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Problem 35: Consider the elliptic problem

{— S (@) )ey + 0 i@, + alz)u = f(2),

u‘aQ = 0,

(1)
where {a;;(z)} is positively definite, a;;,a; € CY(Q), a € C(Q). Assume additionally
that
8a2 -
— = Z 8@ T € Q.

Prove that problem (1) has a unique generalized solution for any f € Ly(Q).

Hint: use u as a test function.

Problem 36: Consider the equation
—Au+ \u= f(z), xe€R"

Find all A € C such that, for any f € Ly(R"), there exists a unique solution u € H?(R™)
of this equation.

Hint: Use the Fourier transform.

Problem 37: Let Q C R? be a bounded domain. Assume that

() @={lz| <1},
(ii) @ has C' boundary.

Let » € C1(0Q). Prove that there exists a function u € C*(Q) such that u|sg = .

Hint: In (ii) use partition of unity.



Problem 38:  Let Q C R" be a bounded domain with 9Q € C*. Define
Hl/z(aQ) = {p € Ly(0Q) : there exists b € H'(Q) such that blag = ¢}

Remark: H'/2(0Q) # Ly(0Q).
Consider the problem

{—Au = fz), 7€Q )
u|3Q = ¥,
where f € Lo(Q), p € HY?(0Q).

Let b € H'(Q) be such that blag = ¢ (in sense of traces). We say that a function
u € H'(Q) is a generalized solution of (2) if for any v € H'(Q) the following holds

/ VuwVo de = / fodx —/ VbV dz, (3)
Q Q Q

where w = u — b.

Note that the notion of a solution of (2) depends on a choice of b.

(i) Prove that if the functions u,b € C?(Q), u satisfies (2) and v € C(Q), then (3)
holds.

(ii) Prove that for a fixed function b there exists a unique generalized solution of (2).

(iii) Prove that, in fact, the general solution depends on f and on ¢, but does not depend
on a particular choice of b. To do so consider two different functions by, b, € H*(Q)
such that bylasg = balag = ¢. Let ui,us € H'(Q) be generalized solutions of (2)
with respect to the choices by, by. Prove that u; = us.



