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Let D be a bounded domain in R™ with C* boundary. For any T > 0 denote Qr =
D x (0,T),Tr=0D x (0,T), D, ={x € D,t =7}, T € R.

Problem 51: Fix T > 0 and consider a hyperbolic initial boundary-value problem
in Qr

uy — Au = f(x,t), (z,t) € Qr, (1)

U0 = @(x), z €D, (2)

Ug|i—o = Y(x), x € D, (3)

ulr, =0, (4)

where f, ¢, 1 are Ly functions in the corresponding spaces.

(i) Prove that if a generalized solution u is an H?(Qr) function then equation (1) holds
almost everywhere and (3) holds in the sense of traces.

(ii) Prove that if a function u € C?(Q7)NCH(QrUDyUT'y) satisfies equations (1)-(4) in
the classical sense, then for any 7" € (0,7") the function u is a generalized solution
of problem (1-4) in Q7. Prove or disprove that the function w is necessarily a
generalized solution in Q7.

(iii) Assume f(z,t) = 0. Let u be a generalized solution of (1)-(4). Prove that for any
7 € (0,T) the following equality holds:

/ (@2 + [VuP)de = / (42 + |V ol)d.
- Do



Problem 52: (200 points)

Fix T > 0 and consider a parabolic initial boundary-value problem in Qr

w — Au = f(x,t), (x,t) € Qr, (5)
U= = p(x), =€ D, (6)
ulp, =0, (7)

where f € L*(Qr). In the lectures it was proved by the Fourier method that if ¢ € Ly(D)
then there exists a generalized solution v € H'%(Q7) of problem (5)-(7).

Carefully follow the same steps as in that proof and show that if ¢ € H L(D) then the
generalized solution u belongs to H*!(Q7).

Remark:

n n
||u||§{2»1(QT) = ||u||2L2(QT) + Hut||2L2(QT) + Z o 2L2(QT) + Z Huiﬂiij%z(QT)'
i=1 ij=1

Problem 53: Solve, using the Fourier method.
(1) w — Uy + 2up = 42 + 8¢ cosz, x € (0,7/2);

Ugla—o = 2t, Ug|g=r/2 = T, Uli—g = COS T, Us|t—g = 2.

(i)

w=A~Au+1 O0<z<m 0<y<2m),
um‘x:O = um‘x:w = 07 uy|y:0 = uy|y:27r = 07

U|z=0 = 2 cosx cos 2y + 1.

Problem 54: Prove or disprove compactness of the following embeddings

(i) H*(R) Cc H'(R);
(i) H*(Q) C HY(Q), where Q C R" is a bounded domain with C* boundary.



Problem 55:

(i) Let uw € H'(0,1). Prove that

Lo |u(l) — u(0)]”
/0 |u'|“dz > —

(i) Prove that for any f € H'(a,b) the following holds:

/abf%zx < (b;“)z/abm?dx.




