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Problem 47: Let ) ,
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be the Poisson kernel. Prove the following statements.

E(x,t) =

(i) For any t > 0 the following holds
/ E(z, t)dr = 1.
(ii) For any § > 0 the following holds

lim E(x,t)dr = 0.
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Problem 48: Let w € C*(R" x [0,T) for some T" > 0. Assume there exists L > 0
such that u(x,t) =0 for |x| > L, t € [0,T]. Denote
fx,t) =u — Au,  @(z) = u(x,0).

Prove the Poisson formula using Fourier transform

wat) = [ [ ewt-9fws dyis+ [ e p0pt) d

Problem 49: For each of the following problems find the solution
(i) us = Uge + 3t?; uly—g = sinz, forx e Rt >0;
(ii) 8up = Au+1; ulymo = e~ @9 for (z,y) € R%, t > 0;

(iii) u; = 3Au + €' uli—o = sin(z —y — 2), for (z,y,2) € R®, t > 0.



Problem 50:  Consider a function ¢ € C(R"). Let a = 1.

(i)

(iii)

(iv)

Assume that for some & > 0 there exists Mz > 0 such that |@(z)] < Mse?**. Prove
that for ¢t € (O, ﬁ) and x € R" the function

u(z,t) = | E(x—y,t)p(y) dy (2)

RTL

is well-defined and belongs to the class C*°. Prove that u(z,t) solves the Cauchy
problem

1
Uy = a2Au, uli—o = ¢(x), t€ <O> 4a25) )

Assume that the conditions of section (i) holds for any 6 > 0. Prove that the
function u(z,t) defined by the same formula belongs to the class C*°(R™ x RT) and
solves the Cauchy problem

wy = a*Au,  ul—g = @(x), t>0. (3)

Assume that there exists L > 0 such that ¢(x) = 0 for |z| > L. Let u(x,t) be the
solution of problem (3). Prove that for any 7" > 0, § € (0, ﬁ) there exists M > 0
such that

w(z,t) < Me™ P ze R te(0,T).

Bonus: Assume that a # 1. Find modification of the definition of £(x,y) such
that formula (2) gives a solution of (3).



