D. Computational Aspects

4.1 Computer Algebra Tools

Organizer : Jan Sanders

Key note lecture

Algorithms from representation theory Jan A. Sanders Vrije Universiteit Amsterdam email: jansa@cs.vu.nl First a description of the role of sl(2, IR) in the computation and classification of nilpotent normal forms is given. This leads to a similar role for the Heisenberg algebra in the case of the total differentiation operator

D_x = ∂ ∂x + ∞∑ i=0 u_{i+1} ∂ ∂u_i . One define derivations F_x = ∞∑ i=1 iu_{i−1} ∂ ∂u_i . and E_x = ∞∑ i=0 u_i ∂ ∂u_i . These form a Heisenberg algebra with the usual operator commutation rules. Using representation theory one can now effectively integrate, i.e. solve f from g = D_xf. One can now define transvectants or Hirota operators by τ_n(f, g) = ∑ r+s=n (−1)^r r!s! D^r_xE^s_x(f)D^s_xE^r_x(g) = 1 n! (E_x ∧ D_x)^nf ⊗ g. Notice that τ_n : ker F ⊗ ker F → ker F, i.e. the bilinear operators are defined on the space of functionals and τ_0 and τ_1 define a Poisson structure there.

One can then deform the usual multiplication by defining f ⋆_t g = ∞∑ n=0 t^nτ_n(f, g). This defines an associative product, and thereby a noncommutative deformation of the Poisson structure.

The various connections between classical invariant theory, transvectants, Hirota operators, Rankin-Cohen brackets in the theory of modular functions and pseudodifferential operators and the Poisson algebra of functionals, as they are defined in the theory of integrable evolution equations will be discussed.

References

[1] J.A. Sanders and J.P. Wang. Hodge decomposition and conservation law. Mathematics and Computers in Simulation, 44:483–493, (1997).

[2] Cohen, Paula Beazley and Manin, Yuri and Zagier, Don. Automorphic pseudodifferential operators. Algebraic aspects of integrable systems, 17–47, (1997).

[3] J.A. Sanders. Versal normal form computations and representation theory Computer algebra and differential equations, LMSNS, 193, 185–210, (1994).

Invited lectures

Algorithmic invariant theory and dynamics Karin Gatermann FU Berlin/ ZIB email: gatermann@zib.de

In recent years there has been a lot of progress in computational algebra, especially in the algorithmic treatment of invariant rings and modules of equivariants. The aim of this talk is to show the benefits of this for situations in the theory of equivariant dynamical systems where a general equivariant vector field is required. I will discuss the consequent algorithmic treatment of the center manifold reduction with symmetry. The method of Noether normalization will be explained and the advantages of using Noether normalization in this context illustrated.

Finally, we will comment on a generalization of the orbit space reduction to group actions on the differential equations which may act on the independent variable and may be nonlinear.

References

[1] K. Gatermann. Computer Algebra methods for equivariant dynamical systems.

Habilitation thesis. (1999).

[2] K. Gatermann. Semi-invariants, equivariants and algorithms. Applicable Algebra in Engineering, Communication and Computing, 7: 105-124, (1996).

[3] K. Gatermann, F. Guyard. Gröbner bases, invariant theory and equivariant dynamics. To appear in J. Symbolic Computation, 27, (1999).

[4] A. Lari-Lavassani, W.F. Langford, K. Huseyin, K. Gatermann. Steady-state mode interactions for D_3 and D_4-symmetric systems. To appear in Dynamics of Continuous, Discrete and Impulsive Systems, Fields Preprint series FI-NP 1997-009, (1997).

Using the symbolic method to classify evolution equations Jing Ping Wang Vrije Universiteit Amsterdam email: wang@cs.vu.nl

The main purpose of this talk is to demonstrate the existence of (infinitely many) symmetries and conservation laws for λ—homogeneous evolution equations using the symbolic method.

The symbolic method first introduced by Gel’fand and Dikii. The idea is simply to replace u_i, where i is an index — in our case counting the number of derivatives — by ξ^i, where ξ is now a symbol. The basic operation of differentiation, i.e. replacing u_i by u_{i+1}, is now replaced by multiplication with ξ, as is the case in Fourier transform theory. For higher degree terms with multiple u’s, one uses different symbols to denote differentiation.

The key fact is the following symbolic formula for the bracket of a differential polynomial Q of degree m with a linear differential polynomial: ^ [u_k, Q] = G^{(m)}_k ^Q, where G^{(m)}_k = ξ^k_1 + · · · + ξ^k_m − (ξ_1 + · · · + ξ_m)^k.

With this one can readily translate solvability questions into divisibility questions solved by diophantine approximation theory, and we can use generating functions to handle infinitely many orders at once.

The complete list of λ—homogeneous integrable evolution equations contains only 10 all-known equations when λ > 0. This explains why after the gold rush it was so difficult to find any new integrable systems.

The classification of co-symmetries (conservation laws) is more complicated. One often encounters equations with only a finite number of conservation laws. Here a complete classification for 5-th order KdV-like equations is given using generating function.

References

[1] I.M. Gel’fand and L.A. Dikii. Asymptotic behaviour of the resolvent of Sturm– Liouville equations and the algebra of the Korteweg–de Vries equations, Russ. Math. Surveys 30(5): 77–113, (1975).

[2] J.A. Sanders and J.P. Wang. Combining Maple and Form to decide on integrability questions, Computer Phys. Commun., 115: 447–459, (1998).

[3] J.A. Sanders and J.P. Wang. On the integrability of homogeneous scalar evolution equations, J. Diff. Eq. 147: 410–434, (1998).

A Method for Computing Center Manifolds and Normal Forms Pei Yu Department of Applied Mathematics, University of Western Ontario, London, Ontario, Canada N6A 5B7 email: pyu@pyu1.apmaths.uwo.ca Center manifold theory and normal form theory are two basic tools in the study of nonlinear differential equations. The idea of these two theories is to use a sequence of near identity nonlinear transformations to obtain a simple form on the so called center manifold. This reduction greatly simplifies the analysis of the dynamical behavior of the system such as bifurcations and instability. Different methodologies have been developed for computing normal forms, based on matrix theory, algebraic manipulation, representation theory, invariant theory, etc. [1–4]. However, for a given system, finding the explicit formulas of normal forms and the associated nonlinear transformations is not easy. Thus, symbolic computer languages such as Maple, Mathematica and Macsyma have been introduced in such computations.

Normal forms are generally not uniquely defined due to the existence of uncertainty in computing the coefficients of nonlinear transformations. This difficulty may be overcome either by imposing additional conditions so that the coefficients of nonlinear transformations can be uniquely determined; or by imposing certain conditions such that some coefficients in the normal forms may be set zero. Such a simplification raises a question: In general how to find a “simplest” or “minimum” normal form? Some results related to simple singularities have been obtained ([5, 6], more references can be found in [5]). However, it is noted that a unique normal form may be not a “simplest” form, and simplest normal forms may be not unique.

We will present an early developed perturbation technique for computing the normal forms of a general n-dimensional system described by a set of differential equations for certain cases of singularities [7]. The method does not need the application of center manifold theory, nor requires for solving large matrix systems. In fact, the approach combines the normal theory and center manifold theory in one computation procedure. Moreover, it has been found that the method may be extended to directly compute a unique, “simplest” normal form for certain cases. Symbolic computation using Maple will be discussed, and examples will be presented to show the computation efficiency of the method.

References

[1] J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, Springer-Verlag, New York, 1983.

[2] R. Cushman and J. A. Sanders, “Nilpotent normal forms and representation theory of sl(2,R)”. Contemporary Mathematics, 56: 31–51 (1986).

[3] R. Cushman and J. A. Sanders, “Normal form for (2;n)-nilpotent vector field, using invariant theory”. Physica D, 30: 399–412 (1988).

[4] Q. Bi and P. Yu, “Symbolic computation of normal forms for semi-simple cases”.

Journal of Comput. and Appl. Math., (1999).

[5] J. A. Sanders and J.-C. Van der Meer, “Unique normal form of the Hamiltonian 1:2-resonance”. Geometry and Analysis in Nonlinear Dynamics, (Editors: H. W. Broer and F. Takens), Longman Sci. Tech., Harlow, 1992.

[6] P. Yu, “Simplest normal forms of Hopf and generalized Hopf bifurcations”. International Journal of Bifurcation and Chaos, 9(10): (1999).

[7] P. Yu, “Computation of normal forms via a perturbation technique”. J. Sound and Vibration, 211(1): 19–38 (1998).

Contributed talks

Computer Algebra Tools for the Solution of Boundary-value Problems L. Braverman Int. College of Technology, Carmiel, Israel email: merbrvr@tx.technion.ac.il A. Nepomnyashchy Technion, IIT, Hifa, Israel email: nepom@tx.technion.ac.il B. Rubinshtein Technion, IIT, Hifa, Israel email: boris@kernel.technion.ac.il A. Thess Ilmenau University of Technology, Ilmenau, Germany email: thess@tu-ilmenau.de The introduced package provides tools for numerical solution of linear boundary value problems, both regular and eigenvalue ones. It has a syntax of the built-in Mathematica function NDSolve and strongly enhances its functionality. For the solution of mentioned problems two basic methods are applied. The first one is known as Chasing method and was generalized by authors particularly for multipoint problems, and the second one is the well-known Shooting method. The newest version of Mathematica 3.0 contains the function NDSolve which has a very limited ability to cope with regular boundary value problems, but not with eigenvalue ones. Unfortunately, the function uses an in some sense erroneous algorithm which leads sometimes to strange and even wrong results. Moreover, it can solve neither boundary value problem containing more than one equation nor multipoint ones. Below we present an example of a wrong result: NDSolve can’t cope with the following problem: the command

NDSolve[y^{′′′}[x] + y[x] == 0, y^′[0] == 0, y^′[2] == 1, y^{′′}[0] == 0, y[x], {x, 0, 2}]

gnereates the answer: NDSolve::"unsol": "Not possible to initiate boundary
value problem with the chasing method" - message from NDSolve, while DSolve

gives analytical solution:

DSolve[y^{′′′}[x] + y[x] == 0, y^′[0] == 0, y^′[2] == 1, y^{′′}[0] == 0, y[x], x]//Simplify

{{y(x) → ( −i + √ 3 ) e^{2+i √3−} ( 3+2 (−1) 2 3 ) x 2 ( e^{3 x}2 + e^i2^{√3 x} + e^{(3+2 i} √ 3) x 2 ) −2 i e^3 + i e^{i √3} − √ 3 e^{i √3} + i e^{3+2 i √3} + √ 3 e^{3+2 i √3} }} In contrast, our implementation of the abovementioned methods produces more accurate results for a wider class of problems. In addition to the solution of a regular boundary value problem our functions can solve eigenvalue problems, which is very important in applications (for instance, for linear stability analysis). We present an example of linear stability analysis in Marangoni convection in the spherical layer, which was successfully performed using our tools. Another advantage of the presented tools is also the possibility to input the problem in its natural form.

A computational method for the stability of a class of mechanical systems Gianluca Gorni University of Udine, Dipartimento di Matematica e Informatica email: gorni@dimi.uniud.it (Joint work with Prof. Ângelo Barone-Netto and Prof. Mauro de Oliveira Cesar, of the Institute of Mathematics and Statistics, University of São Paulo, Brazil).

Consider the differential system ẍ = −xf(x) ÿ = −yg(x), where f, g: IR → IR are smooth functions and f(0) > 0, g(0) > 0. Clearly the system has the constant solution x(t) ≡ y(t) ≡ 0. The problem here is how to decide the stability of this equilibrium solution, that is, what is the asymptotic behaviour as t → +∞ of the trajectories starting with initial data close to 0.

We will say that the system associated to a given pair of functions f, g is k-decidable for some k ∈ IN if the stability of the equilibrium can be decided from the values of the derivatives up to the order k of f and g at 0. The system will be finitely decidable if it is k-decidable for some k.

Not all pairs of functions are finitely decidable. However finite decidability is generic in C^∞, and we describe an algorithm for finding explicit sufficient conditions for kdecidability. When implemented on a computer the algorithm runs easily enough for k = 1 up to 5 or 6.

With the explicit conditions at our disposal it is easy to construct examples of pairs f, g and of sequences of initial data converging to 0 for which either all y_n(t) are unbounded as t → +∞, or, more interestingly, where t → y_n(t) is bounded for all n, but sup_{t≥0} |y_n(t)| diverges as n → +∞.

References [1] Cesar, Mauro de Oliveira; Barone-Netto, Ângelo. The existence of Liapunov functions for wome nonconservative positional mechanical systems. J. Differential Equations, 91 (2): 235–244, (1991).

[2] Cesar, Mauro de Oliveira; Barone-Netto, Ângelo. A necessary and sufficient condition for the sability of the equilibrium. J. Differential Equations, 96 (1): 142–151, (1992).

4.2 Control and Optimization

Organizer : Fritz Colonius

Key note lecture

Dynamical Aspects of Control Fritz Colonius

University of Augsburg email: colonius@math.uni-augsburg.de We consider families of ordinary differential equations where time dependent coefficients are allowed to take their values in a given set. Thus one obtains a family of nonautonomous differential equations indexed by the coefficient functions which may be considered as (open loop) admissible controls. The long time behavior of this family can be described via an associated skew product flow, the control flow, over the base space of admissible controls. The topologically transitive components and the chain transitive components correspond to the control sets and the chain control sets, respectively. If the closure of a control set is a chain control set, then it depends continuously (in the Hausdorff metric) on parameters. Also some related bifurcation problems will be discussed.

