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For a function u : Rn → R, u ∈ C2 we denote ∆u(x) =
∑n

i=1
uxixi

(x).

Problem 1: (50 points) Determine the type of the following equations (linear, quasi-
linear, fully nonlinear)

(i) ∆u = 0.

(ii) ux1
+ ux2x2x2x2

= 0.

(iii) ut + uux = f(u).

(iv) ut −∆(u2) = 0.

(v) div((|∇u|)p−2∇u), p ≥ 2.

Problem 2: (100 points) Recall the integration by parts formula. Let u, v : Rn → R,
u, v ∈ C1(Q̄), Q ⊂ Rn an open set with C1 boundary ∂Q. Then

∫
Q

uxi
vdx = −

∫
Q

uvxi
dx+

∫
∂Q

uvνidS,

where ν is the outer unit normal on the boundary.

Prove the following formulas for u, v ∈ C2(Q̄):

(i) ∫
Q

∆udx =

∫
∂Q

∂u

∂ν
dS.

(ii) ∫
Q

v∆udx =

∫
∂Q

∂u

∂ν
vdS −

∫
Q

∇v∇udx.

(iii) ∫
U

u∆v − v∆udx =

∫
δU

u
∂v

∂ν
− v

∂u

∂ν
.



Problem 3: (150 points)

(i) Solve the following equation using characteristics

x1ux1
+ x2ux2

= 2u, u(x1, 1) = g(x1),

for x ∈ Q, where Q = {x2 ≥ 1}

(ii) Write the characteristics ODE for the following PDE

(a)
2ut = ux + xu

(b)
ut + (1 + x2)ux − u = 0.


