Exercises

Partial Differential Equations

Bernold Fiedler, Stefan Liebscher Deadline: November 15, 2001

Problem 13 Let u ∈ W^{1,p}([0, 1]), 1 ≤ p ≤ ∞, i.e. u, v ∈ L^p such that for all φ ∈ C^∞_0

∫_1 0 uφ^′ = − ∫_1 0 vφ. With clever choices of ϕ, prove that u ∈ C^{0,γ} for all γ ≤ 1 − 1/p. (Assume u to be continuous, if necessary.)

Problem 14 Let B be the unit ball in R^n. Consider u_β : B → R, x → u_β(x) = |x|^β. Find the values of β such that

(i) u_β ∈ C^{0,α}(B); (ii) u_β ∈ W^{1,p}(B);

Problem 15 Let Ω ⊂ R^n be open and connected. Consider u ∈ W^{1,p}(Ω), 1 ≤ p < ∞, with vanishing weak derivative ∫ Ω u∂_iη = 0 ∀η ∈ C^∞_0 (Ω), i = 1, . . . , n. Prove that then u is a constant function. Problem 16 Let (f ∗g)(x) := ∫ R^n f(x−y)g(y) dy the convolution and T (t) the semigroup of the linear

heat equation on L^p(R^n), 1 < p < ∞. Prove (i) ‖f ∗ g‖_Lp ≤ ‖f‖_L1 ‖g‖_Lp for 1 ≤ p ≤ ∞. Hint: Try p = 1 first. Then decompose |f(x − y)| = |f(x − y)|^{1/q}|f(x − y)|^{1/p}, for p > 1, and apply the Hölder inequality.

(ii) ‖T (t)‖_Lp ≤ 1, i.e. T (t) is a contracting semigroup.