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Problem 31:

(i) For a real-valued function f € Lo(0,7) consider the sequence
2 [T )
b = —/ f(z)sin kz dz.
m™Jo

Prove that the function f is from the space H'(0, 7) (Sobolev space with zero trace)
if and only if the series ), ., k*b; converges. Prove that if f € H'(0,7) then the
following equality holds

10y = | (72 1) =5 S8 + 1),

0 k>0
(ii) Let x = (x1,22) = (rcos¢,rsin ¢) and a real-valued function

Qg

— k ;
flz) = 5 +kz:;r (ax, cos ke + b sin kyp)

belong to H'(|z| < 1). Find the integral

/ (lgrad 4| )

in terms of ay, by.

Problem 32:

(i) Let @ be a bounded domain in R™. Let p € C(Q) and p(x) > py > 0. Prove that
the expression

(f.9)r = /Q pfgde for f.g € Lo(Q) (1)

defines a scalar product in Ls(Q) which is equivalent to the standard scalar product

(ii) Let @ be a bounded domain in R™. Let p € C(Q) and p(x) > 0 for z € Q \ {zo}
and p(xg) = 0 for some ¢ € Q). Prove that expression (1) defines a scalar product
which is not equivalent to the standard scalar product.



Problem 33: Let @ be a bounded domain in R" and D be a bounded domain in
R Let ¢ : D — R be a C' function. Denote T's = {(2/,¢(z') + J), with 2/ € D}.
Assume that I's C @ for small enough 6. Let f € H'(Q). Denote by hs; € Ly(T'5) the
trace of f on I's. Let gs € Lo(Iy) is defined by gs(x) = hs(x — (0,6)). Prove that

(151_{% 195 — gollLo(re) = 0.

Problem 34: Let @ be a bounded domain and ¢ > 0. Consider real-valued functions
q € C(Q), r € C(0Q) satisfying inequality g(z),7(y) > c for all x € Q, y € 9Q. Let
p be a matrix-valued function continuous in @) such that p(z) is a symmetric positively
defined n x n matrix satisfying (p(z)¢,&) > c|€]? for all z € Q and £ € R™. Prove that

the norm in H'(Q) defined by the following scalar product

(f.9) = /Q (afg+ V£, V)) da+ /8 S, Lo € HQ)

is equivalent to the classical norm in H'(Q).



