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Problem 13: Let u ∈W 1,p([0, 1]), 1 ≤ p <∞, i.e. u, v ∈ Lp such that for all ϕ ∈ C∞
0∫ 1

0
uϕ′ = −

∫ 1

0
vϕ.

With clever choices of ϕ, prove that u ∈ C0,γ for all γ ≤ 1− 1/p. (Assume u to be continuous,
if necessary.)

Problem 14: Let B be the unit ball in Rn. Consider uβ : B → R, x 7→ uβ(x) = |x|β. Find
all real values of β such that

(i) uβ ∈ C0,α(B);

(ii) uβ ∈W 1,p(B).

Problem 15: Let Ω ⊂ Rn be open and connected. Consider u ∈ W 1,p(Ω), 1 ≤ p < ∞,
with vanishing weak derivative∫

Ω
u∂iη = 0 ∀η ∈ C∞

0 (Ω), i = 1, . . . , n.

Prove that u is a constant function.

Problem 16: Again, let Ω ⊂ Rn be open and connected, withsmooth boundary. Fur-
thermore, let k ∈ N0, and 0 < α < β ≤ 1. Prove or disprove that the following embeddings
exist:

(i) Ck,1(Ω̄) ↪→ Ck+1(Ω̄),

(ii) Ck+1(Ω̄) ↪→ Ck(Ω̄),

(iii) Ck,α(Ω̄) ↪→ Ck,β(Ω̄),

(iv) Ck,α(Ω̄) ↪→ Ck(Ω̄). Which of the existing embeddings is compact?
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