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Problem 1:

(i) Let A be a sectorial operator. Prove that

A

∫
Γ

eλt(λ+ A)−1 dλ =

∫
Γ

eλtA(λ+ A)−1 dλ ∀t > 0,

where Γ is a contour in the resolvent set of −A and the integral converges in the
uniform operator topology (see Theorem 1 from Lecture 1).

(ii) Let A be a sectorial operator. Prove equality (3) in Theorem 1 from Lecture 1:

d

dt
e−At = −Ae−At ∀t > 0,

where the derivative and the equality are understood in the uniform operator topol-
ogy.

Problem 2:

(i) Let A be a sectorial operator and B a bounded linear operator. Prove that A+B
is sectorial.

(ii) Bonus: Generalize assertion (i) to the situation where B is unbounded and

(a) D(A) ⊂ D(B),

(b) for any ε > 0 there is K(ε) > 0 such that

‖Bu‖ ≤ ε‖Au‖+K(ε)‖u‖ ∀u ∈ D(A).



Problem 3:

(i) Prove that the operator

B : L2(0, 1) → L2(0, 1),

D(B) = {z ∈ H2(0, 1) : z′(0) = 0, z′(1) + z(1) = 0},
Bz(x) = −z′′(x)

is sectorial.

(ii) Consider the operator corresponding to the one-dimensional elliptic equation with
nonhomogeneous boundary conditions

A : L2(0, 1)× R
2 → L2(0, 1)×R2,

D(A) = {(u, v, w) ∈ H2(0, 1)× R
2 : u′(0) = v, u′(1) + u(1) = w},

Au(x) = −u′′(x).

Prove that A is sectorial.

Hint:

(a) If (λ− A)(u, v, w) = (f, g, h) ∈ L2 × R× R, λ �= 0, then v = gλ−1, w = hλ−1,
and u′′ + λu = f with the corresponding boundary conditions.

(b) Introduce the function z(x) = u(x) − xv + 2v − w. Show that z is in the
domain of the operator B.

Problem 4:

(i) Let A : X → X be a sectorial operator with Re σ(A) > δ > 0. Prove that A−1

defined via the Laplace transform of e−At coincides with the inverse of A

(ii) Let A : L2(Q) → L2(Q) be the “minus Laplace” operator defined in question 2 in
problem sheet 1. Show that, for each α > 0, A−α : L2(Q) → L2(Q) is a bounded
operator given by

A−αu(x) =
∞∑
k=1

λ−α
k ukek(x),

where λk and ek(x) are eigenvalues and eigenfunctions of A and uk = (u, ek)L2(Q).


