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Problem 15:

(i) For which α > 0 does the function f(x) = |x|α belong to L2(Q), where

(a) Q = {x ∈ Rn : |x| < 1},

(b) Q = {x ∈ Rn : |x| > 1}.

(ii) Does the function f(x) = sinx
x5/4 belong to L2(0, 1)?

(iii) For which α is the function f(x) = x1x2...xn

|x|α
Lebesgue integrable over the domain

Q = {x ∈ Rn : |x| < 1}?

Hint: A function f(x) is Lebesgue integrable if and only if |f(x)| is Lebesgue
integrable.

Problem 16: Find all the eigenvalues and all the corresponding eigenfunctions of
the following spectral problem

−e′′(x) = λe(x), x ∈ (0, l), (1)

e′(0) = 0, e(l) = 0,

where l > 0.

Hint: Use the general form of the solution for equation (1).

Problem 17: Find the solutions of the following initial boundary-value problems

(i) utt = uxx + 2, x ∈ (0, l), u|x=0 = 0, u|x=l = 0, u|t=0 = ut|t=0 = 0;

(ii) utt + 2ut = uxx − u, x ∈ (0, π), ux|x=0 = u|x=π = 0, u|t=0 = 0, ut|t=0 = x.

Problem 18: Find the solutions of the following initial boundary-value problems

(i) ut = uxx, x ∈ (0, 1), ux|x=0 = ux|x=1 = 0, u|t=0 = x2 − 1;

(ii) ut = uxx + u+ 2 sin(2x) sin x, x ∈ (0, π/2), u|x=0 = u|x=π/2 = 0, u|t=0 = 0.


