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Problem 21: Consider the synthesis of ammonia from (expensive) hydrogen H2 and
(cheap as air) nitrogen N2:

N2 + 3H2 � 2NH3

Denote the reaction rates by k→, k← and determine the kinetic equations for the vector
x = (xN2 , xH2 , xNH3) of non-negative concentrations. Determine the ω-limit set of initial
data with xNH3 = 0.

Extra credit: Which choice of initial data yields the highest gain NH3/H2?

Problem 22: Consider the initial-value problem

ẋ = f(x) := x, x(0) = x0 := 1

on the time interval 0 ≤ t ≤ T for fixed T > 0. Calculate an approximate solution x(T )
analytically

(i) by Picard iteration, i.e. determine the n-th Picard iterate x[n](T );

x[k+1](t) := x0 +

∫ t

0

f(x[k](τ)) dτ, x[0](t) ≡ x0

(ii) by implicit Euler scheme, i.e. determine the value xn after n Euler steps of stepsize
h = T/n,

xk+1 = xk + hf(xk+1), x0 = x0

Compare x[n](T ) with xn and the explicit x(T )!

Problem 23: Let f : RN → RN be locally Lipschitz continuous. Let I(x0) denote
the maximal time of existence for the solution x(t) to the initial value problem

ẋ(t) = f(x(t)) x(0) = x0.

Show that I(x(τ)) = I(x0)− τ for all τ ∈ I(x0).
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Problem 24: The following is an integrated Gronwall-Lemma:

Let α, β, u : [0, T ]→ R+ be continuous functions. Suppose that the following inequality
holds:

u(t) ≤ α(t) +

∫ t

0

β(s)u(s)ds ∀t ∈ [0, T ].

Then u(t) ≤ α(t) +
∫ t

0
Bt,sβ(s)α(s)ds, where Bt,s = exp

(∫ t

s
β(r)dr

)
.

Prove the integrated Gronwall-Lemma for the simplified case where u, α ∈ C1. You may
chose a proof which is similiar to the one in the lecture, but you may not cite the theorem
from the lecture.

Extra credits: Prove the the integrated Gronwall-Lemma for u, α ∈ C0.
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