematics, University of Padova.

[3] J.M. Bony. Principe du maximum, inégalité de Harnack et unicité du probléme de Cauchy pour les opérateurs elliptiques dégénérés. Ann.Inst.Fourier (Grenoble) volume (19):277–304 (1969).

[4] D.W. Stroock, S.R.S. Varadhan. On the support of diffusion processes with applications to the strong maximum principle.Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics and Probability (Univ. California, Berkeley, Calif., 1970/1971), volume III: Probability theory, pp. 333–359. Univ. California Press, Berkeley, Calif., (1972).

On the Liouville property for viscosity solutions of fully nonlinear elliptic problems Alessandra Cutrì University ”Tor Vergata”, Rome email: cutri@mat.uniroma2.it

The classical Liouville theorem states that every bounded either from above or from below harmonic function in IR^N is constant. This property still holds for nonnegative, superharmonic functions in IR^N , provided that N ≤ 2.

In recent years, the Liouville property has been generalized to semilinear elliptic equations stating the nonexistence of positive solutions in unbounded domains and it has been the object of a keen interest in the literature, also for its connection with the problem of the a priori bounds and the existence of positive solutions of superlinear

148 B. Infinite-dimensional Systems

boundary value problems in bounded domains, see e.g. [1,2,4.5] and the references therein.

I will present some results, obtained in a joint work with Fabiana Leoni (see [3]), concerning the Liouville property for nonnegative viscosity supersolutions of a class of fully nonlinear uniformly elliptic equations in IR^N . The first one regards the problem:

u ≥ 0 , −M^+_{λ,Λ}(D^2u) ≥ 0 in IR^N ,

where M^+_{λ,Λ}, for fixed 0 < λ ≤ Λ, is the Pucci extremal operator

M^+_{λ,Λ}(D^2u) = sup_{A∈Aλ,Λ} tr(AD^2u)

with A_{λ,Λ} = {A ∈ S_N : λ|ξ|^2 ≤ A ξ · ξ ≤ Λ|ξ|^2, ∀ ξ ∈ IR^N }. I will show that u is constant provided that N ≤ 1 +^Λ_λ .

The second one is relative to the problem:

u ≥ 0 , F (x, D^2u) − h(x)u^p ≥ 0 in IR^N ,

where F is a uniformly elliptic operator with ellipticity constants 0 < λ ≤ Λ. Under some optimal restrictions on h ≥ 0 and p, the only solution is u ≡ 0. References [1] H.Berestycki, I.Capuzzo Dolcetta, L.Nirenberg. Superlinear indefinite elliptic problems and nonlinear Liouville theorems. Topological Methods in Nonlinear Analysis, 4:59-78, (1994).

[2] I.Capuzzo Dolcetta, A.Cutrì. On the Liouville property for sublaplacians. Ann.

Sc. Norm. Pisa Cl. Sci. (4), 25(1-2):239-256, (1997).

[3] A.Cutrì, F.Leoni. On the Liouville property for fully nonlinear equations. Ann.

Inst. Henri Poincaré, Analyse Non Linéaire, to appear.

[4] B.Gidas, J.Spruck. Global and local behavior of positive solutions of nonlinear elliptic equations. Comm.in PDE, 35:525-598, (1981).

[5] B.Gidas, J.Spruck. A priori bounds for positive solutions of nonlinear elliptic equations. Comm.in PDE, 8:883-901, (1981).

Lyapunov functions for infinite-dimensional systems Maciej Kocan University of Cologne email: mkocan@mi.uni-koeln.de Pierpaolo Soravia University of Padova email: soravia@math.unipd.it We study Lyapunov functions for infinite dimensional dynamical systems governed by general maximal monotone operators. We obtain a characterization of Lyapunov pairs by means of the associated Hamilton-Jacobi partial differential equations, whose solutions are meant in viscosity sense, as evolved in works of Tataru [1] and Crandall-Lions. Our approach leads to a new sufficient condition for Lyapunov pairs, generalizing a classical result of Pazy [2].

Viscosity Solutions 149

References

[1] D. Tataru. Viscosity solutions for Hamilton-Jacobi equations with unbounded nonlinear terms. J. Math. Anal. Appl., 163:345–392, (1992).

[2] A. Pazy. The Lyapunov method for semigroups of nonlinear contractions in Banach spaces. J. Analyse Math., 40:239–262, (1981).

Gradient estimates, interior gradient blow up and comparison principle of nonlinear pde’s Nikolai Kutev Institute of Mathemtics, Sofia 1113, Bulgaria and Mathematisches Institut der Universität zu Köln, Weyertal 86-90, 50931 Köln email: kutev@mi.uni-koeln.de A comparison principle for semicontinuous viscosity sub- and supersolutions of general fully nonlinear second order elliptic equations F (x, u, Du, D^2u) = 0 is proved. The case of uniformly elliptic equations as well as degenerate elliptic ones is considered. As an application, existence and uniqueness of the continuous viscosity solutions is obtained. Under the precise conditions for the validity of the comparison principle Lipschitz regularity of the continuous viscosity solutions is given. If these conditions fail, existence of continuous viscosity solutions which are not Lipschitz in the interior of the domain is proved. As a consequence of the interior gradient blow ups the viscosity solutions form interior jump discontinuities with an infinite gradient at the points of discontinuity in the strictly elliptic case. The concept of jump discontinuous viscosity solutions for nonlinear problems with interior gradient blow-up phenomena is discussed.

