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Problem 35: Consider the elliptic problem

{
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)xj
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ai(x)uxi

+ a(x)u = f(x),

u|∂Q = 0,
(1)

where {aij(x)} is positively definite, aij , ai ∈ C1(Q̄), a ∈ C(Q̄). Assume additionally
that

a(x)−
1

2

n
∑

i=1

∂ai

∂xi
(x) ≥ 0, x ∈ Q̄.

Prove that problem (1) has a unique generalized solution for any f ∈ L2(Q).

Hint: use u as a test function.

Problem 36: Consider the equation

−∆u+ λu = f(x), x ∈ Rn.

Find all λ ∈ C such that, for any f ∈ L2(R
n), there exists a unique solution u ∈ H2(Rn)

of this equation.

Hint: Use the Fourier transform.

Problem 37: Let Q ⊂ R2 be a bounded domain. Assume that

(i) Q = {|x| < 1},

(ii) Q has C1 boundary.

Let ϕ ∈ C1(∂Q). Prove that there exists a function u ∈ C1(Q̄) such that u|∂Q = ϕ.

Hint: In (ii) use partition of unity.



Problem 38: Let Q ⊂ Rn be a bounded domain with ∂Q ∈ C1. Define

H1/2(∂Q) = {ϕ ∈ L2(∂Q) : there exists b ∈ H1(Q) such that b|∂Q = ϕ}.

Remark: H1/2(∂Q) 6= L2(∂Q).

Consider the problem
{

−∆u = f(x), x ∈ Q,

u|∂Q = ϕ,
(2)

where f ∈ L2(Q), ϕ ∈ H1/2(∂Q).

Let b ∈ H1(Q) be such that b|∂Q = ϕ (in sense of traces). We say that a function

u ∈ H1(Q) is a generalized solution of (2) if for any v ∈ H̊1(Q) the following holds

∫

Q

∇w∇v̄ dx =

∫

Q

f v̄ dx−

∫

Q

∇b∇v̄ dx, (3)

where w = u− b.

Note that the notion of a solution of (2) depends on a choice of b.

(i) Prove that if the functions u, b ∈ C2(Q̄), u satisfies (2) and v ∈ Ċ1(Q), then (3)
holds.

(ii) Prove that for a fixed function b there exists a unique generalized solution of (2).

(iii) Prove that, in fact, the general solution depends on f and on ϕ, but does not depend
on a particular choice of b. To do so consider two different functions b1, b2 ∈ H1(Q)
such that b1|∂Q = b2|∂Q = ϕ. Let u1, u2 ∈ H1(Q) be generalized solutions of (2)
with respect to the choices b1, b2. Prove that u1 = u2.


