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Problem 1: Consider the scalar delay differential equation

ẋ(t) = −x(t− π

2
).

(i) Use the method of steps seen in the lecture to compute the solution x(t) with initial
condition x0(θ) = π

2
+ θ, θ ∈ [−π

2
, 0], for t ∈ [0, π].

(ii) Look for solutions of the form exp(λt) with λ ∈ C and show that the equation has
periodic solutions. How does this differ from the behavior of the analogue equation
without delay ẋ(t) = −x(t)?

Problem 2: Consider the differential delay equation

ẋ(t) = f(x(t− 1)), (1)

where f ∈ C∞(R,R). Let φ ∈ C := C0([−1, 0],R) be an initial condition yielding a
solution x∗(t) to the equation (1) that exists for every t ≥ 0, i.e.

x∗(t) = φ(t), −1 ≤ t ≤ 0 and ẋ∗(t) = f(x∗(t− 1)), t > 0.

Define x∗t ∈ C as x∗t (θ) := x∗(t+ θ), θ ∈ [−1, 0], t ≥ 0. Show that

(i) The regularity of the solutions improves with time, i.e. k ≤ t ≤ k + 1, k ∈ N ⇒
x∗t ∈ Ck([−1, 0],R).

(ii) If there exists p > 0 such that x∗(t) = x∗(t + p), for all t ∈ R then x∗t ∈
C∞([−1, 0],R).

[Extra credit] Ask questions:
Feel free to enclose questions regarding the lecture and the exercises. That way it will be
easier to address them during the exercise sessions. Please indicate whether your question
should serve as a basic question or not.
Asking meaningful questions can earn you up to one extra point!
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