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Problem 11:

(i) Show that I' = {x € R? : 5 = 0} is a characteristic line for the equation
Usyzy = [ ().

(ii) Consider the following problem:

U|Bﬂ{m2:0} = Uo(xl)a (1)
um2|Bﬂ{x2:0} = ul(xl),

{ Ugizo = f(l’), LS B>

where B is the unit ball centered at the origin, f € C(R?), uy € C?*(R) and
u; € CY(R). Prove that (1) has a solution v € C*(B) if and only if

du1 (1’1)
d!L’l

= f(x1,0). (2)

In addition, prove that if (2) holds, then all solutions are given by

u(y, ) = / e, / P (6 £)dE + uo(r) + g(2),
0 0

where ¢ is an arbitrary C? function satisfying

4 dg(0)
g(0) =0, prak u1(0).



Problem 12: [200 points| Consider the equation
(2, Yt + 26(2, Y uay + (@, Y)tyy + (2,9, 0,05, 0,) =0, (2,9) EQCRE (3)

where f represents lower-order terms, a(x,y) # 0 in Q.

(i) Denote A(z,y) = A =b* — ac. Show that (3) (at a point (z,y) € Q) is
(a) hyperbolic if A(z,y) > 0,
(b) parabolic if A(z,y) =0,
(c) elliptic if A(z,y) < 0.

(ii) Introduce new variables

U:U(Iay)a (4)

{ £ =¢&(x,y),

where &, € C?(Q), D = det ( gz zz ) # 0 in Q. Consider a function v(§,n)
Yy Yy

such that u(z,y) = v(&(z,y),n(z,y)). Then v(£,n) satisfies
Avge + 2Bug, + Coyy + F(E,m,0, v, vp).
Prove that
A = a2 + 206, + £, C = an + 2bnyny + cn?,
and find an expression for B. Prove that B> — AC = (b* — ac)D?.

(iii) Let A(x,y) > 0 in @, and suppose that the 1st-order PDEs

ay + (b+ Vb2 —ac)é, =0, (5)
ang + (b+vV0?> —ac)n, =0

have solutions &,n € C'(Q) such that &, # 0,m, # 0 in Q. Show that the lines
&(z,y) = c1,m(x,y) = co are characteristic lines for equation (3).

(iv) Find a nondegenerate change of varialbes which reduces (3) to the canonical form
in the whole domain ). (Hint: first make the change of variables (4), where
&(z,y),n(z,y) are solutions of (5). Make sure that it is nondegenerate.)

(v) Let A(x,y) = 0in Q. Assume the equation a&, + b, = 0 has a solution £ € C'(Q).

Take an arbitrary n(x,y) such that det < gw Zx ) # 0 in . Show that the change
y Ty

of variables £ = &(x,y), n = n(x,y) reduces (3) to the canonical form.
(vi) Let A(z,y) < 0. Let
(x,y) = o(x,y) + iv(z,y),

be solutions of (5), where ¢,1 € C'(Q) are real-valued. Show that the change of
variables & = ¢(x,y), n = ¥(z,y) reduces (3) to the canonical form.



Problem 13:

(i) Reduce the following equation to the canonical form, using the method from class
(by a linear change of variables):

Ugpy — 2Ugy — Uyy + Uy = 0.

(ii) In each of the following equations

e Indicate the domain in which the equation is hyperbolic/parabolic/elliptic.

e Reduce to the canonical form in each of the above domains by the method
from Problem 12

(a) Uy — Ty, = 0.

(b) Uy — YUy, = 0.

Problem 14:
(i) Prove that the second order PDE
Z ij(T)Ug,q, + lower-order terms = f(z), =€ @ CR", (6)

is elliptic at a point x € @ if and only if there are two constants ¢y, cy > 0 such
that

ol |* < Z a;j(1)€:6; < e
ij=1
for all vectors £ € R™.

(ii) Prove that if the PDE is elliptic in the closure @, then ¢; and ¢, can be chosen not
depending on = € Q).



