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Problem 29: Using a Fourier ansatz, prove a resolvent estimate for the operator

A : D(A) = H2(S1) ⊆ L2(S1) −→ L2(S1),

u 7−→ uxx

on the interval (0, 2π) with periodic boundary conditions u(t, 0) = u(t, 2π), ux(t, 0) = ux(t, 2π)
for t ≥ 0. Conclude that A generates a strongly continuous semigroup.

Problem 30: Consider the operator

A : D(A) = (H2 ×H1)(R) ⊂ (H1 × L2)(R) −→ (H1 × L2)(R),

(u, v) 7−→ (v,−uxx).

Prove that A is densely defined and closed but does not generate a strongly continuous semi-
group.

Problem 31: Let T (t) be a strongly continuous semigroup of bounded operators. Assume
that for every t > 0, T (t)−1 exists and is a bounded operator.

Show that S(t) := T (t)−1 is also a strongly continuous semigroup of bounded operators with
infinitesimal generator −A.

Conclude that

U(t) :=

{
T (t) for t ≥ 0
T (t)−1 for t ≤ 0

is a strongly continuous group of bounded operators.

Problem 32: Let u(t, x), t > 0, x ∈ R, be defined as

u(t, x) :=


−1 for x ≤ −t

0 for |x| < t
+1 for x ≥ t.

Show that u is a weak solution of the wave equation, i.e. for all smooth v with compact support
in {t > 0, x ∈ R} we have

0 =

∫∫
u (vtt − vxx) dx dt.

Extra credit: Can you extend the weak solution to negative t?
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