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Problem 1: Complete the details in the proof of the theorem on asymptotics of
solutions near the equilibrium from the last lecture. In particular, show that

(i)
∫∞
0
eβsE1g(z(s))ds = O(||z0||1+δα ),

(ii) e−βt
∫∞
t
eβsE1g(z(s))ds ≤ const||z0||αe−γt,

(iii) ||z2(t)||α ≤ const||z0||αe−γt,

where the notation is the same as in the proof in class.

Problem 2: Let {Tn} be a family of nonlinear operators from a Banach space X to
itself. Assume that for u ∈ X

Tn(u) = Lu+Nn(u),

where L is a continuous linear operator and ||Nn(u)|| = o(||u||) as u → 0 uniformly in
n ≥ 1. Assume that the spectral radius r(L) := sup{|λ| : λ ∈ σ(L)} is smaller than 1.

(i) Prove that there exists ρ > 0,M > 0, θ < 1, such that if ||u0|| < ρ
M

and un =
Tn(un−1) for n = 1, 2, ..., then ||un|| ≤Mθn||u0||.
Hint: If r(L) < ν < 1 then there exists an equivalent norm on X, ||u||∗ =∑∞

n=0 ν
−n||Lnu||, in which ||L||∗ ≤ ν.

(ii) Define Tn(u0) = u(n;u0) on Xα. Use this to give an alternative proof for the first
linear stability theorem in the last lecture.



Problem 3: Let Q ⊂ R3 be a smooth bounded domain. Let u = u(x, t) ∈ R,
v = v(x, t) ∈ R and consider the problem

∂u

∂t
= D∆u− εuf(v), x ∈ Q,

∂u

∂ν

∣∣∣∣
∂Q

= 0,


∂v

∂t
= ∆v + quf(v), x ∈ Q,

v
∣∣
∂Q

= 1,

where D, q, ε are positive constants, ε is small and f(v) = e−
H
v , where H is a positive

constant.

(i) Let A : L2(Q)→ L2(Q) be the minus Laplacian operator Au = −∆u, u ∈ D(A) =
H2(Q) ∩ H̊1(Q). Prove that the linearizion of the problem at (u, v) = (0, 1) has
an eigenvalue λ0 = εf(1) as a simple eigenvalue with an eigenfunction (u0, v0),
u0(x) = 1, v0(x) = (A − λ0)−1(qf(1)), and all other eigenvalues in {Reλ ≥ c > 0}
for some c independent of (small) ε > 0.

(ii) Prove the asymptotics

(u, v) = (0, 1) + k(1, v0)e
−λ0t +O(e−2λ0t)

as t→∞ for some constant k, provided that ε is small enough. In which normed
space did you prove the last equality?


