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Problem 1:

(i) Let A, B be sectorial operators such that Re o(A),Re o(B) > 0. Show that if
(A — B)A~" is bounded for 8 € [0,1), then A*B~® and B*A~® are bounded for
a=0,1.

(ii) Let A be a sectorial operator with Re o(A) > 0. Show that for all u € X, (I +
eA)"'v 5 vin X ase — 0.

(iii) Let A be a sectorial operator with Re o(A) > 0. Show that (I + A)"1A™? =
AB(I + A)~t for B> 0.

(iv) Let A be a closed operator. Show that if the resolvent is compact at one point,
then it is compact everywhere.

Problem 2: Let A be a sectorial operator in X with Re o(A) > 0. Let X;, X, be the
invariant spaces defined in the lecture, and A;, Ay the restrictions of A on X;, X5. Prove
the following facts:

(i) D(A}) = X4, and A} : X7 — X is bounded Va > 0.
(ii) D(A
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(iii) e=YX; C X;, ¢t > 0.
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8) = D(A*) N X,, Y > 0.
_At‘Xj — e_Ajt.
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Problem 3: Consider the problem

Up = Ugy, z € (0,1),t >0,
u(0,) = v(?), (1)
uz(1,t) +u(l,t) = w(t),

where v and w satisfy the differential equations

U= av + fw,
W =yv+dw + fol u(z, t)dx,

a, B,7,6 € R. Write (1), (2) in the form

E(u,v,w) = A(u,v,w).

Define D(A) properly. Prove that A is sectorial in L?*(0,1) x C2.
Hint: See problems 2 and 3(ii) in problem sheet 2.



