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Let D be a bounded domain in Rn with C∞ boundary. For any T > 0 denote QT =
D × (0, T ), ΓT = ∂D × (0, T ), Dτ = {x ∈ D, t = τ}, τ ∈ R.

Problem 51: Fix T > 0 and consider a hyperbolic initial boundary-value problem
in QT

utt −∆u = f(x, t), (x, t) ∈ QT , (1)

u|t=0 = ϕ(x), x ∈ D, (2)

ut|t=0 = ψ(x), x ∈ D, (3)

u|ΓT
= 0, (4)

where f , ϕ, ψ are L2 functions in the corresponding spaces.

(i) Prove that if a generalized solution u is an H2(QT ) function then equation (1) holds
almost everywhere and (3) holds in the sense of traces.

(ii) Prove that if a function u ∈ C2(QT )∩C
1(QT ∪D̄0∪ΓT ) satisfies equations (1)-(4) in

the classical sense, then for any T ′ ∈ (0, T ) the function u is a generalized solution
of problem (1-4) in QT ′. Prove or disprove that the function u is necessarily a
generalized solution in QT .

(iii) Assume f(x, t) = 0. Let u be a generalized solution of (1)-(4). Prove that for any
τ ∈ (0, T ) the following equality holds:

∫

Dτ

(u2t + |∇u|2)dx =

∫

D0

(ψ2 + |∇ϕ|2)dx.



Problem 52: (200 points)

Fix T > 0 and consider a parabolic initial boundary-value problem in QT

ut −∆u = f(x, t), (x, t) ∈ QT , (5)

u|t=0 = ϕ(x), x ∈ D, (6)

u|ΓT
= 0, (7)

where f ∈ L2(QT ). In the lectures it was proved by the Fourier method that if ϕ ∈ L2(D)
then there exists a generalized solution u ∈ H1,0(QT ) of problem (5)-(7).

Carefully follow the same steps as in that proof and show that if ϕ ∈ H̊1(D) then the
generalized solution u belongs to H2,1(QT ).

Remark:

‖u‖2H2,1(QT ) = ‖u‖2L2(QT ) + ‖ut‖
2
L2(QT ) +

n
∑

i=1

‖uxi
‖2L2(QT ) +

n
∑

i,j=1

‖uxixj
‖2L2(QT ).

Problem 53: Solve, using the Fourier method.

(i) utt − uxx + 2ut = 4x+ 8et cosx, x ∈ (0, π/2);
ux|x=0 = 2t, ux|x=π/2 = πt, u|t=0 = cosx, ut|t=0 = 2x.

(ii)
ut = ∆u+ 1 (0 < x < π, 0 < y < 2π),

ux|x=0 = ux|x=π = 0, uy|y=0 = uy|y=2π = 0,

u|x=0 = 2 cosx cos 2y + 1.

Problem 54: Prove or disprove compactness of the following embeddings

(i) H2(R) ⊂ H1(R);

(ii) H2(Q) ⊂ H1(Q), where Q ⊂ Rn is a bounded domain with C∞ boundary.



Problem 55:

(i) Let u ∈ H1(0, l). Prove that

∫ l

0

|u′|2dx ≥
|u(l)− u(0)|2

l
.

(ii) Prove that for any f ∈ H̊1(a, b) the following holds:

∫ b

a

f 2dx ≤

(

b− a

π

)2 ∫ b

a

|f ′|2dx.