Invited lectures

Characterization and Computation of Reachable Sets via Optimal Control Lars Grüne FB Mathematik, J.W.-Goethe Universität Postfach 111932, 60054 Frankfurt a.M., Germany email: gruene@math.uni-frankfurt.de For controlled and perturbed systems governed by nonlinear dynamics of the form ẋ(t) = f(x(t), u(t)) on some manifold M, with u(·) from some function space U, the knowledge of reachability properties plays an important role in the analysis of the system behaviour.

For u(·) being a control function e.g. the reachable set R(x) := {y ∈ M | ∃u(·) ∈ U : ϕ(t, x, u(·)) = y} is an important object; if u(·) models a time varying perturbation, and x^∗ ∈ M is a locally stable equilibrium for each u(·) ∈ U the robust domain of attraction RD(x^∗) := {y ∈ M | ϕ(t, y, u(·)) → x^∗as t → ∞ ∀u(·) ∈ U} is of interest [4].

In this talk we give a survey on recent work [2, 3] about the characterization of these sets via optimal control techniques. Appropriate formulations are e.g. minimum/maximum time and minimum/maximum distance optimal control problems, which have in common that their optimal value functions are characterized by Hamilton- Jacobi-Bellman PDEs. Furthermore we will present a generalization of the classical Zubov’s equation [1] which nicely fits into the Hamilton-Jacobi framework.

Based on these formulations we then discuss numerical methods for the computation of these sets and illustrate them by a number of examples. In particular, we will highlight advantages and limitations of this approach compared e.g. with trajectoriwise or cell mapping algorithms.

References

[1] F. Camilli, L. Grüne, F. Wirth. A Generalization of Zubov’s equation. In preparation [2] M. Falcone, L. Grüne, F. Wirth. Computing robust domains of attraction via maximum-time optimal control. In preparation [3] I. Greger. Berechnung von Erreichbarkeitsmengen durch zeitoptimale Steuerung.

Diplomarbeit, Universität Augsburg (1997) [4] A.D.B. Paice, F. Wirth. Robustness analysis of domains of attraction of nonlinear systems. Proceedings of the Mathematical Theory of Networks and Systems MTNS98, Padova(1998), to appear

Twist maps and sliding-mode control Russell Johnson Universita’ di Firenze email: johnson@ingfi1.ing.unifi.it Paolo Nistri Universita’ di Siena email: pnistri@dii.unisi.it In this talk we will study the dynamical stability properties of a suitably defined approximation of equivalent control in sliding manifold control systems. For this we use both the classical theory of singularly perturbed dynamical systems and the theory of twist maps. Examples of control problems which possess dynamical stability properties are presented. The work discussed here continues the investigation of control design, via singular perturbation theory, for control systems posessing a sliding manifold.

References

[1] A. Cavallo, G. De Maria and P. Nistri, A sliding manifold approach to the feedback control of rigid robots, Internat. Jour. Robust Control 6, 501-516, 1996.

[2] R. Johnson and P. Nistri, Variable structure control systems and the theory of singular perturbations, Proc. 31st IEEE Conference on Decision and Control, Tucson USA, 2370-2375.

[3] K. Siegel and J. Moser, Lectures on Classical Mechanics, Grundlehren der Math.

Wissenschaften 187, Springer-Verlag, Berlin, 1972.

[4] V. Utkin, Sliding Modes and their Applications in Variable Structure Systems, MIR, Moscow, 1972.

Controllability of Matrix Eigenvalue Algorithms Uwe Helmke Mathematisches Institut, Universität Würzburg, Germany email: helmke@mathematik.uni-wuerzburg.de Fabian Wirth Zentrum für Technomathematik, Universität Bremen, Germany email: fabian@math.uni-bremen.de

198 c

Numerical matrix eigenvalue methods such as the QR algorithm or inverse power iterations provide interesting examples of nonlinear discrete dynamical systems defined on Lie groups or homogeneous spaces. A typical approach from numerical linear algebra to improve convergence properties of such algorithms is via suitable shift strategies for the eigenvalues, see [1]. Such eigenvalue shifts can be viewed as control variables and the resulting algorithms can therefore be analyzed using tools from nonlinear control theory. So far the analysis and design of shift strategies in numerical eigenvalue algorithms has been more a kind of an art rather than being guided by systematic design principles. The advance made during the past two decades in nonlinear control theory indicates that the time may now be ripe for a more systematic investigation of control theoretic aspects of numerical linear algebra.

In this talk we investigate the controllability properties of the well known inverse power iteration for finding the dominant eigenvector of a matrix A, defined by

x_{k+1} = A^{−1}x_k ‖A^{−1}x_k‖ . Shifted versions of the inverse power method defined by

x_{k+1} = (A − u_kI)^{−1}x_k ‖(A − u_kI)^{−1}x_k‖ lead to nonlinear control systems on projective space, or more generally on Grassmann manifolds. For cyclic matrices A necessary and sufficient conditions for complete controllability on the projective space are given. These are always satisfied if complex shifts are allowed.

In the real case the situation is more involved and we use recent results on the existence of universally regular controls in our analysis, see [2]. In the real case necessary conditions in terms of the location of the eigenvalues are presented. These may be equivalently rephrased by the algebraic statement that every polynomial with real coefficients splits modulo the characteristic polynomial of the matrix A into linear factors over IR. We conjecture that these conditions are also sufficient. If this turns out to be true it may be inferred that complete controllability of the inverse power iteration is a generic property.

References [1] G. Golub and C. van Loan. Matrix Computations. John Hopkins University Press, Baltimore, MD, 2nd edition, 1989.

[2] E. D. Sontag and F. R. Wirth. Remarks on universal nonsingular controls for discrete-time systems. Syst. Cont. Lett., 33(2):81-88, (1998).

Contributed talks

Controllability of generic control systems near k-singular points Aleksey Davydov Dept. of math., Vladimir State University email: davydov-m2@vpti.vladimir.su

Jose Basto-Gonçalves Centro de Matemática Aplicada, Universidade do Porto email: jbgoncal@fc.up.pt Control system on n-dimensional smooth manifold is defined by smooth family of vector fields parameterized by the points of (n − 1)-dimensional sphere. A generic control system is a system from a certain open everywhere dense subset in the space of such families endowed with the fine Whitney’s C^∞–topology.

At a point of the phase space values of the fields forms velocity indicatrix at this point, and any velocity from the indicatrix is admissible one at this point. Attainability of one point from another one is defined in standard manner in the class of piecewise continuous controls.

A point of the phase space has small time local transitivity property (=SLTP) if for any time T > 0 and any neighborhood V of this point there exists a neighborhood of this point such that any two point of the latter neighborhood are attainable from each other in a positive time smaller than T and along a trajectory lying in the neighborhood V . A k-singular point is defined as a point of the boundary of set of points having SLTP such that there is a passage through zero on a plane of support to the velocity indicatrix at this point containing exactly k admissible velocities. In the generic case there can appear such singular points with k ∈ {1, 2, . . . , n}.

Theorem For n ≥ 3 any k-singular point of a generic control system on ndimensional manifold has SLTP if 3 ≤ k ≤ n and it has nor SLTP if k = 1.

For 2-singular points for a generic control system some necessary and some sufficient conditions to have SLTP are found. In [1], [2] the complete answer on local controllability of systems on surfaces was obtained for the generic case. In particular, their controllability near 1-, 2-singular points was studied (in [3] analogous results are obtained for a generic two dimensional dynamic inequality).

This research was supported in part by RFBR970100713, FCT and Calouste Gulbenkian Foundation. References [1] J.Basto-Gonçalves. Local controllability of nonlinear systems on surfaces. Computational and Applied mathematics, 12, (1993).

[2] A.A. Davydov. Qualitative Theory of Control Systems. Translations of Mathematical Monographs, 141, AMS, Providence, Rhode Island in cooperation with MIR, Moscow, 147 pp., (1994).

[3] A.A. Davydov. Local Controllability of Typical Dynamic inequalities on Surfaces.

Proceedings of the Steklov Mathematical Institute, 209, pp. 73–106, (1995).

The descent constant in the optimal control problems with Lipschitzian differential inclusions Vladimir A. Dubovitskij Institute of Chemical Physics Problems, Moscow, Russia email: dubv@icp.ac.ru We consider the optimal control problem with fixed time endpoints: J(x(S), x(T )) → min, (x(S), x(T )) ∈ C, ẋ(t) ∈ F (x(t)), G(x(t)) ≤ 0, ∀t ∈ [S, T ] where minimum is sought in the class of absolutely continuous arcs x(·), x(t) ∈ R^{dx} . Here J, G are realvalued Lipchitz functions; F (·) is Lipchitz multifunction with convex compact values belonging to R^{dx} , C is close subset of R^{dx} × R^{dx} .

For this problem the necessary condition of the strong minimum in the maximum principle (MP) form is well-known [1]. In the important subclass with locally-convex J, G where C and F (x) can by represented by a regular system of equations and inequalities, this MP is equivalent [2] to existence of a nontrivial solution of Eulier equation, i.e. there is no reducing directions simultaneously tangentially to local problem’s constrains. But in the case of general problem under consideration the connection of conjugate multipliers and geometrical ”descent algorithm” is lost completely. This serious defect of modern MP theory is connected with ineffective traditional way of its derivation (penalty method, Ekeland theorem ets.). The purpose of proposed investigation consist in the restoring of the of noted relation. Consider, for brevity, the problem without state constraint G ≤ 0 and define the auxiliary objects.

Λ(x) := {λ = (α, l, n_C , ψ(t), n(t))} - the totality of conjugate strings of an admissible trajectory x(·). Here α ≥ 0, l ∈ ∂J(x(S), x(T )), n_C ∈ N_C (x(S), x(T )), n(t) = (n_x(t), n_u(t)) ∈ clgN_{gr F (x(t))}(x(t)), ψ(t), n(t) are Lipchitz and Borelian measurable functions with values in R^{dx} , R^{dx} × R^{dx} respectively; N_C , clgN_{grF (x(t))} denotes the cones of external normals and the closure ”be graph” of the external normals for the respect sets. b(x) := inf{‖ψ − n_x‖_{L1} + ‖ψ̇ − n_u‖_{L1} + ‖(ψ(S), ψ(T )) − n_c‖ : λ ∈ Λ(x), α = 0, ‖(ψ, n, n_C )‖ = 1}; a(x) := inf{‖ψ − n_x‖_{L1} + ‖ψ̇ − n_u‖_{L1} + ‖(ψ(S), ψ(T )) − n_c − αl‖ : λ ∈ Λ(x), α = 1} Theorem : Let the admissible trajectory x_0(·) satisfy the inequalities a(x_0) > 0, b(x_0) > 0. Then ∀ϵ > 0 ∃δ > 0 and a family of admissible trajectories {x_r}, r ∈ [0, δ] such that ∀ 0 ≤ r^′ ≤ r^{′′} ≤ δ the following conditions are satisfied: ‖x_r′ − x_r′′ ‖ ≤ r^{′′} − r^′, J(x_r′′ (S), x_r′′ (T )) − J(x_r′ (S), x_r′ (T )) ≤ −(a(x_0) − ϵ)(r^{′′} − r^′). That is, the objective function can be decreased over the ”Lipchitz” family of admissible trajectories x_r with the speed a(x_0). The proof of theorem is based on constructive Lusternike’s type iteration process. Note, that there is no, in general, the strict descent directions.

References [1] Frank H.Clarke. The maximum principle under minimal hypotheses. SIAM J.

Control Optim., 14:1078-1091, (1976).

[2] A.Ja.Dubovitskij, A.A.Milutin. The constrained optimization problems. Journal of Numerical Mathematics and Mathematical Physics, 5(3):395-453, (1965).

About the Optimality Conditions in Control Problems Muvasharkhan Dzhenaliev Institute of theoretical and applied Mathematics, Pushkin str.125, Almaty 480100, Kazakhstan email: dzhenaliev@itpm.sci.kz

Kossy Smatov

The Optimal Control Problems prescribed by Operator Relations in the Banach Spaces are considered in the Work. The Development of the absolute Minimum Theory based on the V.F.Krotov Lemma is given. Let K = {k|k = 1, 2, ...}, S = {s|s = 1, 2, ...} are index Sets. We assume that the Families of Sets {D_k, k ∈ K}, v_k ∈ D_k are given. The Functional J_k : D_k → R on D_k is given.

Lemma 1. Let the Problems {<< D_k, J_k >>, k ∈ K} satisfy to the Conditions: 1^0. for all k ∈ K : J_k(v) ≥ J_{k+1}(v), v ∈ D_k; 2^0. there are the Integers p, q ∈ K and the Sequence {v_s, s ∈ S} ⊂ D_p such that p < q and lim_{s→∞} = i_q = inf_{Dq} J_q. Then {v_s, s ∈ S} is minimizing for the Problems {<< D_k, J_k >>, k = p, p + 1, ..., q} and any minimizing Sequence for << D_k, J_k >> satisfies to the Condition 2^0 and is also minimizing for Family of Problems {<< D_k, J_k >>, k = p, p + 1, ..., q}.

Let Y_1, Y_2, U_1 are the Banach Spaces, Y_1 is reflexive, continuously and densely embedding in Y_2.Y = Y^n_1 , U = U_r with Elements y = {y_1, ..., y_n} and u = {u_1, ..., u_r} accordingly, {y, u} are the pair State-Control. Let Y_c ⊂ Y, U_c(y) ⊂ U, V_c = {y, u|y ∈ Y_c, u ∈ U_c(y)} ⊂ V = Y × U. (1) We suppose that the pair State-Control satisfies to the following functional Constraints: A_i(y, u) = 0_{Y2} , i = 1, ..., l_1, A_i(y, u) ≥ 0_{Y2} , i = l_1 + 1, ..., l. (2). We designate a Set of pairs (y, u) which satisfy (1), (2) as D_1 and assume D_1 ≠ ∅. Functional J_1(y, u) is defined in D_1.

