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Problem 17: Motivated by the delay equation ẋ(t) = x(t− 1) we define recursively

x(t) := x(N) +

t−1∫
N−1

x(s) ds, for N < t ≤ N + 1, N = 0, 1, 2, . . .

with given prehistory x(·) = x0(·) ∈ X := C0([−1, 0],R). Now let

(T (t)x0)(ϑ) := x(t+ ϑ), for t ≥ 0, −1 ≤ ϑ ≤ 0.

Prove that T (t) is a strongly continuous semigroup. What is the infinitesimal generator and
its domain?

Problem 18: Let (f ∗ g)(x) :=
∫
Rn f(x − y)g(y) dy be the convolution and T (t) the

semigroup of the linear heat equation on Lp(Rn), 1 < p <∞. Prove

(i) ‖f ∗ g‖Lp ≤ ‖f‖L1‖g‖Lp for 1 ≤ p <∞.

Hint: Try p = 1 first. Then decompose |f(x− y)| = |f(x− y)|1/q|f(x− y)|1/p, for p > 1,
and apply the Hölder inequality.

(ii) ‖T (t)‖Lp ≤ 1, i.e. T (t) is a contracting semigroup.

Problem 19: Consider the damped harmonic oscillator

ẍ+ αẋ+ x = 0,

where x ∈ R, and α ∈ R is the constant damping parameter. Consider the three cases α < 0,
α = 0 and α > 0. When is the system dissipative?

Compare the parameters α for which the system is dissipative to those parameters α for which
the system loses energy. The energy is given by

E(x, ẋ) = 1
2 ẋ

2 + 1
2x

2,

i.e. the sum of kinetic and potential energy.

Problem 20: Show that the explicit formula

u(t, x) =
1

2

(
u0(x− t) + u0(x+ t)

)
+

1

2

∫ x+t

x−t
u1(s) ds

defines a semigroup for (u0, u1) := (u, ut) ∈ X := H1(R) × L2(R). How is the infinitesimal
generator related to the linear wave equation?

1


