
Homework assignment

Infinite Dimensional Dynamical Systems
Bernold Fiedler, Stefan Liebscher

http://dynamics.mi.fu-berlin.de/lectures/

due date: Tuesday, May 08, 2012

Problem 9: Given two classical solutions u1(t, x), u2(t, x) of the same semilinear PDE

ut = uxx + f(x, u, ux), 0 < x < L, +Neumann b.c.,

f ∈ C1, t > 0. Prove or disprove: the zero number t 7→ z(u1(t, ·)− u2(t, ·)) is

(i) upper

(ii) lower

semi-continuous.

Remark: You may assume that the zero number is finite.

Extra credit: Answer the same question for t 7→ z(w(t, ·)) <∞ and arbitrary continuous

functions w on R+ × [0, L].

Problem 10: Show the following claim, as Sturm did in 1836! Let

ϕ =
n∑

k=m

akϕk 6≡ 0

be a nontrivial linear combination of Sturm-Liouville eigenfunctions,

µkϕk = (ϕk)xx + b(x)(ϕk)x + c(x)ϕk, µ0 > µ1 > · · ·

Then the zero number is bounded by

m ≤ z(ϕ) ≤ n.

Remark: You may use the fact that z(ϕk) = k.

Problem 11: Let v ∈ RN be a hyperbolic equilibrium of some ODE u̇ = f(u) with

stable and unstable manifolds W s, W u.

(i) Are W s, W u transverse at v ?

(ii) Assume W s∩W u 6= {v}. Show that v possesses a homoclinic orbit u(t), i.e. u(t)→ v

for t→ ±∞. Can W s and W u be transverse along u(t) ?



Problem 12: Consider the Sturm-Liouville eigenvalue problem

µut = uxx + bux + cu,

with constant real coefficients b, c for 2π-periodic functions, u(x+ 2π) = u(x).

Obviously, the zero number z(u(·)) is even, for 0 ≤ x ≤ 2π. Why? Determine all eigen-

values µ and eigenfunctions ϕ as well as (geometric) multiplicities of the eigenvalues.

Discuss z(ϕ). Compare this case of periodic b.c. with the case (N ) of Neumann b.c.