Problem. To find a Solution of the Minimization Problem << D_1, J_1 >> . Let D_2 = {y, u|(1)}, J_2(y, u) = J_1(y, u) − l∑ i=1 < λ_i(y), A_i(y, u) >, (3) where λ_i : Y → Y_2, i = 1, ..., l_1, λ_i : Y → P^∗, i = l_1 + 1, ..., l, are nonlinear Operators, P is the Cone of positive Elements in Y_2.

Theorem 1. Let there are a). Operators λ_i, i = 1, ..., l; b). Sequence {y_s, u_s, s ∈ S} ⊂ D_1 such that lim_{s→∞} J_1(y_s, u_s) = i_2 = inf_{D2} J_2. (4)

Then {y_s, u_s, s ∈ S} ⊂ D_1 is minimizing for << D_1, J_1 >>, and any minimizing Sequence for the Problem << D_1, J_1 >> satisfies to the Condition (4).

References [1] Dzhenaliev, M.T., Smatov, K. The mathematical Modelling of Optimal Control Processes. Almaty, Gylym: 144p., (1997).

Bifurcation of control sets

Stefan M. Grünvogel University of Augsburg email: birdland@malaga.math.uni-augsburg.de

We consider control-affine systems on IR^d of the following form:

ẋ = f_0 (x) + ∑_m i=1 u_i (t) f_i(x), u ∈ U^ρ = {u : IR → IR^m, u(t) ∈ U^ρ∀t ∈ IR, meas.} (1)

where U ⊂ IR^m, compact and convex containing 0 and U^ρ = ρ · U for ρ ∈ [0, ρ^∗] ⊂ IR. We assume, that the system (1) has a singular point x^∗ ∈ IR^d, i.e. f_i(x^∗) = 0 for all i = 0, . . . , m. Control sets are subsets of IR^d where every point can be steered to another at least approximately. Motivated by numerical experiments with the perturbed Duffing-van der Pol equation, the question arised under which conditions there are control sets around the singular point x^∗. By linearization of the system (1) at the singular point we get the bilinear control system

ẋ = A_0x + m∑ i=1 u_i(t)A_ix, u ∈ U^ρ where A_i := ∂f_i ∂x | | | | |_{x=x∗} . (2) Denote the solution by ϕ(t, p, u) with ϕ(0, p, u) = p. For every (u, p) ∈ U^ρ × IR^d define the Lyapunov exponent λ(u, p) := lim sup_{t→∞}^1_t ln ‖ϕ(t, p, u)‖. There is a Whitneysumdecomposition U×IR^d=V^ρ_1 ⊕ . . . ⊕ V^ρ_l , 1 ≤ l ≤ d such that Σ^ρ_{Ly}(V_i) = {λ(u, p) : (u, p) ∈ V^ρ_i } are compact intervals (cf. [2]). Under regularity conditions on (1) and (2) and with

0 ∈ intΣ^ρ_{Ly}(V_1) and Σ^ρ_{Ly}(V_i) ⊂ IR^− for 2 ≤ i ≤ l,

we can show, that there exists a control set D with nonvoid interior and x^∗ ∈clD. Here we use the Hartman-Grobmann Theorem and the theory of stable and unstable integral manifolds for nonautonomous differential equations (cf.[1]) for constructing an appropriate control function. The control set D is characterized via the stable and unstable manifolds of (1). We show that there is a control set of the system (2) which is tangential to D at x^∗.

References

[1] B.Aulbach and T.Wanner. Integral manifolds for Caratheodory type differential equations in Banach spaces. Six lectures on Dynamical systems, B.Aulbach and F.Colonius, eds., World Scientific, pp. 45-119, (1996).

[2] F.Colonius and W.Kliemann. The Dynamics of Control, Birkhäuser, to appear.

Generalized Solutions for Singular Linear-Quadratic Optimal Control Problems Manuel Guerra ISEG, Universidade Tecnica de Lisboa, Portugal email: mguerra@iseg.utl.pt We study general linear-quadratic optimal control problems with time and end points fixed. It is well known that singular problems of this type may fail to have a minimizer in the class of ”ordinary”, for example, square integrable controls, even in cases when the problem has a finite infimum. In such cases, the minimizing sequences of trajectories for the problem may converge to a discontinuous curve, implying that the respective optimal controls contain impulses.

From the functional-theoretic point of view, the problem is one of finding the minimizer of a quadratic functional on an affine subspace, U, of finite codimension in L^k_2 [0, T ]. The approach we suggest is the extension of the functional by continuity onto a larger class of controls and finding its minimizers in the extension (closure) of U.

We find a set of conditions necessary and sufficient for the existence of an affine subspace of finite codimension in L^k_2 [0, T ] on which the functional has finite infimum. These conditions are algebraic with respect to the initial data of the problem. We show that when these conditions are satisfied, there is a unique extension of the functional onto a certain subspace, H_{γr} , of the Sobolev space H^k_{−n} [0, T ], (n=dimension of the state space). If the functional has finite infimum in U, then the extended functional has a minimum in the closure of U relative to the topology of H_{γr} . The problem of finding a minimizer of the extended functional is equivalent to a regular linear-quadratic optimal control problem, with final state confined to an affine subspace of IR^n instead of a single point.

Under suitable conditions (finiteness of the infimum and controllability of the system), there exists a minimizer of the extended functional that is the sum of a realanalytic function on [0, T ] with a distribution of order r ≤ n concentrated at the initial and final instants. The trajectories corresponding to such controls are sums of real analytic functions on [0, T ] with distributions of order (r − 1). If the optimal control is unique, any minimizing sequence of ”ordinary” trajectories must approximate the generalized optimal trajectory in the topology of H^n_{−(r−1)} [0, T ].

Assuming controllability of the system and existence of a solution for an appropriate Riccati differential equation, we provide an algorithm for the computation of generalized optimal controls.

References [1] Guerra, M.; Sarychev, A.. Generalized Optimal Controls for the Singular Linear- Quadratic Problem. Proc. 3th Portuguese Conf. Automatic Control, Controlo’98, 431-436, (1998).

[2] Jurdjevic, V.; Kupka, I.A.K.. Linear Systems With Singular Quadratic Cost. Preprint, (1992).

Exact boundary controllability for a forth order parabolic equation Yung-Jen Lin Guo Department of Mathematics, National Taiwan Normal University, Taipei 117, Taiwan email: yjguo@math.ntnu.edu.tw

We consider exact boundary controllability problem for a forth order parabolic equation. We obtain exact boundary controllability results when the initial data is infinitely differentiable.

On dual approach to optimization problems with elliptic operator Vladimir Kaminsky Bar-Ilan University email: kamin@macs.biu.ac.il We study the optimization problem formulated on solutions of some family of boundary value problems. This family is generated by different boundaries (i.e. by smooth closed lines on the plane so that each of these lines bounds some coherent corresponding area. All boundary value problems have the differential equation generated by means of the same elliptic operator (in our example, it is Laplace’s operator). The object function of this problem describes the uniformity of the vector potential with respect to the vertical component under restriction on the horizontal component values. Thus, we vary the boundary of the area in order to obtain the most uniform field, i.e. vector potential (in sense of the some measure) in the fixed subarea of the considered area.

The problem formulation describes an important practical problem, namely, creating the most uniform magnet field in MRI-tomography devices. To obtain results of the medical MRI-test which are coincident with the real state of patients, it is necessary to generate uniform magnet fields of high rate with respect to the vertical intensity. In addition, it is necessary to restrict the other component into some prescribed limits. It is well known that constant magnet fields have a scalar potential satisfying the Laplace equation.

We propose an effective numerical recursive algorithm which is based on a two-step procedure in each recursion. This procedure contains the boundary value problem with a modified boundary on each recursion (as the first step) and the special auxiliary linear programming problem (as the second step). The last one is intended for two aims: 1) to find the most convenient parts of the boundary for a variation into the current recursion and 2) to find the points of the subarea which influence most essentially an improvement of the object function. A dual form of the auxiliary problem has been a new approach to solving this multidisciplinary problems. The convergence theorem of the method and several results on the degree of convergence are obtained in this work. This approach may also be used in other boundary value problems with elliptic operators.

Flight Autopilot Design for a Remotely Piloted Vehicle using LQ and feedback controller theories Mostafa Mjahed Maths and Systems Department, Ecole Royale de l’Air, 40000 Marrakech, Morocco. jahed@hotmail.com In the last years, several control theories have been widely developed. They are generally applied to control task such as trajectory tracking and mission optimization. In this paper, we consider a Remotely Piloted Vehicle (RPV airplane), the linear quadratic (LQ) and feedback methods are used to perform the control law of the autopilot.

The equations of the complete airplane motion are first linearized and the flight parameters decoupled. The total motion is equivalent to a sum of superposed modes.

The LQ design of the autopilot consists in the minimization of a cost function. The result is then obtained by the solution of the Riccati equation. When using the feedback theory, the adjustement of the autopilot gains is based on the pole placement procedure. The response of the complete system (nonlinear RPV airplane with autopilot) is finally simulated. The two methods has proved to be well adapted for this design. The results show that the system is stable with adequate values of rapidity and damping ratio for all the flight modes. References [1] T. Kobylarz, I. M. Horowitz and C. H. Houpis. Flight controller design for uncertain and nonlinear plants with pilot compensation. Air Force Institute of technology, Ohio, USA (1992).

[2] D. McLean. Automatic Flight Control Systems. Prentice Hall Intern., UK (1990).

Stabilization of Overhead Traveling Cranes by Nonlinear Feedback Yoshiyuki Sakawa Kinki University, Wakayama, Japan email: sakawa@mec.waka.kindai.ac.jp Overhead traveling cranes are widely used in factories for the transfer of heavy loads.

In our previous papers [1], [2], a set of nonlinear differential equations was derived as an exact mathematical model of the crane, which makes three-dimensional motion. In this paper, we present a solution to the problem of global feedback stabilization of the nonlinear system of the overhead traveling cranes. The crane system has three motors, and torques of the motors can be taken as the control inputs to the system. By using Lyapunov’s direct method, we derive a nonlinear feedback control law that ensures the global asymptotic stability of the equilibrium state of the crane system. It will also be proved that the stabilizing control is of switching type. References [1] Y. Sakawa and H. Sano. Nonlinear model and linear robust control of overhead traveling cranes. Nonlinear Analysis, Theory, Methods & Applications, 30(4): 2197-2207, (1997).

[2] Y. Sakawa. Optimal control of overhead traveling cranes. Dynamics of Continuous, Discrete and Impulsive Systems, 4(4): 569-583, (1998).

Local theory for differential equations of Carathéodory-type Stefan Siegmund Institut für Mathematik — Universität Augsburg email: stefan.siegmund@math.uni-augsburg.de A nonautonomous differential equation ẋ = f(t, x) is of Carathéodory-type if f :

D ⊂ IR × IR^N → IR^N is measurable in t (for fixed x) and C^k in x (for fixed t). Two examples: Random differential equations (RDE) ẋ = f(θ_tω, x) driven by a metric dynamical system θ are pathwise of Carathéodory-type [1]. Bilinear control systems ẋ = [A_0 + ∑_N i=1 u_i(t)A_i]x for fixed controls u : IR → U, U ⊂ IR^N compact and convex, are of Carathéodory-type [4]. In this talk we present three new results: 1. For linear systems ẋ = A(t)x a compact dichotomy spectrum (related to the Sacker- Sell spectrum [4]) is established under very general conditions.

2. Gap conditions on the dichotomy spectrum for the smoothness class of integral manifolds [2] and foliations are given.

3. Poincaré’s non-resonance condition [3] on eigenvalues known from the autonomous case is generalized to a non-resonance condition on compact spectral intervals of the dichotomy spectrum.

References [1] L. Arnold. Random Dynamical Systems:57-63. Springer, (1998). [2] B. Aulbach, T. Wanner. Integral Manifolds for Carathéodory type differential equations in Banach spaces. Six Lectures on Dynamical Systems, World Scientific, pp. 45-119, (1996).

[3] I. U. Bronstein, A. Ya. Kopanskii. Smooth invariant manifolds and normal forms, pp. 34-37. World Scientific, (1994).

[4] F. Colonius, W. Kliemann. The Dynamics of Control, pp. 139-210. Birkhäuser, (1999).

Control of Distributed Autonomous Robotic Systems Jens Starke University of Heidelberg email: starke@iwr.uni-heidelberg.de

Péter Molnár Clark Atlanta University email: pmolnar@cau.edu

Self-organized and error-resistant control of distributed autonomous robotic units is achieved by using a specifically constructed dynamical system. The robotic units have to be assigned to targets in a manufacturing environment with obstacles in a cost effective way. Besides the dynamic control of the robotic units in space, the underlying optimization problems are the (two-index) assignment problem or the N P-hard threeindex assignment problem.

The used differential equations are based, first, on the selection of modes which appears in pattern formation of physical, chemical and biological systems (see e.g. [1] or [2]). Coupled selection equations based on these pattern formation principles can be used as dynamical system approach to assignment problems [3], [4]. The obtained solutions always respect the constraints of the considered assignment problem [3]. Second, a model of Behavioural Forces is used, which has been successfully applied to describe self-organized crowd behaviour of pedestrians [5].

This approach includes collision avoidance as well as error resistivity, i.e., in systems where failures are of concern, the system covers up for sudden external changes like breakdowns of some robotic units. Furthermore, the control guarantees always feasible solutions, i.e., no spurious states cause the system to fail which is of great importance in industrial applications. Computer simulations verify these results and demonstrate the capability of this approach.

