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Problem 11:

(i) Show that Γ = {x ∈ R
2 : x2 = 0} is a characteristic line for the equation

ux1x2
= f(x).

(ii) Consider the following problem:

{

ux1x2
= f(x), x ∈ B,

u|B∩{x2=0} = u0(x1),
ux2

|B∩{x2=0} = u1(x1),
(1)

where B is the unit ball centered at the origin, f ∈ C(R2), u0 ∈ C2(R) and
u1 ∈ C1(R). Prove that (1) has a solution u ∈ C2(B) if and only if

du1(x1)

dx1
≡ f(x1, 0). (2)

In addition, prove that if (2) holds, then all solutions are given by

u(x1, x2) =

∫ x1

0

dξ1

∫ x2

0

f(ξ1, ξ2)dξ2 + u0(x1) + g(x2),

where g is an arbitrary C2 function satisfying

g(0) = 0,
dg(0)

dx2
= u1(0).



Problem 12: [200 points] Consider the equation

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + f(x, y, u, ux, uy) = 0, (x, y) ∈ Q ⊂ R
2, (3)

where f represents lower-order terms, a(x, y) 6= 0 in Q.

(i) Denote ∆(x, y) = ∆ = b2 − ac. Show that (3) (at a point (x, y) ∈ Q) is

(a) hyperbolic if ∆(x, y) > 0,

(b) parabolic if ∆(x, y) = 0,

(c) elliptic if ∆(x, y) < 0.

(ii) Introduce new variables
{

ξ = ξ(x, y),
η = η(x, y),

(4)

where ξ, η ∈ C2(Q), D = det

(

ξx ηx
ξy ηy

)

6= 0 in Q. Consider a function v(ξ, η)

such that u(x, y) = v(ξ(x, y), η(x, y)). Then v(ξ, η) satisfies

Avξξ + 2Bvξη + Cvηη + F (ξ, η, v, vξ, vη).

Prove that

A = aξ2x + 2bξxξy + cξ2y , C = aη2x + 2bηxηy + cη2y ,

and find an expression for B. Prove that B2 − AC = (b2 − ac)D2.

(iii) Let ∆(x, y) > 0 in Q, and suppose that the 1st-order PDEs

aξx + (b+
√
b2 − ac)ξy = 0,

aηx + (b+
√
b2 − ac)ηy = 0

(5)

have solutions ξ, η ∈ C1(Q) such that ξy 6= 0, ηy 6= 0 in Q. Show that the lines
ξ(x, y) = c1, η(x, y) = c2 are characteristic lines for equation (3).

(iv) Find a nondegenerate change of varialbes which reduces (3) to the canonical form
in the whole domain Q. (Hint: first make the change of variables (4), where
ξ(x, y), η(x, y) are solutions of (5). Make sure that it is nondegenerate.)

(v) Let ∆(x, y) = 0 in Q. Assume the equation aξx+bξy = 0 has a solution ξ ∈ C1(Q).

Take an arbitrary η(x, y) such that det

(

ξx ηx
ξy ηy

)

6= 0 in Q. Show that the change

of variables ξ = ξ(x, y), η = η(x, y) reduces (3) to the canonical form.

(vi) Let ∆(x, y) < 0. Let
ξ(x, y) = φ(x, y) + iψ(x, y),
η(x, y) = φ(x, y)− iψ(x, y)

be solutions of (5), where φ, ψ ∈ C1(Q) are real-valued. Show that the change of
variables ξ = φ(x, y), η = ψ(x, y) reduces (3) to the canonical form.



Problem 13:

(i) Reduce the following equation to the canonical form, using the method from class
(by a linear change of variables):

uxx − 2uxy − 3uyy + uy = 0.

(ii) In each of the following equations

• Indicate the domain in which the equation is hyperbolic/parabolic/elliptic.

• Reduce to the canonical form in each of the above domains by the method
from Problem 12

(a) uxx − xuyy = 0.

(b) xuxx − yuyy = 0.

Problem 14:

(i) Prove that the second order PDE

∑

aij(x)uxixj
+ lower-order terms = f(x), x ∈ Q ⊂ R

n, (6)

is elliptic at a point x ∈ Q if and only if there are two constants c1, c2 > 0 such
that

c1|xi|2 ≤
n

∑

i,j=1

aij(x)ξiξj ≤ c2|ξ|2

for all vectors ξ ∈ R
n.

(ii) Prove that if the PDE is elliptic in the closure Q, then c1 and c2 can be chosen not
depending on x ∈ Q.