The minimum time function for control systems with controls in L^p, p ≥ 1 Monica Motta Università di Padova - Italyemail: motta@math.unipd.it Caterina Sartori Università di Padova - Italyemail: sartori@dmsa.unipd.it We study the properties of the minimum time function to reach the origin and its relative reachable set for the solutions y_x(·, u) of a control system of the form ẏ(t) = Ay(t) + Bu(t) t > 0, y(0) = x ∈ IR^n where the admissible controls belong to the set U_{p,k} = {L^p([0, +∞[, IR^m) : ‖u‖_p ≤ k}. Moreover we want to characterize such a function, denoted by T_p(x, k), and the reachable set R_p = ∪_{k>0}{x : ∃t ≥ 0, ∃u ∈ U_{p,k} : y_x(t, u) = 0} × {k}; by means of an opportune boundary value problem associated to the (HJB) equation.

In case p = +∞ everything is well known both for regularity and characterization of T_∞ and R_∞ (see e.g. [1]). If p > 1, under controllability conditions there are only regularity results for the k–sections T_p(·, k) (see [2]), and there is no characterization of T_p, R_p through the (HJB) equation. If p = 1, (to our knowledge) nothing is known.

150 B. Infinite-dimensional Systems

As new results we prove that, under the Kalman condition, if p > 1 then (x, k) → T_p(x, k) is continuous on R_p; while if p = 1 then T_1 is continuous on the interior of R_1 (R_1 fails in general to be an open set). Moreover for p ≥ 1 we characterize the function T_p and the reachable set R_p by means of the unique bounded bilateral viscosity solution W_p to the boundary value problem given by max w_0≥0, |(w_0,u)|=1 {− ∂W ∂x (x, k)(Axw_0 + Bu) + ∂W ∂k (x, k)|u|^p − e^{−k}w^p_0 + W (w^p_0 + |u|^p)} = 0

on (IR^n \ {0})×]0, +∞[, and the boundary conditions W (0, k) = 0 ∀k ≥ 0, W (x, 0) = 1 ∀x ≠ 0. More precisely, one obtains that for any fixed k > 0 one has T_p(x, k) = − log(1 − e^kW_p(x, k)); R_p = {(x, k) : W_p(x, k) < e^{−k}} if p > 1, while for p = 1 Int R_p = Int{(x, k) : W_p(x, k) < e^{−k}}.

We remark that these results are proven also for a wide class of nonlinear systems with controls bounded in L^p– norm (p ≥ 1).

References [1] M. Bardi and I. Capuzzo-Dolcetta. Optimal control and viscosity solutions of Hamilton-Jacobi-Bellman equations. Systems and Controls: Foundations and Applications, Birkhäuser, Boston (1997).

[2] F. Gozzi and P. Loreti. Regularity of the minimum time function and minimum energy problems: the linear case Preprint.

Existence, uniqueness and regularity of the solution of a Dirichlet problem Maria Alessandra Ragusa Dipartimento di Matematica, Viale A.Doria,6 -95125, Catania, Italy email: maragusa@dipmat.unict.it The aim of this lecture is to continue the study begun in [4] and to extend the local regularity properties of the solutions of the elliptic second order divergence form operators to global ones obtaining, for the solution of a Dirichlet problem, the global Hölder regularity.

Let us consider a bounded open set Ω in IR^n, n ≥ 3, and H^{1,p,λ}_0 (Ω) the subset of functions u ∈ H^{1,p}_0 (Ω) such that its first derivatives lie in the Morrey space L^{p,λ}(Ω) and the following Dirichlet problem { Lu ≡ − ∑_n i,j=1(aij(x)uxi )xj = div(f) a. e. in Ω, u ∈ H^{1,p,λ}_0 (Ω), 1 < p < ∞, 0 < λ < n. The coefficients a_{ij} are discontinuous, precisely they are assumed to be in the subset V.M.O. of the John-Nirenberg space whose elements have norm on the balls vanishing as the radius of the balls approaches zero. The known term f = (f_1, . . . , f_n) is supposed such that f_i belongs to the Morrey space ∈ L^{p,λ}(Ω), ∀i = 1, . . . , n.

Viscosity Solutions 151

Under these assumptions there exists the unique solution u ∈ H^{1,p,λ}_0 (Ω) of the above Dirichlet problem.

Moreover, there exists a constant k independent on f such that

‖u‖_C0,α_(¯_{Ω)} ≤ k‖f‖_Lp,λ_{(Ω)}, where α = 1 − n p + λ p , p > n − λ. The technique used is similar to that used for the nondivergence form elliptic equation in [3]. In this paper the authors derive a C^{1,α}_{loc} −regularity result, related to that of Caffarelli contained in [1] and [2] about the W^{2,p} viscosity solutions, using an integral representation formula for the second derivatives of the solutions of the above equation.

References [1] L. Caffarelli. Elliptic second order equations. Rend. Sem. Mat. Fis. Milano, 58 253–284, (1988).

[2] L. Caffarelli. Interior a priori estimates for solutions of fully non linear equations.

Ann. of Math., 130 189–213, (1989).

[3] Di Fazio and M. A. Ragusa. Interior estimates in Morrey spaces for strong solutions to nondivergence form elliptic equations with discontinuous coefficients.J. Funct. Anal., 112 241–256, (1993).

[4] M. A. Ragusa. Regularity of solutions of divergence form elliptic equations. to appear in Proc. Amer. Math. Soc..

Some results on first order Hamilton-Jacobi equations with discontinuous coefficients Pierpaolo Soravia Dipartimento di Matematica Pura e Applicata Università di Padova email: soravia@math.unipd.it I will discuss Hamilton-Jacobi equations of the form H(x, u, Du) = g(x), where the function g can be discontinuous. It can be shown that viscosity super and subsolutions can be characterized by optimality principles. These principles allow to obtain explicit representation formulas for minimal and maximal solutions, and to prove uniqueness of the viscosity solution under suitable conditions. Examples where the solution is not unique can also be produced.