References

[1] H. Haken. Synergetics - An Introduction. Springer-Verlag, Heidelberg, Berlin, New York, 1983.

[2] G. Nicolis and I. Prigogine. Self-Organization in Non-Equilibrium Systems. Wiley, New York, 1977.

[3] J. Starke. Kombinatorische Optimierung auf der Basis gekoppelter Selektionsgleichungen. Ph.D. thesis, Universität Stuttgart, Verlag Shaker, Aachen, 1997.

[4] J. Starke and M. Schanz. Dynamical system approaches to combinatorial optimization. Handbook of Combinatorial Optimization, D.-Z. Du and P. Pardalos, Eds., Vol. 2, pp. 471 – 524. Kluwer Academic Publisher, Dordrecht, Boston, London, 1998.

[5] D. Helbing and P. Molnár. Social force model for pedestrian dynamics. Physical Review E, Vol. 51, pp. 4282–4286, 1995.

Lyapunov functions method in practical stability Andrey Voloshuck Kiev University, Lomonosov 49, ap. 115, Kiev 252022, Ukraine email: chaton@akcecc.kiev.ua Alex Bashniakov Kiev University, Boychenko 2/6, ap. 41, Kiev 253206, Ukraine email: chaton@akcecc.kiev.ua Let us consider a system of differential equations dx dt = f (x, t) (1)

where x is a n-dimensional vector, the vector function f (x, t) satisfies the conditions of the existence and uniqueness theorem, f (0, t) ≡ 0, t ∈ [t_0, T ].

We denote x (t) = x (t, x_0, t_0) the trajectory of the system (1) at Cauchy condition x (t_0) = x_0 and also assume that Φ_t ⊂ R^n are compacts, 0 ∈ Φ_t, t ∈ [t_0, T ], G_0 ⊆ Φ_{t0} , 0 ∈ G_0.

Definition. The unperturbed solution x (t) ≡ 0 of the system (1) is said to be {G_0, Φ_t, t_0, T }-stable if x (t, x_0, t_0) ∈ Φ_t, t ∈ [t_0, T ] as soon as x_0 ∈ G_0.

Theorem. For the trivial solution of the system (1) to be {G_0, Φ_t, t_0, T }-stable it is necessary and sufficient that there exists a continuous nonincreasing on the system (1) solutions Lyapunov function V (x, t) such that {x ∈ R^n : V (x, t) ≤ 1} ⊆ Φ_t, t ∈ [t_0, T ] , (2) G_0 ⊆ {x ∈ R^n : V (x, t_0) ≤ 1} . (3)

Corollary. If the trivial solution of the system (1) is {G_0, Φ_t, t_0, T }-stable and G_0 is compact then the function V (x, t) = 1 + min_{y∈∂G0} ρ (φ (t, t_0, x) , y) , x ∈ {x ∈ R^n : φ (t, t_0, x) ∈ R^n\G_0} , 1 − min_{y∈∂G0} ρ (φ (t, t_0, x) , y) , x ∈ {x ∈ R^n : φ (t, t_0, x) ∈ G_0} .

satisfies all the theorem conditions. Here ρ is a metric equivalent to Euclidean one, φ (t, t_0, x) = x_0 on the solution x (t, x_0, t_0).

Further, if the set of initial data is starry compact, then it is possible building Lyapunov function which belongs to differentiable functions class. We also estimate the optimal sets of initial conditions in structural forms for linear system and concrete phase constraints [1,2].

References [1] B.N. Bublik, F.G. Garashchenko, N.F. Kirichenko. Structural-parametric optimization and stability of beam dynamics. (304), (1985).

[2] F.G.Garashchenko, O.M.Bashniakov, V.V.Pichkur. Lyapunov functions: necessary and sufficient conditions for practical stabilitypreprint, Math.DS/9810145(7), (1998).

4.3 Dynamics and Algorithms

Organizer : Eusebius Doedel

Key note lecture

Computing Periodic Orbits of Vector Fields John Guckenheimer Cornell University, Ithaca, NY email: gucken@cam.cornell.edu Periodic orbits are fundamental structures of flows. New methods for computing periodic orbits and their bifurcations with high accuracy are being developed with the use of automatic differentiation. This lecture will present these methods, make comparisons with other methods and discuss outstanding problems. Case studies include stiff systems with multiple time scales and the computation of canards.

Invited lectures

Convergence, parameter-identification and C++-code for bifurcation numerics in real life problems Klaus Böhmer Fachbereich Mathematik, Philipps-Universität Marburg, Germany email: boehmer@mathematik.uni-marburg.de This talk presents a resume of parts of the results of our Marburg group. In real life problems, the corresponding equations, often PDEs, are known. Numerical computation of bifurcation scenarios is an important task for applications. Results for bifurcation numerics from the last decade, e.g. [4],[5], only cover a few methods, such as specific finite element methods.

We use reaction-diffusion and Navier-Stokes equations as motivating examples. The classical concepts of stability and consistency, yielding convergence, do not apply to the singular situation in bifurcation. So we formulate a new general theory, e.g. [1],[2],[6], modifying these concepts: Stability for bordered systems and the second property, the consistent differentiability, are proved, e.g. for the above examples and for finite difference, finite element and spectral methods. It is particularly important that the stability for bordered systems is the consequence of available properties, e.g. the linearized operator represents a compact perturbation of a monotone operator and for this monotone operator the standard inf-sup-conditions for discretizations are satisfied. Under these conditions the numerical bifurcation scenarios with all the interesting bifurcating solutions, dynamical properties, transformations of the en-foldings back to the original situation, see [2],.. indeed converge to the the original scenarios.

Hence, the huge number of published bifurcation numerics for operator equations, based on bordered systems indeed present converging results: These papers are either directly covered by the above results or can probably be shown to satisfy these conditions.

Based on these results, a C++ code is being developed, such that parameter dependent solution curves can be continued and the bifurcation and dynamical properties be determined. For a new class of problems the appropriate discretization has to be introduced fitting to the side conditions of the code. Then this software yields the above informations for the new problem.

References

[1] K. Böhmer. On a numerical Liapunov-Schmidt method for operator equations Computing , 51:237-269, (1993).

[2] K. Böhmer, D. Janovska, V. Janovsky. Computer aided analysis of imperfect bifurcation diagrams, II Pitchfork bifurcation. DFG-Schwerpunkt DANSE, Preprint No. 7 (1996).

[3] K. Böhmer and N. Sassmannshausen. Numerical Liapunov-Schmidt spectral methods for k-determined problems Computer Methods in Applied Mechanics and Engineering, 170:277-312, (1999).

[4] F. Brezzi, J. Rappaz and P.A. Raviart. Finite-dimensional approximation of nonlinear problems, III. Simple bifurcation points. Numer. Math., 38 :1-30, (1981).

[5] A. Griewank and G.W. Reddien. Computation of cusp singularities for operator equations and their discretization. Journal of Computational and Applied Mathematics, North Holland, 26:133-153, (1989).

[6] Z. Mei. Numerical bifurcation analysis for reaction-diffusions equations. Habilitation Thesis, Fachbereich Mathematik, Philipps Universitt Marburg, (1997).

Numerical bifurcation analysis of delay equations Koen Engelborghs Department of Computer Science, K.U.Leuven email: Koen.Engelborghs@cs.kuleuven.ac.be Tatyana Luzyanina Department of Computer Science, K.U.Leuven email: Tatyana.Luzyanina@cs.kuleuven.ac.be Dirk Roose Department of Computer Science, K.U.Leuven email: Dirk.Roose@cs.kuleuven.ac.be In this talk we discuss numerical bifurcation analysis of retarded functional differential equations (RFDEs) with multiple constant delays. Steady state solutions of such equations are independent of the delays and can be found with any standard package for bifurcation analysis of ordinary differential equations. Their stability, however, is determined by the infinite roots of a transcendent characteristic equation. We describe an algorithm which computes the rightmost, i.e. stability determining, roots of this equation. When a steady state solution looses its stability via a Hopf bifurcation a branch of periodic solutions arises. Computing periodic solutions of RFDEs is an infinite dimensional problem because a (periodic) solution is not determined by one point at a given time, instead a function segment with length the maximal delay has to be determined. We discuss numerical computation of the periodic solution and approximation of the dominant Floquet multipliers using a shooting and a collocation approach. We end with a brief discussion of the extra difficulties arising in the study of neutral functional differential equations.

Numerical Investigation of Periodic solutions of multibody systems Cornelia Franke Frankfurt email: Cornelia.Franke@tlc.de A simple wheelset rolling with constant velocity on a straight track oscillates laterally in a stable periodic motion if its velocity exceeds a certain critical value. The equations of motions of such mechanical multibody systems are differential algebraic equations of index three. Motivated by this application we present numerical methods for the investigation of periodic solutions of multibody systems depending on parameters. A projected collocation method approximates periodic solutions and provides Floquet multipliers, which characterize the stability of an approximated solution. A branch of periodic solutions can be traced using continuation methods, where the Floquet multipliers indicate bifurcations on the branch. Finally, numerical results obtained with a wheelset model are presented.

Ordinary differential equations, differential-algebraic equations and their use in optimization Johannes Schropp University of Konstanz email: johannes.schropp@uni-konstanz.de We consider the following general smooth optimization problem:

Minimize f(x), x ∈ D ⊂ IR^N open, subject to g(x) = 0 and k(x) ≥ 0. (1)

Our approach to solve (1) is to integrate an ordinary differential equation (ODE) appropriate to (1). With the slack variables y as well as z = (x, y), f̄(x, y) = f(x), ḡ(x, y) = (g(x), k(x) − diag(y)y), the projector Q(z) = Dḡ(z)^T (Dḡ(z)Dḡ(z)^T )^{−1}Dḡ(z) such an equation reads

ż = (I − Q(z))(−∇f̄ (z)) − Dḡ(z)^T (Dḡ(z)Dḡ(z)^T )^{−1}ḡ(z). (2)

Using a BDF-method to integrate (2) this gives a reliable optimization code, which is particularly well suited for highly nonlinear optimization problems. But in comparison with a classical SQP-method it is not so efficient. This is because one has to solve a linear system of equations to evaluate the right hand side of (2) once. In addition, one is not able to exploit the structures of g and k, since they are destroyed by Q. To significantly improve the efficiency of that approach, we rewrite (2) as an index 2 differential-algebraic equation (DAE). In this formulation the evaluation of the right hand side is less costly and allows to take advantage of the structures of the constraints. To solve the DAE we use a BDF-code with the speciality that functional iterations instead of Newtons method is used to solve the nonlinear equations in every time step. This substantially decreases the number of evaluations of the first derivatives of f, g and k.

In addition, we discretize the ODE (2) as well as the corresponding DAE with classical one- and linear multistep methods and present discrete convergence results to underpin the power of that approach theoretically.

References [1] Schropp, J., One- and multistep procedures for constrained minimization problems, IMA J. of Numer. Anal., to appear.

Domain on Bifurcation Rüdiger Seydel Universität Ulm email: seydel@mathematik.uni-ulm.de

The virtual World of Bifurcation (WOB) has been established as a www-domain. WOB combines a database of bifurcation problems with a tutorial on nonlinear phenomena. The name of the domain is www.bifurcation.de.

The approach is example-oriented and experimental. The emphasis is on examples that are application-oriented. Most of the examples are dynamical systems.

The first version of WOB has included a set of 12 examples such as a trigger circuit, a reaction in a catalyst particle, Hodgkin-Huxley’s nerve model, and voltage collapse in a power system.

It is planned to extend WOB into several directions. Suggestions are welcome. WOB includes figures in postscript format. The figures and other items may be downloaded. Currently large emphasis is placed on developing computer demos that show dynamical systems. A first set of demos is DOS-oriented, a future set of demos will be based on Java.

Contributed talks

Kinetic of growth of Guinier-Preston zones in alloys Amine Benmakhlouf Laboratory of Mechanics, Faculty of Sciences Ain Chock, BP 5366, Maarif, Casablanca, Morocco email: bnamine@hotmail.com

Abdelatif Hassnaoui Laboratory of Nuclear, Faculty of Sciences Ain Chock, Casablanca, Morocco email:

Ahmed Menai U.F.R of Particles Physics and Transport Phenomena, Faculty of Sciences Ain Chock, Casablanca, Morocco email:

The Guinier-Preston zones directly affect the mechanical and electrical proprieties of metallic alloys. Indeed, for the case of the Al-rich Zn alloys the maximum in resistivity which occurs at a time of the order of minutes for room temperature ageing has been associated with a critical zone size [1]. On the other hand, many studies on Al-Ag single crystals [2] have shown that the GP zones have a faced spherical form for ageing temperatures ranging from 20 to 250C.

In this work, a new mathematical model for analysing the growth of G- P zones in alloys is presented and solved. The new model combines the reaction diffusion equations given by the vacancy pump model [3] and a surface limited mass-transfer boundary condition, which reflects surface-limited mass-transfer between the G-P zones and the matrix. An important result of the new model is the introduction of a new variable, h_m, which is defined as the surface-limited mass-transfer coefficient.

A new implicit finite difference method has been developed for solving the nonlinear Reaction-Diffusion equation [4]. This new approach removes the stability constraints of the explicit treatments presented in the literature and allows one to use considerably larger time steps. The numerical program developed gives the radius temporal variation R(t) of the G-P zones, the obtained results present a good agreement with experimental resistivity curves obtained in Al-Zn alloys [5], for relatively higher times the radius decreases after a critical value R_0 . The influence of the other parameters on the critical size of G-P zones, for example the aging and quenched temperatures, is also studied. Radial concentration of different species and the total concentration decay could also be provided.

