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Problem 23:

(i) Consider the equation
∆u(x) = f(x), x ∈ Q,

where Q = {x ∈ R
2 : |x| < 1}. Write a partial differential equation for the function

v(r, ϕ) = u(r cosϕ, r sinϕ).

(ii) Consider the equation
∆u(x) = f(|x|), x ∈ Q,

where Q = {x ∈ R
n : |x| < 1}. Assume that u(x) = v(|x|), where v is a real-valued

function. Write an ordinary differential equation for the function v.

Problem 24:

(i) Find all the eigenvalues and all the corresponding eigenfunctions of the following
spectral problem

−e′′(x) = λe(x), x ∈ (0, l), (1)

e(0) = e(l), e′(0) = e′(l),

where l = 2π.

(ii) Find a solution of
∆u(x) = 0, x ∈ Q,

and

(a) Q = {x ∈ R
2 : |x| < 1}

u|∂Q = g(ϕ),

(b) Q = {x ∈ R
2 : 1/2 < |x| < 2}

u||x|=1/2 = g1(ϕ),

u||x|=2 = g2(ϕ),

as a formal series

u =
∞
∑

j=1

uj(r)ej(ϕ),

where ϕ is a polar angle and g, g1, g2 are real-valued functions
Hint: Use (i). Note that in (a) the function should be bounded at 0.



Problem 25:

(i) Find a function f ∈ L2(Q), Q = {x ∈ R
2 : |x| < 1} such that the generalized

derivatives (from the space L2,loc(Q)) fx1
and fx2

do not exist, but the generalized
derivative fx1x2

exists.

(ii) In each of the following problems determine if the following generalized derivative
(from the space L2,loc(Q)) exists, and if yes find it.

(a) ∂2

∂x1∂x2

f(x), where f(x) = |x1x2| in Q = {x ∈ R
2 : |x| < 1}.

(b) ∂
∂x
f(x), where f(x) =

√

|x| in Q = {x ∈ R, |x| < 1}.

(c) ∂
∂x
f(x) and ∂2

∂x2f(x), where

f(x) =

{

0, x < 0

sin x x ≥ 0,

in Q = {x ∈ R, |x| < 1}.

Problem 26: Let Q be a domain in R
n.

(i) Let a ∈ Ck(Q̄) and let |Dαa(x)| be bounded for all |α| ≤ k. Prove that for any
f ∈ Hk(Q)

(a) (af)xi
= axi

f + afxi
, where axi

is a classical derivative, (af)xi
and fxi

are
generalized derivatives.

(b) af ∈ Hk(Q) and ‖af‖Hk(Q) ≤ C‖f‖Hk(Q), where C > 0 does not depend on f .

(ii) Let |β| ≤ k. Prove that
Dβ : Hk(Q) → Hk−|β|(Q)

is a bounded linear operator.

(iii) Let f ∈ Hk(Q) and let fh be its mollifier (h > 0). Prove that

‖fh − f‖Hk(Q′) → 0, as h → 0,

for any Q′
⋐ Q.


