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Problem 1: Let a > 0. Consider the problem{
ut = uxx + u− au3, x ∈ (0, π), t > 0,

u|x=0 = u|x=π = 0.

(i) Let u(t;u0) be the solution of the problem with initial condition u|t=0 = u0 ∈ X
1
2 =

H̊1. Show that for any u0 ∈ H̊1, u(t;u0) remains in a bounded region in H̊1 for all
t ≥ 0.

(ii) Show that 0 is stable.

You may use the intermediate results from class.

Problem 2: Consider the problem{
ut = uxx + u, x ∈ (0, π), t > 0,

u|x=0 = u|x=π = 0.

Show that u ≡ 0 is stable but not asymptotically stable in the H̊1 topology.
Hint: Use the Fourier method since the equation is linear.

Problem 3: Consider the problem{
ut = uxx − u3, x ∈ (0, π), t > 0,

u|x=0 = u|x=π = 0.

Show that the solution u ≡ 0 is uniformly asymptotically stable.



Problem 4: Consider the problem
ut = uxx + λu− u2, x ∈ (0, π), t > 0,

u|x=0 = u|x=π = 0,

u|t=0 = u0(x),

(1)

where λ is a positive constant. The set C = {u0 ∈ H̊1 : u0(x) ≥ 0 on 0 ≤ x ≤ π} is
a positively invariant set for the problem, i.e. any solution of (1) with u0 ∈ C satisfies
u(·, t) ∈ C for all t ≥ 0 (this can be shown, using the maximum principle.)

(i) Show that the function

V (ϕ) =

∫ π

0

(
(ϕ′)2 − λϕ2 +

2

3
ϕ3

)
dx

is a Liapunov function on C and that for ϕ ∈ C

V (ϕ) ≥ (1− λ)||ϕ||2 +
2

3
√
π
||ϕ||3,

where ||ϕ|| = (
∫ π

0
ϕ2dx)

1
2 .

(ii) Show that (1) defines a dynamical system on C.

(iii) Assume that ϕ ∈ C and V̇ (ϕ) = 0. Show that

(a) if 0 < λ ≤ 1, then ϕ = 0.

(b) if λ > 1, then ϕ = 0 or ϕ is the unique solution ϕ+ of
ϕ′′ + λϕ− ϕ2 = 0, x ∈ (0, π),

ϕ(0) = 0, ϕ(π) = 0,

ϕ(x) > 0 on x ∈ (0, π).

(iv) Show that

(a) if 0 < λ ≤ 1, then ||u(·, t)||H̊1 → 0 as t→∞.

(b) if λ > 1 and u(x, 0) 6≡ 0, then ||u(·, t)− ϕ+||H̊1 → 0 as t→∞.

Hint: Examine the expression

d

dt

∫ π

0

u(x, t) sinxdx.

Remark: The problem is a simple model of feedback control of a nuclear reactor. Here
u is the neutron flux, which must be nonnegative.