References [1] H. Herman, J. B. Cohen and M. E. Fine, Acta Met., 11:43, (1963). [2] Ph. A. Dubey, B. Schönfeld and G. Kostorz, Acta Metall. mater., 39:1161, (1991) [3] L. A. Girifalco and H. Herman, Acta Met., 13:583, (1965).

[4] A. Benmakhlouf and A. Menai, Algerian Journal of Advanced Materials, 3, (1999). [5] C. Panseri and T. Federighi, Acta Met., 8, (1960).

A numerical method for computing unstable quasi–periodic solutions for the 2–D Poiseuille flow Pablo S. Casas Departamento de Matemática Aplicada I, Universidad Politécnica de Cataluña Diagonal, 647; 08028 Barcelona. Spain email: pablo@vilma.upc.es Àngel Jorba Departamento de Matemática Aplicada y Análisis, Universidad de Barcelona Gran Via, 585; 08007 Barcelona. Spain email: angel@maia.ub.es It is known that the laminar flow in a plane channel becomes unstable to small disturbances for Reynolds number over the critical one, Re_{cr} = 5772.22, for α = 1.02056, being α the wavenumber. In this work we compute, for several values of α, the branch of unstable solutions which bifurcate from the laminar one. These solutions are periodic on time. Due to the translational symmetry of the channel, they behave as rotating waves, which are steady in the frame of reference moving with the wave speed c. In this way we can find stable and unstable rotating waves, whose stability is examined through the spectrum of the corresponding linearization in the Navier–Stokes equations.

This analysis allow us to confirm previous results with regard to the existence of two Hopf bifurcations for α = 1.02056 in the Reynolds–amplitude curve, namely when Re ≈ 4700 and Re ≈ 7400. We also verify that the first bifurcation occurs further from the minimum Reynolds of the curve (≈ 4660). From these bifurcations emanates a family of quasi–periodic solutions (modulated waves) which, again due to symmetry, may be viewed as periodic ones when the observer is moving with an appropriate speed. Using techniques from finite–dimensional dynamical systems, we follow, by means of a continuation method, one branch of quasi–periodic orbits. Newton’s method, applied to search for fixed points of a suitable Poincaré map of the flow, allows us to find stable and unstable modulated waves.

References [1] Barkley, D. Theory and predictions for finite-amplitude waves in two-dimensional plane Poiseuille flow.Phys. Fluids A, (6): 955–970, (1990).

[2] Orszag, S.A. Accurate solution of the Orr–Sommerfeld stability equation.

J. Fluid Mech., (50-4): 689–703, (1971).

[3] Pugh, J.D. and Saffman, P.G. Two-dimensional superharmonic stability of finiteamplitude waves in plane Poiseuille flow. J. Fluid Mech., (194): 295–307, (1988).

[4] Soibelman, I. and Meiron, D.I. Finite-amplitude bifurcations in plane Poiseuille flow: two-dimensional Hopf bifurcation. J. Fluid Mech., volume(229): 389–416, (1991).

Rigorous discretization of subdivision techniques Oliver Junge Department of Mathematics and Computer Science University of Paderborn email: junge@uni-paderborn.de

Recently efficient set-oriented methods have been proposed for the numerical investigation of dynamical systems [1,2,3]. A basic question arising in implementing these methods is to compute the “set-wise image” of some set: determine all sets of some collection which intersect the image of the given set. In this talk we describe how this discretization question can be tackled rigourosly and furthermore how the numerical effort can be reduced to a minimum. As an example we compute rigorous coverings of stable and unstable manifolds in the Henon map and show that they intersect transversally. We indicate how these methods carry over to ordinary differential equations.

References

[1] M. Dellnitz and A. Hohmann. The computation of unstable manifolds using subdivision and continuation. In Nonlinear Dynamical Systems and Chaos, eds. H.W. Broer, S.A. van Gils, I. Hoveijn, F. Takens. Birkhäuser, PNLDE 19:449-459, (1996).

[2] M. Dellnitz and A. Hohmann. A subdivision algorithm for the computation of unstable manifolds and global attractors. Numerische Mathematik, 75:293-317, (1997).

[3] M. Dellnitz and O. Junge. On the approximation of complicated dynamical behavior. SIAM Journal on Numerical Analysis, 36(2): 491-515, (1999).

Two-dimensional global manifolds of vector fields Hinke Osinga CDS, Caltech 107-81, Pasadena CA 91125, U.S.A.

email: hinke@cds.caltech.edu Bernd Krauskopf Eng Maths, University of Bristol, Bristol BS8 1TR, UK email: B.Krauskopf@bristol.ac.uk We present an algorithm for computing two-dimensional stable and unstable manifolds of three-dimensional vector fields. The main idea is to grow the manifold in concentric (topological) circles. Each new circle is computed as a set of intersection points of the manifold with a finite number of planes perpendicular to the last circle. Together with a scheme for adding or removing such planes this guarantees the quality of the mesh representing the computed manifold. As examples we show the stable manifold of the origin spiralling into the Lorenz atractor, and an unstable manifold in Arneodo’s system converging to a limit cycle.

Strong singularities and the continuous Newton method Ricardo Riaza Universidad Politécnica de Madrid r@mat.upm.es Pedro J. Zufiria Universidad Politécnica de Madrid email: pzz@mat.upm.es The formulation of continuous-time analogues of iterative methods for root-finding and optimization problems can be traced back to Davidenko in 1953, and found a great development in the decade of 1970, with several papers by Abbott and Brent, Boggs, Branin and Smale, among others (see references in [1,3]). Since then, continuous models have been further developed in the context of homotopy techniques and, more specifically, as trajectory methods [1]. In the continuous-time setting, a unique model may lead to different iterative techniques, including damped and accelerated methods, through different integration schemes. This approach shifts the convergence analysis of these iterations to a stability study of the continuous system and the discretization method. Continuous models display a better global behavior and, specifically, the difficulties arising when trajectories of Newton-based methods approach singular points in the search of regular roots can be overcome.

The existence of singular roots introduces additional problems. In the context of the discrete Newton method, the basic theorem, due to Reddien [5], states linear convergence when approaching a singular zero from a cone-shaped region with vertex in the root. This result has been later extended in several directions, mainly by Decker and Kelley, Griewank and Keller (see [2,4] and references therein).

In this talk, the local behavior of the continuous-time analogue of Newton method is studied at singular roots x^∗ of f ∈ C^3(IR^n, IR^n) through a taxonomy of these into weak and strong ones and assuming ∇detf^′(x^∗) ≠ 0. The weak case, defined by the condition f(x) ∈ Imf^′(x) for all x in the local singular manifold around x^∗, characterizes both discrete and continuous-time situations in which a singular root has a spherical attraction domain including singularities, against a common assumption in this context [2]. A theorem on directional stability in the generic case of strong singular roots is then proven via a Lyapunov-Schmidt approach. Forward Euler discretization yields Reddien’s result.

References

[1] I. Diener. Trajectory methods in global optimization. In R. Horst (ed.), Handbook of Global Optimization, Kluwer Ac. Publ., 649-668, (1995).

[2] A. Griewank. On solving nonlinear equations with simple singularities or nearly singular solutions. SIAM Review, 27(4):537-563, (1985).

[3] S. Incerti, V. Parisi and F. Zirilli. A new method for solving nonlinear simultaneous equations. SIAM J. Numer. Anal., 16(5):779-789, (1979).

[4] C. T. Kelley and Z. Q. Xue. Inexact Newton methods for singular problems. Optimization Methods and Software, 2:249-267, (1993).

[5] G. W. Reddien. On Newton’s method for singular problems. SIAM J. Numer.

Anal., 15(5):993-996, (1978).

Posters

Analitycal Formulae for Solutions of Difference Equations Anna Andruch-Sobilo Institute of Mathematics, Poznan University of Technology email: andruch@math.put.poznan.pl Jerzy Popenda

Institute of Mathematics, Poznan University of Technology

This paper concerns the analytical formulae for solutions of linear difference equations with non-constant coefficients. We present analitycal formulae which are non-recurrent algorithms for obtaining solutions of equations. We use some kind of sum operators and elements of the graph theory.

References [1] J.Popenda. One Expression for the Solutions of Second Order Difference Equations.

Proc.Amer.Math.Soc, 100(1):87-93, (1987).

4.4 Exponentially Small Phenomena

Organizer : Carles Simó

Key note lecture

Analytical and numerical detection of exponentially small phenomena Carles Simó Dept. de Matemàtica Aplicada i Anàlisi, Univ. de Barcelona email: carles@maia.ub.es

Exponentially small phenomena occur in a wide variety of problems. Always dealing with problems which are analytical, we find these phenomena both in estimates of the remainders in normal forms of vector fields and diffeomorphisms and in averaging methods and, in general, in most of the problems which cannot be detected by using any finite order approach of the classical perturbation theory. They can be revealed by a suitable use of complex variable, by extending the phase space and time to suitable complex strips. They also appear in phenomena like the delay of the bifurcation for fixed points and periodic solutions, in the case of slowly varying parameters, in adiabatic invariance and in the corresponding bifurcation diagrams of all these problems.

We describe different methods to detect this exponential smallness, dealing both with analytical and numerical aspects. In some problems, the use of Melnikov method can give a key to predict the correct order of magnitude. However, some examples will be displayed where a direct use of Melnikov method fails to give the correct estimate. This is specially true in systems involving several fast frequencies. In that case, the correct answer depends strongly on the arithmetic properties of the frequencies, and some bifurcations are induced by the arithmetics.

Numerically it can be a hard task to detect these phenomena. They can be revealed and estimated by going to the complex. Keeping the computations in the reals requires high precision arithmetics.

Invited lectures

Singular separatrix splitting and Melnikov theory for nearly-integrable systems Amadeu Delshams Universitat Politècnica de Catalunya email: amadeu@ma1.upc.es Several results are presented, based on [1], [2], [3], about the applicability of the Melnikov potential to the detection of the exponentially small splitting of separatrices that takes place in some families of nearly-integrable exact symplectic maps and Hamiltonian flows.

References [1] A. Delshams and R. Ramírez Ros. Exponentially small splitting of separatrices for perturbed integrable standard-like maps. J. Nonlinear Sci., 8(3):317–352, (1998).

[2] A. Delshams and R. Ramírez Ros. Singular separatrix splitting and the Melnikov method: An experimental study. Experiment. Math., 8(1):29–48, (1999).

[3] A. Delshams and P. Gutiérrez. Splitting potential and Poincaré–Melnikov theory for whiskered tori in Hamiltonian systems. Preprint, 1999.

Exponentially small splitting of separatrices near bifurcations in area-preserving maps Vassili Gelfreich The Steklov Mathematical Institute at St.Petersburg, Russia email: gelf@math.fu-berlin.de When the saddle-center bifurcation occurs in an analytic family of area-preserving maps, first a parabolic fixed point appears at the origin and then this point bifurcates, creating an elliptic and hyperbolic fixed point. Separatrices of the hyperbolic fixed point form a small loop around the elliptic point. In general the separatrices intersect transversely and the splitting is exponentially small with respect to the perturbation parameter. We derive an asymptotic formula, which describes the splitting, and study the properties of the preexponential factor.

On accuracy of adiabatic invariant conservation in one-frequency systems Anatoly Neishtadt Space Research Institute, Profsoyuznaya 84/32, Moscow 117810, Russia email: aneishta@iki.rssi.ru Consider a Hamiltonian system with one degree of freedom depending on a slowly varying in time parameter. Let for every frozen value of this parameter the phase portrait of the system contain a domain filled with closed trajectories. Let I be the “action” variable in this domain. Suppose that as time tends to ±∞ the value of the parameter tends to definite limits in such a manner, that the value of the “action” along a trajectory also tends to definite limits I_±. The difference ΔI = I_+ − I_− is called an accuracy of adiabatic invariant conservation [1]. If the Hamiltonian of the system is an analytic function of its arguments, and the parameter is an analytic function of the “slow time” εt, 0 < ε ≪ 1, then the value ΔI is exponentially small: ΔI = O(exp(−c/ε)), c = const > 0. In [2] the method for the analytic continuation of solutions of the system under consideration is suggested and an estimate from below for the constant c is found. This estimate can not be improved. In the talk the proof of this estimate on the base of a modification of the method of [2] is given.

References [1] L.D.Landau and E.M.Lifshitz. Mechanics. Pergamon, New York (1976). [2] A.A.Slutskin. Motion of a one-dimensional nonlinear adiabatic oscillator under adiabatic conditions. Sov. Phys., JETP, 18 (3):676-682, (1964).

A new method for measuring the splitting of invariant manifolds David Sauzin CNRS – Institut de Mécanique Céleste, Paris email: sauzin@bdl.fr We study the so-called Generalized Arnold Model (a weakly hyperbolic near-integr-able Hamiltonian system), with d + 1 degrees of freedom (d ≥ 2), in the case where the perturbative term does not affect a fixed invariant d-dimensional torus. This torus is thus independent of the two perturbation parameters which are denoted ε (ε > 0) and μ.

We describe its stable and unstable manifolds by solutions of the Hamilton-Jacobi equation for which we obtain a large enough domain of analyticity. The splitting of the manifolds is measured by the partial derivatives of the difference ΔS of the solutions, for which we obtain upper bounds which are exponentially small with respect to ε.

A crucial tool of the method is a characteristic vector field, which is defined on a part of the configuration space, which acts by zero on the function ΔS and which has constant coefficients in well-chosen coordinates.

It is in the case where |μ| is bounded by some positive power of ε that the most precise results are obtained. In a particular case with three degrees of freedom, the method leads also to lower bounds for the splitting.

