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Problem 39: Let @ C R" be a bounded domain with a smooth boundary. Consider
a mixed boundary-value problem.

—Au = f(x), T € Q,
(% +p($)“)‘aQ =9,

(1)

where f € Ly(Q), g € La(0Q), p € C*(0Q), p(x) > 0 and there exists xy € ) such that
p(xo) # 0.

We say that a function v € H'(Q) is a generalized solution of (1) if for all v € H*(Q)
the following integral equality holds:

/(VUVU) d:)H—/ puv dS:/fv d:)H—/ gv dS.
Q oQ Q oQ

(i) Prove that if u € C?(Q) is a classical solution of (1) then u is a generalized solution.

(ii) Prove that for any f € Ly(Q) and g € Ly(0Q) a generalized solution exists and is
unique.

Remark: Note that for functions v € H'(Q) the expression 2% in general is not defined.

Problem 40: Find a function vy which realizes the infimum of the functional

1 1
/ (v +v?) da?+2/ v dx
0 0

in the space H'(0,1).

Problem 41: Prove that for any v € C''(]0, 1]) the following inequality holds

! 41
/ (v + 2zv)dx + v*(0) + v*(1) > ———.
; 270

Is there a function v € C''([0,1]) for which the left and right-hand sides are equal?



Problem 42: Let @ C R™ be a bounded domain with a smooth boundary. For a
function f € Ly(Q) and g € HY/2(9Q) consider the set A := {v € H'(Q) : v|ag = g}
and a functional £ : A — R defined by the formula

E(v):/Q|Vv|2 d:)s—Q/va dzx.

Prove that there exists the unique function v, which realizes the infimum of E on set A
and it is the generalized solution of the problem

_AU = fa
U|3Q =4d.



