White exam

Dynamical Systems III
Juliette Hell
http://dynamics.mi.fu-berlin.de/lectures/
Wednesday, 03.06.2015

Problem 1: Consider the equation
t=f(p,z)peR, xeR felCr>2.

(i) What are the conditions for a saddle-node, a transcritical, a pitchfork bifurcation
to take place at (po, zo)?

(ii) Give the normal forms of the bifurcations above and draw their bifurcation dia-
grams with stabilities of the branches.

Problem 2: Consider the system of ODE’s with (x,y) € R?, u € R.

o= B+pr+@G-py—(z-y)? (1)
) = B-wr+B+uy (2)
(i) Determine the equilibria of the system.

(ii) Find (uo,xo,yo) for which a bifurcation takes place, determine the type of bi-
furcation and draw the bifurcation diagram near (puo, xo,yo) with stability of the
branches.

Problem 3: Consider the second order ODE, z € R, u € R
i+ (p—32>)i+xr—2>=0
(i) Write this equation as a first order system and determine all the equilibria.

(ii) Which equilibria undergo bifurcation as p varies? Determine the type of bifurca-
tions taking place (with local bifurcation diagram and stability of the branches) or
the stability of the equilibria without bifurcation.



Problem 4: Counsider an ODE

= f(p, ),

where x € R, p € R, f smooth. Assume that there is an equilibrium at (ug, x¢) satisfying
all three conditions

%(Moﬂfo) =0
(B) (g, x0) #0

) O f

(C) %(Moﬂfo) =0, @(Moﬂfo)?ﬁo

(i) Give a simple example of an ODE satisfying conditions (A), (B), and (C) at
(o, o) = (0,0) and draw its bifurcation diagram. Do you observe branching
of equilibria? Changes of stability?

(ii) For a general f satisfying conditions (A), (B), and (C) , show that there is a curve
of equilibria going through (pg, o) in the (i, z)-plane and show that the bifurcation
diagram of the first question describes the general Situation. For that, find out how
the signs of u — pp and g—i(,u, x) change along the curve of equilibria.

stability formula
In a two dimensional system of the form

T = —wy—l—f(:c,y)
y =wr+g(zr,y)

where f(0,0) = ¢(0,0) = 0 and Df(0,0) = Dg(0,0) = 0, the coefficient a of the Hopf
normal form responsible for the stability is given by:

1 1
a = 1_6 (fxxx + fxyy + Gray + gyyy)+16—w (fmy(fxx + fyy) - gmy(gmm + gyy) - fxxgxx + fyygyy)