Averaging in multi-frequency slow-fast systems Dmitry Treschev Moscow State University email: dtresch@mech.math.msu.su We consider the multi-frequency slow-fast system ẋ = ω + εf(x, y, ε), ẏ = εg(x, y, ε). Here x ∈ T^n, y ∈ R^m, ε is a small parmeter, the constant vector ω ∈ R^n is Diophantine, and the functions f, g are real-analytic. It is well-known that by a change of the variables X = x + εξ(x, y, ε), Y = y + εη(x, y, ε) the system can be reduced to the form Ẋ = ω + εF_0(y, ε) + εF_1(x, y, ε), Ẏ = εG_0(y, ε). + εG_1(x, y, ε), with F_1 and G_1 exponentially small with respect to ε. The functions F_1, G_1 depend on the change, but they can not be removed in general.

We are interested in estimates for the ”smallest possible” F_1 and G_1.

Contributed talks

Time averaging of parabolic partial differential equations: exponential estimates Karsten Matthies Freie Universität Berlin email: matthies@math.fu-berlin.de We consider a class of systems of nonautonomous parabolic partial differential equations, where the time dependence is a small rapid forcing ∂U ∂t = diag(d_1, . . . , d_n)ΔU + F (U) + hG(U, t h , h) U(0) = U_0 ∈ H^s_{per}(Ω, IR^n)

We assume periodic boundary conditions on Ω = [0, l]^d, enough smoothness on the initial conditions by s > d/2 and suitable hypotheses of analyticity on the local nonlinearities F and G. Then we can show in [2] a counterpart for parabolic partial differential equations of the well known result by Neishtadt [3] for ordinary differntial equations. By an analytic time dependent coordinate change we get a new equation: ∂V ∂t = diag(d_1, . . . , d_n)ΔV + F (V ) + F̃ (V ) + hα(V, t h , h) V (0) = U_0 ∈ H^s_{per}(Ω, IR^n),

where the nonautonomous remainder α is exponentially small after any time t > 0 with a bound of the form exp(− min(c, t)h^{− 1}3 ). The correction terms F̃ and the remainder α are nonlocal in space. The proof is based on Galerkin approximation, an adaption of Neishtadt’s methods on finite dimensional approximation space and the use of very high regularity. Following Ferrari and Titi one can show, that the solutions V (t) are in Gevrey classes G^{s/2}_σ = D((−Δ)^{s/2} exp(σ(−Δ)^12 )). For positive times the solutions are analytic in the spatial variable and the Fourier modes decay exponentially fast. Applications can be made to the splitting of the homoclinic orbits.

References [1] A. Ferrari, E. Titi, Gevrey regularity for nonlinear analytic parabolic equations, Comm. Part. Diff. Eq. 23: 1-16, (1998).

[2] K. Matthies, Time averaging of parabolic partial differential equations: exponential estimates, PhD-thesis, Freie Universität Berlin, (1999).

[3] A. Neishtadt, On the separation of motions in systems with rapidly rotating phase, J.Appl.Math.Mech. 48: 134-139, (1984).

4.5 Geometric Integrators

Organizer : Jerrold E. Marsden

Key note lecture

Multisymplectic Integrators George Patrick University of Saskatchewan email: patrick@math.usask.ca For first order Lagrangian field theories, the existence of the fundamental geometric structures as well as their preservation along solutions can be obtained directly from the variational principle. Using this observation, we constructed in [1] integrators for Lagrangian field theories and identified the structures they preserved, by direct discretiztion of the variational principle.

My talk will be a review of this work.

References [1] J. E. Marsden, G. W. Patrick and S. Shkoller. Multisymplectic Geometry, Variational Integrators, and Nonlinear PDEs. Comm. Math. Phys., 199:351–395, (1998).

Invited lectures

Variational Structure/Numerics of Contact Problems Couro Kane Control And Dynamical Systems—Graduate Aeronautical Laboratories, Caltech email: ckane@aero.caltech.edu Jerrold E. Marsden Control and Dynamical Systems, Caltech email: marsden@cds.caltech.edu Michael Ortiz Graduate Aeronautical Laboratories, Caltech email: ortiz@aero.caltech.edu The purpose of this talk is to analyze a variational formulation of problems involving contact and friction. Some numerical examples are done using the Coulomb model of friction to illustrate the method.

Geometric Annealing Benedict Leimkuhler University of Kansas/University of Leicester email: leimkuhl@math.ukans.edu

The author discusses dynamical approaches to global minimization and suggests an alternative to simulated annealing based on the combination of a temperature-controlled extended Hamiltonian with efficient symplectic integrators.

The problem of finding the global minimum or nearly-global minima of a smooth nonlinear function f of several variables—possibly with respect to one or more constraints— is widespread and fundamental to scientific and engineering research, including, in particular, problems in atomic and molecular physics, design of materials, protein structure, and sphere packing. The most popular methods share certain obvious features: (1) they are iterative in nature, generally requiring a large number of steps to find the global minimum of a complex function, (2) they rely on successive evaluations of f and—often—its gradient to direct the search process, and (3) in the process of approaching the minimum they allow the value of f to increase as well as decrease, in order to surmount local barriers.

Dynamical approaches to the global minimum have been developed based on a gradient flow or a damped Hamiltonian flow. In either model, the local minima of f become exponentially stable equilibria; for this reason, these flows may converge too rapidly to local minima to form the basis of a global minimization procedure. (Although, in the context of mild damping, it is interesting to note that certain numerical discretization methods appropriately damp the symplectic area form.)

In this talk, an alternative approach to global minimization dynamics is developed based on the combination of Nosé’s thermostated Hamiltonian with a cooling schedule (as in ’simulated annealing’). Alternative formulations of the Nosé temperature control are derived, with an emphasis on facilitating efficient symplectic integration. The numerical stability of various approaches with respect to variation of the temperature is investigated, and results of experiments with model problems are presented.

Symmetry, pseudospectral methods, and conservative PDEs Robert McLachlan Massey University, New Zealand email: R.McLachlan@massey.ac.nz

Preserving the structure, for example the symmetry, of continuum objects under discretization has always been part of the field of numerical PDEs. It is well known, for example, that Fourier pseudospectral differentiation matrices are antisymmetric while Chebyshev ones are not. This is intimately related to the linear and nonlinear stability of methods which used these matrices. In this talk I discuss this situation in detail and show how the Chebyshev matrices are, in fact, skew-adjoint with respect to an appropriate inner product, and how they can therefore provide conservative discretizations of some wave equations, with corresponding nonlinear stability and Hamiltonian structure. For more complicated (e.g. Euler) equations, normal pseudospectral methods are not conservative, but with care—discretizing the conserved energy and the equation compatibly, and using antialiasing and fast transforms—they can be made to be so.

Symmetry Reduction of Discrete Lagrangian Mechanics on Lie groups Sergey Pekarsky CDS, Caltech, USA email: sergey@cds.caltech.edu Steve Shkoller CNLS, LANL, USA email: shkoller@cnls.lanl.gov Jerrold E. Marsden CDS, Caltech, USA email: marsden@cds.caltech.edu We show that when a discrete Lagrangian L : G × G → IR is G-invariant, a Poisson structure on (a subset) of one copy of the Lie group G can be defined by means of reduction under the symmetry group G of the canonical discrete Lagrange 2-form ω_L on G × G. Alternatively, for the corresponding reduced discrete mechanical system on a Lie group G determined by the (reduced) Lagrangian ℓ we can define a Poisson structure via the pull-back of the Lie-Poisson structure on the Lie algebra g^∗ by the corresponding Legendre transform. Our main result shows that these two structures coincide and govern the corresponding discrete reduced dynamics. In particular, the symplectic leaves of this structure become dynamically invariant manifolds which are manifestly preserved under the structure preserving discrete Euler-Poincaré algorithm.

Moreover, starting with a discrete Euler-Poincaré system on G one can readily recover, by means of the Legendre transformation, the corresponding Lie-Poisson Hamilton-Jacobi system on g^∗ analyzed by Ge and Marsden [1]; the relationship between the discrete Euler-Lagrange and discrete Euler-Poincaré equations and the Lie-Poisson Hamilton-Jacobi equations was examined from a different point of view in [2].

References

[1] Z.Ge and J.E. Marsden, Lie-Poisson Hamilton-Jacobi theory and Lie-Poisson integrators, Phys. Lett A, 133:134–139, (1988).

[2] J.E. Marsden, S. Pekarsky, and S. Shkoller, Discrete Euler-Poincaré and Lie-Poisson Equations, submitted to Nonlinearity.

Making Waves: Multi-Symplectic Methods for Hamiltonian PDEs Sebastian Reich University of Surrey email: s.reich@surrey.ac.uk Various Hamiltonian PDEs can be reformulated as a multi-symplectic PDEs which implies the existence of a local conservation law of symplecticity. We take this conservation law as the starting point for deriving multi-symplectic methods for PDEs in a similar manner as done in case of symplectic methods for Hamiltonian ODEs. We will discuss multi-symplectic schemes based on Runge-Kutta collocation and finite volume methods. Numerical results will be presented for the sine-Gordon equation and a simplified shallow water system.

Contributed talks

Finite-Difference Approximations and Cosymmetry Conservation in Filtration Convection Problem Bülent Karasözen Department of Mathematics,Middle East Technical University, 06531 Ankara, Turkey email: bulent@metu.edu.tr Vyacheslav Tysbulin Department of Mathematics and Mechanics, Rostov State University, 344090 Rostov-on-Don, Russia email: tsybulin@math.rsu.ru We study different conservative finite-difference discretizations of partial differential equations (PDEs) with respect to preservation of cosymmetry property. The concept of cosymmetry was introduced recently by Yudovich [1], [2], and some interesting phenomena was found for both ordinary differential equations (ODEs) and PDEs. It was shown that cosymmetry may be a reason for the existence of continuous family of regimes of the same type and this family is not connected with a symmetry group. Symmetry implies identical spectrum for all points on the family, while the stability spectrum for cosymmetric systems depends on the location of a point. We consider two-dimensional planar Darcy filtration convection of saturated incompressible viscous fluid in a rectangular container filled with porous medium. We are interested in accurate computation of the family of equilibria. The key point here is discretization of nonlinear terms of the PDE, which are represented by the Jacobian. Several finite difference approximations of Jacobian are compared and it was found that the Arakawa scheme provides the most accurate results due to its conservation properties. The numerical results given demonstrate that conservative finite-difference methods can be effectively used to compute the continuous family of stationary regimes. We give some evidence of family degeneration when unappropriate approximations were used, which do not preserve the skew-symmetry of the Jacobian and nullification of the gyroscopic forces.

References [1] V. I. Yudovich, Cosymmetry, degeneration of solutions of operator equations, and the onset of filtration convection, Math. Notes, (49): 540-545, 1991 [2] V. I. Yudovich, Secondary cycle of equilibria in a system with cosymmetry, its creation by bifurcation and impossibility of symmetric treatment of it, Chaos, (5): 402-411, 1995

Equivalence of Newmark and Variational Algorithms and Extensions to Dissipative Mechanical Systems Matthew West Control and Dynamical Systems California Institute of Technology email: mwest@cds.caltech.edu We present two related results. First, for conservative systems, we offer an explanation for the unusually good performance of the classical Newmark family of integrators.

This is done by showing that these algorithms, as well as related schemes, are variational in the sense of the Veselov discrete mechanics. Such variational algorithms are examples of symplectic–momentum preserving integrators and exhibit the excellent global energy behavior typical of geometric methods. Analytical results concerning variational integrators can, through the established equivalence, be applied to explain the observed numerical behavior of the Newmark algorithm.

Second, we extend the variational framework to include forced mechanical systems and, in particular, those with dissipation. This is done both by direct discretization of the Lagrange-d’Alembert principle and by the use of a variational formulation of dissipation. We demonstrate that integrators derived in this manner have good numerical behavior in that they correctly estimate the total change in energy and momenta over the integration run. This extends some of the advantages characteristic of geometric integrators for conservative systems to the dissipative realm.

Posters

Constant Temperature Molecular Dynamics using an Extended Lagrangian Method Stephen Bond University of Kansas email: bond@math.ukans.edu Brian Laird University of Kansas email: blaird@caco3.chem.ukans.edu Benedict Leimkuhler University of Kansas email: leimkuhl@math.ukans.edu We present a new extended phase space method for constant temperature (canonical ensemble) molecular dynamics. Our starting point is the extended Hamiltonian introduced by Nosé to generate trajectories corresponding to configurations in the canonical ensemble. Using a Poincaré time-transformation, we construct a Hamiltonian system with the correct intrinsic timescale and show that it generates trajectories in the canonical ensemble. Our approach corrects a serious deficiency of the standard change of variables (Nosé-Hoover dynamics), which yields a time-reversible system but simultaneously destroys the Hamiltonian structure. A symplectic discretization method is presented for solving the Nosé-Poincaré equations. The method is explicit and preserves the timereversal symmetry. Extensions are presented for classical spin systems.

References

[1] S. Bond, B. Laird, and B. Leimkuhler. The Nosé-Poincaré Method for Constant Temperature Molecular Dynamics. J. Comp. Phys., 151(1):To Appear, (1999).

[2] S. Nosé. A Unified Formulation of the Constant Temperature Molecular-Dynamics Methods. J. Chem. Phys., 81(1):511–519, (1984).

[3] W.G. Hoover. Canonical dynamics: Equilibrium phase-space distributions. Phys.

Rev. A, 31(3):1695–1697, (1985).

[4] J. Frank, W. Huang, and B. Leimkuhler. Geometric Integrators for Classical Spin Systems. J. Comput. Phys., 133:160–172, (1997).

