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Problem 1: Let α ∈ (0, 1). Use the Cauchy integral to prove the formula from the
lecture

A−α =
sin πα

π

∫ ∞

0

λ−α(λ+ A)−1dλ

when A is a positive real number.

Problem 2: Let A : L2(Q) → L2(Q) be the “minus Laplace” operator defined
in question 2 in problem sheet 1. Find the domain of Aα, α > 0. Represent Aαu(x),
u ∈ D(Aα), via the Fourier series with respect to the eigenfunctions of A.

Problem 3: Let A be a sectorial operator such that Reσ(A) > δ > 0. Prove each of
the following properties for fractional powers of A.

(i) If α ≥ β > 0, then D(Aα) ⊂ D(Aβ).

(ii) If α > 0, Aα is closed and densely defined. Hint: Use the fact that An is densely
defined for every natural n (see also Bonus).

(iii) AαAβ = Aα+β on D(Aγ), where γ = max(α, β, α + β).

(iv) Aαe−At = e−AtAα on D(Aα), t > 0.

Bonus: Prove that
∞⋂
n=1

D(An) is dense in X.

Problem 4:

(i) Let A be a sectorial operator such that Reσ(A) > δ > 0. Let α ∈ (0, 1). Show
that if u ∈ D(A) then ||Aαu|| ≤ C||Au||α||u||1−α.

Hint: 1. Estimate ‖A−βv‖, splitting the integral into two:
∫ ε

0
+

∫∞
ε
.

2. Minimize over ε > 0.

3. Set α = 1− β and v = Au.

(ii) Conclude from (i) that ||Aαu|| ≤ ε||Au||+C ′ε−α/(1−α)||u|| for all ε > 0. (Here C,C ′

are constants independent of u. Do they depend on α?)