4.6 Numerical Ergodic Theory

Organizer : Michael Dellnitz

Key note lecture

Set Oriented Numerical Methods for Dynamical Systems Michael Dellnitz Department of Mathematics and Computer Science University of Paderborn D-33095 Paderborn Germany email: dellnitz@uni-paderborn.de

Frequently dynamical systems exhibit complicated temporal behavior. In this case it can be useful to approximate corresponding characterizing statistical quantities such as Lyapunov exponents or invariant measures. For this purpose there have been proposed reliable numerical techniques, which are based on a set-oriented approach rather than on long term simulations of the underlying dynamical system. Here we give an overview of recent developments in this area.

In particular, we explain how to approximate a natural invariant measure, that is, an SRB-measure if such a measure exists. These measures provide the information about the frequency by which a typical solution is observed in different parts of state space. The numerical approximation is obtained by adaptive multilevel subdivision strategies based on box coverings of the corresponding invariant set. (Once the invariant measure is known Lyapunov exponents can efficiently be computed by spatial integration, see [1].)

In addition to the stationary statistical behavior obtained by the invariant measure we show how to approximate almost invariant sets (cf. [3]). These are regions in state space where typical solutions stay for a relatively long period of time before leaving again. (The concept of almost invariance has turned out to be useful in the approximation of so-called conformations of molecules of moderate size, see [4].)

There are several convergence results for the (adaptive) numerical methods which are presented here, e.g. the convergence of approximating measures to an SRB-measure. Additionally we justify the techniques for the computation of almost invariant sets by recent analytical results concerning the spectrum of the Perron-Frobenius operator (cf. [2]). We illustrate both analytical results and numerical methods by several examples.

References

[1] Philip Aston and Michael Dellnitz. The computation of Lyapunov exponents via spatial integration with application to blowout bifurcations. Comput. Methods Appl. Mech. Engrg., 170(2):223-237, (1999).

[2] Michael Dellnitz, Gary Froyland and Stefan Sertl. On the spectrum of the Perron- Frobenius operator. Preprint, (1999).

[3] Michael Dellnitz and Oliver Junge. On the approximation of complicated dynamical behavior. SIAM J. Num. Anal., 36(2):491-515, (1999).

[4] Christof Schütte. Conformational dynamics: modelling, theory, algorithm, and application to biomolecules. Habilitation Thesis, Freie Universität Berlin, (1999).

Invited lectures

Numerical Problems for Random Dynamical Systems Ludwig Arnold Institut für Dynamische Systeme, Universität Bremen, 28334 Bremen, Germany email: arnold@math.uni-bremen.de We will review the state of the art of the numerical approximation of invariant objects of random dynamical systems, in particular of

– Lyapunov exponents and rotation numbers, – random point attractors, – random set attractors, – invariant manifolds, – stationary and invariant measures, – entropy.

Markov modelling of random dynamical systems Gary Froyland University of Paderborn email: froyland@math.uni-paderborn.de Techniques for estimating the stationary distribution of deterministic systems based on a discrete Markov approximation of the dynamics are well known and have been successfully used in the past. We now extend these techniques to random dynamical systems by defining a suitably averaged Markov model. We find that these constructions are often superior to iterative orbit based methods and for some classes of maps provide rigorous error bounds for our estimates of the stationary distribution.

References [1] Gary Froyland. Ulam’s method for random dynamical systems. Nonlinearity, In press.

[2] Gary Froyland and Kazuyuki Aihara. Rigorous numerical estimation of Lyapunov exponents and invariant measures of iterated function systems and random matrix products. Internat. J. Bifur. Chaos, In press.

Finite Representation of the Conley Decomposition Fern E. Hunt Mathematical and Computational Sciences Division 8910, National Institue of Standards and Technology, Gaithersburg, Maryland 20899 email: fern.hunt@nist.gov

A finite precision representation of the Conley decomposition of a continuous map acting on a compact space is presented providing a method to find chain transitive sets and isolating neighborhoods in terms of communication classes of a Markov chain associated with a partition of phase space. When an attracting set supporting an SBR measure exists we can prove the convergence of a set approximation of the attractor and show the relation between the invariant measure and the stationary measure of the chain. When the invariant set is Lyapounov stable and transitive, the work of Buescu and Stewart show that the measure is uniquely ergodic. We use this result to show converence of an approximate measure to the SBR measure.

Contributed talks

Numerical Schemes for Stochastic Delay Differential Equations Evelyn Buckwar Dept. of Mathematics, University of Manchester Manchester M13 9PL, United Kingdom email: ebuckwar@ma.man.ac.uk

We are concerned here with stochastic delay differential equations or SDDEs, which generalise both deterministic delay differential equations (DDEs) and stochastic ordinary differential equations (SODEs). This class of problems is of practical interest, e.g. in population dynamics and robotics.

Let (Ω, A, P ) be a complete probability space with a filtration (A_t) satisfying the usual conditions; i.e. the filtration (A_t)_{t≥0} is right-continuous, and each A_t, t ≥ 0, contains all P -null sets in A. Let W (t) be the 1-dimensional Brownian motion given on this space. With τ > 0 we denote by C := C([−τ, 0], IR) the Banach space of all continuous paths η : [−τ, 0] → IR given the supremum norm ‖η‖_C := sup_{s∈[−τ,0]} |η(s)|, η ∈ C. Let 0 = t_0 < T < ∞ and consider the stochastic delay differential equation (SDDE) with one fixed lag τ: dX(t) = f(t, X(t), X(t − τ)) dt + g(t, X(t))dW (t), t ∈ [0, T ] X(t) = Ψ(t), t ∈ [−τ, 0] } (1) where Ψ(t) is an A_{t0} -measurable C([−τ, 0], IR) valued random variable such that E‖Ψ‖^2 < ∞. The SDDE (1) is interpreted in the Itô sense. If g does not depend on X, the equation has additive noise, otherwise it has multiplicative noise. An IR-valued stochastic process X(t) : [−τ, T ] × Ω → IR is called a strong solution of (1), if it is a measurable, sample-continuous process such that X|_{[0,T ]} is (A_t)_{0≤t≤T} -adapted, f : [0, T ]×IR×IR → IR and g : [0, T ] × IR → IR are continuous functions and X satisfies (1) almost surely. It is well known, that a unique strong solution to Equation (1) exists, if f and g satisfy Lipschitz conditions and a linear growth bounds.

We address the principal issues involved in progressing to the numerical treatment of Equation (1) and our purpose is to ascertain how familiarity with methods used for DDEs and for SODEs can be exploited to yield methods for approximating strong solutions of SDDEs. We will present numerical results. The work is jointly performed with Christopher Baker, at Manchester.

Supported by EU grant ERBFMBICT983282

Young Measures and Invariance Michael Grinfeld Department of Mathematics University of Strathclyde Glasgow, UK email: michael@conley.maths.strath.ac.uk Philip A. Knight Department of Mathematics University of Strathclyde Glasgow, UK Invariant measures are an important tool in discussing the statistics of long-term behaviour of dynamical systems. There are two difficulties associated with this approach to dynamics. One is that for discontinuous systems, which are becoming more and more important in applications, the set of invariant measures may prove to be empty. Another problem is that the set of invariant measures may prove to be too big in a sense, and there arises the problem of picking a “physical” invariant measure from this set. In this presentation we make a case for the use of Young measures, introduced initially by L. C. Young in the context of chattering controls. Examples of analytic and numerical computation of Young measures for many well-known dynamical systems will be given.

Calculation of the Morse Spectrum of a Dynamical System George Osipenko St.Petersburg State Technical University, Russia email: math@math.hop.stu.neva.ru A discrete dynamical system generated by a homeomorphism F defined on a vector bundle E and linear on fibers is considered. The investigation is motivated by the inspection of Lyapunov exponents of a differential on the tangent space. The Morse spectrum is a limit set of Lyapunov exponents of periodic ε-trajectories as ε → 0. Our aim is the calculation of the Morse spectrum without any preliminary information on a dynamical system. The investigation is based on methods of symbolic dynamics and all estimates required can be obtained by standard numerical methods. A common scheme of the study is the following. By using a covering of the associated projective bundle PE by cells, a dynamical system is associated with the directed graph G called a symbolic image. The symbolic image G can be considered as a finite discrete approximation of the associated mapping PF on the projective bundle. A lot of the effective information on the global structure of a system on the projective bundle can be obtained by the analysis of the symbolic image. Periodic paths on the symbolic image generate the set of Lyapunov exponents that are estimates of Lyapunov exponents of periodic εtrajectories. The Morse spectrum of the symbolic image is defined as a limit set of Lyapunov exponents of periodic paths. It turns out that the Morse spectrum of a symbolic image is determined by Lyapunov exponents of simple periodic paths. A periodic path is simple if it passes through different vertices. The set of simple periodic paths is finite. This allows one to calculate the Morse spectrum of a symbolic image. The Morse spectrum of a symbolic image is in turn an estimate of the Morse spectrum of the initial mapping F depending on diameters of covering cells. In this manner a neighborhood of the Morse spectrum of F can be obtained. By applying a subdivision on the covering, a sequence of embedded neighborhoods of the Morse spectrum converging to the Morse spectrum of F is constructed. The method discussed above is realized as a computer software. The localization of the Morse spectrum allows one to verify hyperbolicity by mean of a computer.

The research is supported by the Russian Foundation for Basic Researches under Grant 97-07-90088.

References

[1] G.S.Osipenko. On a symbolic image of dynamical system. Boundary value problems, Perm, 101-105, 1983 (in Russian).

[2] G.S.Osipenko and I.Komarchev. Applied Symbolic Dynamics: Construction of periodic trajectories. WSSIAA, 4: 573-587 (1995).

[3] George Osipenko and Stephen Campbell. Applied Symbolic Dynamics: Attractors and Filtrations. Discrete and Continuous Dynamical Systems, 5(1): 43-60 (1999).

4.7 Numerics of Dynamics

Organizer : Celso Grebogi

Key note lecture

Shadowability of Chaotic Dynamical Systems Celso Grebogi Department of Mathematics, University of Maryland, College Park, MD 20742 email: grebogi@chaos.umd.edu

In studying their systems, physical scientists write differential equations derived from fundamental laws. These equations are then used to understand, analyze, predict, and control the system’s behavior, provided one is able to determine the solutions. As the role of nonlinearity grows in importance for the study of physics, solutions often cannot be obtained in closed form, and numerical solutions must be relied on. Computers are now an integral part of the physicist’s modus operandi.

A basic question always present when obtaining numerical solutions is to what extent they are valid. This question is especially meaningful when dealing with chaotic dynamics, since local sensitivity to small errors is the hallmark of a chaotic system. Floatingpoint calculations commonly used to approximate solutions of differential equations or compute discrete maps produce pseudo-trajectories, which differ from true trajectories by new, small errors at each computational step. Despite the sensitive dependence on initial conditions, the methods of shadowing have shown that for chaotic systems that are hyperbolic or nearly hyperbolic, locally sensitive trajectories are often globally insensitive, in that there exist true trajectories with adjusted initial conditions, called shadowing trajectories, very close to long computer-generated pseudo-trajectories. A dynamical system is hyperbolic if phase space can be spanned locally by a fixed number of independent stable and unstable directions which are consistent under the operation of the dynamics.

In the absence of hyperbolic structure, much less is known about the validity of long computer simulations. Recently it was shown that trajectories of a chaotic system with a fluctuating number of positive finite-time Lyapunov exponents fail to have long shadowing trajectories. In other words, they are globally sensitive to small errors. Such hyperchaotic system has two positive Lyapunov exponents, although finite-time approximations of the smaller of the two fluctuate about zero, due to visits of the trajectory to regions of the attractor with a varying number of stable and unstable directions. The destruction of hyperbolicity caused by this phenomenon leads to global sensitivity – only relatively short pseudo-trajectories will be approximately matched by true system trajectories.

Our discussion of the global sensitivity of trajectories for these non-hyperbolic systems is limited in this talk to the comparison between physical models and computer simulations, but the same questions arise whenever comparing the time behavior of two systems evolving under similar, but slightly different dynamical rules. For example, a natural system and its theoretical model differ by modeling errors. In the presence of fluctuating Lyapunov exponents, global sensitivity may lead to trajectory mismatch, in particular when long times are considered. The result is that no trajectory of the theoretical model matches, even approximately, the true system outcome over long time spans.

Invited lectures

Numerical exploration of homoclinic dynamics Wolf-Jürgen Beyn Department of Mathematics, University of Bielefeld P.O. Box 100131, D-33501 Bielefeld email: beyn@mathematik.uni-bielefeld.de

In many instances chaotic behavior in discrete dynamical systems is related to homoclinic and heteroclinic intersections. In this talk we discuss these phenomena from the viewpoint of numerical bifurcation analysis.

First we report on some recent results of J.-M. Kleinkauf [3],[4] on the numerical computation of homoclinic and heteroclinic tangencies in discrete systems. His analysis starts with the observation that these tangencies can be characterized as turnig points of branches of corresponding orbits in sequence spaces. It is then shown how heteroclinic tangencies can be computed numerically in a robust way by solving appropriate finite boundary value problems. Error estimates for the branches are derived including a superconvergence phenomenon for the critial parameter value at which the tangency occurs.

Using these tools we then analyze bifurcation phenomena created through homoclinic tangencies and - more generally - through closed loops of homoclinic and heteroclinic orbits. In a certain sense a homoclinic tangency may be considered as a bifurcation of infinite codimension. We show how this affects the continuation of multi-humped homoclinics and their tangencies and makes it increasingly more difficult to follow them in a reliable way. The above techniques will also be used to extend the methods for evaluating the symbolic dynamics that is created by homoclinic intersections [1]. Finally, we will shed some new light on the well-known result by Fiedler and Scheurle [2] that the discretization of homoclinic orbits generically creates transversal intersections and that these occur in an exponentially small wedge under analyticity assumptions. References

[1] W.-J. Beyn, J.-M. Kleinkauf. Numerical approximation of homoclinic chaos. Numerical Algorithms, 14 :25-53, (1997).

[2] B. Fiedler, J. Scheurle. Discretization of homoclinic orbits, rapid forcing and ‘invisible‘ chaos. Mem. Amer. Math. Soc., 119 (570):1-79, (1996).

[3] J.-M. Kleinkauf. The numerical computation and geometric analysis of heteroclinic tangencies. SFB 343, University of Bielefeld, Preprint, 98-048, (1998).

[4] J.-M. Kleinkauf. Superconvergence estimates for the numerical computation of heteroclinics for maps. SFB 343. University of Bielefeld, Preprint, 98-052, (1998).

The Computation of Lyapunov Exponents via Spatial Integration Michael Dellnitz Department of Mathematics and Computer Science, University of Paderborn D-33095 Paderborn, Germany email: dellnitz@uni-paderborn.de Philip Aston Department of Mathematics and Statistics, University of Surrey Guildford GU2 5XH, UK email: mas1pa@mcs.surrey.ac.uk We propose a new method for the numerical approximation of the largest Lyapunov exponent. This method is based on the computation of a spatial average with respect to an underlying (natural) invariant measure rather than on a long-term simulation of the dynamical system. Thus, this approach can be interpreted as a generalization of the classical power method for eigenvalue problems. We will show that it is particularly advantageous for the detection of so-called blowout bifurcations of a synchronous chaotic state, and we illustrate this fact for a system of two coupled Duffing oscillators.

References

[1] Philip Aston and Michael Dellnitz. The computation of Lyapunov exponents via spatial integration with application to blowout bifurcations. Comput. Methods Appl. Mech. Engrg., 170(2):223-237, (1999).

Modeling and complexity of coupled chaotic systems Ying-Cheng Lai University of Kansas email: lai@poincare.math.ukans.edu

Celso Grebogi University of Maryland email: grebogi@chaos.umd.edu Coupled oscillators are relevant to a large variety of physical and biological phenomena. Arrays of Josephson junctions and coupled solid state lasers are well known examples in physics and electrical engineering. In biology, vital organs such as hearts, auditory, visual, and central nervous systems are complex networks of many small oscillators such as cells and neurons. Coupled equations can also arise from spatial discretization of nonlinear partial differential equations such as the Navier-Stokes equation in fluid dynamics. The dynamics of the fundamental elements, or the individual oscillators in the network, can be either regular or chaotic. Typically, the collective behavior of all the oscillators in the network can be extremely rich, ranging from steady state or periodic oscillations to chaotic or turbulent motions.

The focus of this talk is on modeling and complexity of coupled chaotic oscillators. In particular, it has been known that chaotic dynamics may impose severe limits to deterministic modeling by dynamical equations of natural systems. The obstruction to deterministic modeling is caused by a type of nonhyperbolic behavior in chaotic systems: unstable dimension variability. Roughly, unstable dimension variability means that periodic orbits embedded in the chaotic invariant set have distinct number of unstable directions. Theoretical argument and numerical computations will be presented to show that unstable dimension variability is common in systems of coupled chaotic oscillators. Evidence will also be given indicating that unstable dimension variability may be responsible for complexity observed in these systems.

References

[1] Y.-C. Lai and C. Grebogi. Modeling of coupled chaotic oscillators. Physical Review Letters 82, (1999).

[2] Y.-C. Lai, C. Grebogi, and J. Kurths. Modeling of deterministic chaotic systems.

Physical Review E, 59, 2907 (1999).

Shadowing time for chaotic trajectories Timothy D. Sauer George Mason University email: tsauer@gmu.edu

We explore the statistical aspects of finite-time shadowing in nonhyperbolic dynamical systems. A diffusion model parametrized by information from the finite-time Lyapunov exponent distributions of the system can be used to calculate expected shadowing times and shadowing distances. This explains the mechanism by which long-term shadowing breaks down in cases of “unstable dimension variability”, when finite-time Lyapunov exponents fluctuate about zero.

Contributed talks

Dimension and stability of sets embedded in normally hyperbolic invariant manifolds Volker Reitmann TU Dresden, Germany email: reitmann@rcz.urz.tu-dresden.de We investigate discrete-time dynamical systems on Riemannian manifolds which are generated by smooth maps. Using properties of associated full variational systems and partial variational systems in direction transversal to the considered invariant submanifolds we obtain conditions for orbital stability and instability of such invariant sets. A known stabiliy criterion of Ruelle for periodic orbits of a discrete-time system with invariant measure is formulated in terms of Lyapunov exponents. But in application to concrete systems in synchronization theory such a criterion is not always effective. These difficulties are handled in the present contribution by deriving stability conditions using singular values of the tangent map. A number of these conditions leads to upper or lower estimates of the largest two singular values of the linearized map. The techniques which are developed here are similar to the constructions for continuous-time systems on Riemannian manifolds used in a joint work with G. A. Leonov and A. Noack [1].

Assuming that the discrete-time system is given in feedback control form (see [2]) on the cylinder the conditions for the stability of invariant sets are split into requirements for the linear part (frequency domain conditions) and the nonlinearity. The contribution is also concerned with upper bounds for the Hausdorff dimension of normally hyperbolic invariant sets. The dimension bounds are formulated in terms of singular values of the restricted tangent maps acting in transversal or longitudinal directions [3].

References

[1] Reitmann, V., G. A. Leonov and A. Noack. Asymptotic orbital stability conditions for flows by estimates of singular values of the linearization. Accepted for publication in ”Nonlinear Analysis: Theory, Methods and Applications”.

[2] Reitmann, V. Reguläre und chaotische Dynamik. Mathematik für Ingenieure und Naturwissenschaftler. B. G. Teubner Verlagsgesellschaft, Stuttgart -Leipzig: 252 Seiten, (1996).

[3] Reitmann, V. and U. Schnabel. Hausdorff dimension estimates for invariant sets of piecewise smooth maps. Preprint 50/97 in DFG-Schwerpunktprogramm ”Dynamik: Analysis, effiziente Simulation und Ergodentheorie”, Accepted for publication in ZAMM.

Verification of chaos in the planar restricted 3–body problem Daniel Stoffer ETH–Zürich email: stoffer@math.ethz.ch

Urs Kirchgraber ETH–Zürich email: kirchgraber@math.ethz.ch

We present a computer–assisted method to verify the existence of chaotic behaviour in discrete dynamical systems. Our approach is closely related to the procedure introduced in Stoffer, Palmer [1]. Yet the scheme of [1] is substantially improved leading to a more efficient procedure with a wider range of potential applications. Moreover, the application to the planar restricted three body problem with two primaries of equal masses is offered. As is well known, this problem is described by a four–dimensional system of differential equations. Restricting the flow to an energy surface and defining an appropriate Poincaré section the problem is reduced to a map in IR^2 to which our method is shown to apply.

Strictly speaking we do not rigorously establish chaotic behaviour. This is due to the fact that we replace certain rigorous error bounds by what we call realistic estimated upper bounds.

References [1] D. Stoffer, K.J. Palmer. Rigorous verification of chaotic behaviour of maps using validated shadowing. Preprint, (1998).

Wavelet Approach to Nonlinear Dynamics Michael Zeitlin IPME, Russian Academy of Sciences, V.O. Bolshoj pr., 61 199178, St.Petersburg, Russia email: zeitlin@math.ipme.ru

Antonina Fedorova IPME,Russian Academy of Sciences, V.O. Bolshoj pr., 61 199178, St.Petersburg, Russia email: anton@math.ipme.ru

We consider a number of dynamical problems which are described by the systems of ordinary differential equations with polynomial nonlinearities and with or without some constraints. We consider variational wavelet approach for constructing explicit solutions of these problems. We have the solutions as a multiresolution expansion in the base of compactly supported wavelets or wavelet packet bases. In the general case we consider biorthogonal wavelet expansions. These solutions are parameterized by solutions of reduced algebraic problems. We consider applications to optimal control problem and nonlinear accelerator physics problems. Also we present applications to a number of Hamiltonian problems and their perturbations. We consider dynamical problems in invariant variational approach via coadjoint orbit picture, semiproducts and metaplectic structure. We construct symplectic, Poisson and quasicomplex structures using generalized wavelets and non-standard (maximum sparse) representations for operators in different coherent, well localized wavelet bases in functional spaces or scale of spaces. We consider applications of our approach to the theory of homoclinic chaos and quasiclassics. Also we consider applications to a number of wave motion problems (nonlinear wave equations) and turbulence problems (Kuramoto–Sivashinsky equations). We consider variational approach for constructing wavelet–Galerkin representations via reduction from initial complicated problems to a number of standard algebraic problems. As a result we obtained explicit representation for well localized coherent structures.

References

[1] Fedorova, A.N., Zeitlin, M.G., Parsa, Z. Variational Approach in Wavelet Framework to Polynomial Approximations of Nonlinear Accelerator Problems. American Institute of Phys., CP468:48-68, (1999).

[2] Fedorova, A.N., Zeitlin, M.G., Parsa, Z. Symmetry, Hamiltonian Problems and Wavelets in Accelerator Physics. American Institute of Phys., CP468:69-93, (1999).

[3] Fedorova, A.N., Zeitlin, M.G. Wavelet Approach to Mechanical Problems. Symplectic Group, Symplectic Topology and Symplectic Scales. New Applications of Nonlinear and Chaotic Dynamics in Mechanics, Kluwer, 31-40, (1998).

[4] Fedorova, A.N., Zeitlin, M.G. Wavelet Approach to Polynomial Mechanical Problems. New Applications of Nonlinear and Chaotic Dynamics in Mechanics, Kluwer: 101-108, (1998).

[5] Fedorova, A.N., Zeitlin, M.G. Wavelets in Optimization and Approximations. Math.

and Comp. in Simulation, 46(5-6):527-534,(1998).

Remarks on computational aspects of computer assisted proofs of chaotic behavior for ODE’s Piotr Zgliczyński CDSNS, Georgia Tech, Atlanta, USA email: piotrz@math.gatech.edu I will discuss the rigorous numerics using the computer assisted proofs of chaotic behavior for Lorenz system and Rössler equations [1–3].

The computer part in the above mentioned proofs can be reduced to the following problem:

Compute fast and rigorously with a-priori prescribed error the image of some relatively big rectangle under the Poincaré map for a given ODE.

It should be stressed that we allow for relatively big errors (for example 10% of the size of the important sets in the problem).

In principle this is an easy problem, we just have to discretize both in time (i.e. we use Runge–Kutta , or Taylor method) and in space and then perform finite computations. In the problems mentioned above it required up to 60 hours of computation time to complete the task.

We discuss how the following issues influence the computation time

• the order of the numerical method

• various norms for computation Lipschitz constant of the flow

• Lohner algorithm for error propagation

We show that different approaches lead to drastically different computation times covering range from just minutes to years for the same problem.

The conclusion from these experiments can be formulated as follows: The most important factor in such computations is propagation of errors due to space discretization. It is reasonable to apply an complicated algorithm (this means that to perform a single time step takes much computer time) if this leads to a significant reduction of the estimate for the Lipschitz constant of the flow.

For example the use of Lohner algorithm in Rössler system can speed up computation by a factor 1000, when compared to original computations from [2].

References [1] K. Mischaikow, M. Mrozek. Chaos in Lorenz equations: a computer assisted proof.

Bull. AMS, 32:205–236, (1995).

[2] P. Zgliczyński. Computer assisted proof of chaos in the Hénon map and the Rössler equations. Nonlinearity, 10(1):243–252, (1997).

[3] Z. Galias, P. Zgliczyński. Computer assisted proof of chaos in the Lorenz system.

Physica D, 115:165–188, (1998).

Posters

Heteroclinic behavior in rotating Rayleigh-Bénard convection Ayhan Demircan Institute of Physics, University of Potsdam email: demircan@agnld.uni-potsdam.de Norbert Seehafer Institute of Physics, University of Potsdam email: seehafer@agnld.uni-potsdam.de We investigate numerically the appearance of heteroclinic behavior in a three-di-mensional, buoyancy-driven fluid layer with stress-free top and bottom boundaries, a square horizontal periodicity with a small aspect ratio, and rotation at low to moderate rates about a vertical axis. The Prandtl number is 6.8. If the rotation is not too slow, the skewed-varicose instability leads from stationary rolls to a stationary mixed-mode solution, which in turn loses stability to a heteroclinic cycle formed by unstable roll states and connections between them. The unstable eigenvectors of these roll states are also of the skewed-varicose or mixed-mode type and in some parameter regions skewed-varicose like shearing oscillations as well as square patterns are involved in the cycle. Always present weak noise leads to irregular horizontal translations of the convection pattern and makes the dynamics chaotic, which is verified by calculating Lyapunov exponents. In the nonrotating case the primary rolls lose, depending on the aspect ratio, stability to traveling waves or a stationary square pattern. We also study the symmetries of the solutions at the intermittent fixed points in the heteroclinic cycle.

References [1] Scheel S. and Seehafer N. Bifurcations to oscillation in three-dimensional Rayleigh- Bénard convection . Phys. Rev., E(59):5511-5516,(1997).

[2] Zienicke E., Seehafer N. and Feudel F. Bifurcations in two-dimensional Rayleigh- Bénard convection. Phys. Rev, E(57):428-435, (1998).