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Parameter dependence

Question: Dependence of x(t) on parameter \?

x(t) = (A, x(t)) (bifurcation theory)
0= f(A x(t)) (singularity theory)

Example 1: nonzero flow, locally
x=f(A\x)#0; flow box: no change!

Example 2: hyperbolic equilibrium, locally
x=Ff(A\x)=Ax+ ..., 0 ¢ Re(specA);

[Grobman, Hartman] (1959,1963) no change!



Dimension one ...



Example 3: stationary bifurcation
Setting: dimx =1, spec A = {0}

X = A+ x° (saddle-node)
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Example 3: stationary bifurcation

Setting: dimx =1, spec A = {0}

X = \+x° (saddle-node)
X = X(A+ x)+e (transcritical)
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[Fiedler, Mantel](2000)
[Hauser, Kupitz](2014)



Example 3: stationary bifurcation
Setting: dimx =1, spec A = {0}

X = \+x° (saddle-node)
X = X(A+ x)+e (transcritical)

[Fiedler, Mantel](2000)



Example 3: stationary bifurcation
Setting: dimx =1, spec A = {0}

= )+ x° (saddle-node)
x(A + x)+e (transcritical)

.
|

X =




Example 3: stationary bifurcation

Setting: dimx =1, spec A = {0}

X = A+ x° (saddle-node)
X = x(A+ x)+e¢ (transcritical )
x = x(\ — x°) (pitchfork, supercritical)
x = x(\ + x%) (pitchfork, subcritical)

| l’ T Al\ !




Example 4: period doubling

Setting: iteration,

dimx =1, specA={-1}

Xni1 = Xp(A — 1 £ x?) (iteration)

n

(fixed point)

—Xp = Xpi1 = Xp(A — 1 £ x7) (period 2)
<= 0=)\=L Xs (pitchfork)




Example 4: period doubling

Setting: iteration, dimx =1, specA={—-1}
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Xpi1 = Xp(A — 1+ x7)
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iteration, dimx =1, specA={-1}
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Dimension one ... and two



Joure[y imaginary eigenva[ues

Henri Poincaré (1899)
Alexander A.Andronov (1933)
Eberhard Hopf (1942)



Example 5: Hopf bifurcation

Setting: dimx = 2, spec A = {+iw}
Stuart-Landau oscillator

z=z(A+iw+ (£1+1iy)|z]%), z = rexp(ip)

F=r(\+r?) (pitchfork)

H=w—+yr (frequency)



Example 5: Hopf bifurcation




Some oscillatory reactions

1828 [Fechner] electrochemistry (single polarity reversal)
1901 [Heathcoate] electrochemical oscillations

1920 [Lotka] NOT predator-prey, 1921 [Bray] experiment
1931 [Volterra] population dynamics

| 958 [Belousov] experiment (rejected), | 964 [Zhabotinsky]
1967 [Prigogine et al] Brusselator

1967 [Higgins] 2d-survey

1968 [Sel'kov] glycolysis

1970 [Luss, Lee] nonisothermal PDE catalysis

1971 [Eigen] hypercycle

1974 [Field et al] Oregonator

1983 [Fiedler] PDE catalysis; global Hopf bifurcation

1990 [Dupont, Goldbeter] cellular Ca**

1995 [Imbihl, Ertl] survey PDE catalysis

2003 [MacDonald et al] Citric acid cycle
2009 [Mirsky et al] Mammalian circadian clock



double zero eigenmfue

Vladimir I.Arnold (1971)
Floris Takens (1973)
Rifkat |. Bogdanov (1976)



Example 6: Bogdanov-Takens bifurcation
Setting: dimx = 2, spec A = {0}, alg. double

X.1 — X2
,
A1+ Aoxy + X7 £ X1 X0
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[Fiedler, Oliva](2015)



Application: Pyragas delays
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Application: Pyragas delay
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Justifications of dimension reduction

Setting: x = Ax + ...

» normal form theory — exp(A’t) equivariance
» Lyapunov-Schmidt reduction

» center manifold theorem

» Shoshitaishvili theorem:

“ = h(\, x°) (center part)
"= AMx" (hyperbolic part)



Symmetry-ﬁreaﬁing

Pascal Chossat
‘Martin Cjofuﬁitsﬁy
Reiner Lauterbach

Jan Stewart, ...



Equivariance and symmetry breaking

Setting: matrix group g € G < OQ(N)

= f(x)
f(g ) gf (x), for all g and x, i.e.

x(t) solves < gx(t) solves

"= Ix|Kx =x} (K-fixed vectors)
G, = {g|gx = x} (isotropy of x)

xeX= G, >K



‘ﬂnisomyoy inside black hole

joint work with:

Juliette Hell
Brian Smith



Example 7: O(3)-equivariance, stationary




Example 8: equivariant Hopf bifurcation
Setting: x(t + T) = x(t), minimal period T

O, = {x(t)|t € R} (periodic orbit)
K = Gy (t-independent!)
H:={he G|hO,=0,} (orbit-invariance)

O:H—S"'=R/TZ
h(x(t)) = x(t + ©(h)) (K = ker ©)

H® := {(h,©(h))|h € H)} (symmetry of O,)
H® < G x S!
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[} Example 8: equivariant Hopf bifurcation
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Invisible chaos

joint work with:
Jurgen Scheurle



homoclinicity: continuous versus discrete
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Fuley discvelization
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Homoclinic Jouﬁfing

joint work with:
Shui-Nee Chow
Bo Deng



Example 9: homoclinic doubling

Setting: x = A()\l, )\Q)X + ...,

homoclinic orbit at A\» =0,

resonance {1, —1} C spec A, at Ay =0.
[S.-N. Chow, B. Deng, B. Fiedler](1988)

Global homoclinic center manifold,
Shilnikov variables, Poincaré map

14\
o1 = Ao+ cr; 71

¢ > 0 : resonant side switching

¢ < 0 : resonar* homoclinic doukling



Example 9: homoclinic doubling

(IIT)

(IV)
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14+ A

1 = A2+ cr,
¢ > 0 : resonant side switching

¢ < 0 : resonant homoclinic doubling



Example 9: homoclinic doubling

Setting: x = A()\l, )\Q)X + ...,

homoclinic orbit at A\» =0,

resonance {1, —1} C spec A, at Ay =0.
[S.-N. Chow, B. Deng, B. Fiedler](1988)

Global homoclinic center manifold,




mucﬁ, WLUCH more Ey

Leonid P. Shilnikov
Valentin S.Afraimovich
Vladislav V. Bykov
Sergey S. Gonchenko
Lev L. Lerman

Dmitry V. Turaev
Vassili G. Gelfreich, ...
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Stefan Liebscher

Bifurcation
without
Parameters




Example |10: without parameters

Setting: lines, planes, ..., of trivial equilibria
[S. Liebscher](2015)

» with parameter )\

x=f(x,\)=AN)x+..., f(0O,A\)=0
A= g(x, ), all g(x,\) =0

» without parameter



Example |0: stationary without parameters
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Example 10: Hopf without parameters

Hopf, hyperbolic Hopf, elliptic




CKofmogorov ﬂuicf ﬁows

Andrey N. Kolmogorov (1961)
[Afendikov, Fiedler, Liebscher](2007,2008,201 |)



Example 10: Bogdanov-Takens without parameters

Kolmogorov fluid flow in 2-channel
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Example 10: Bogdanov-Takens without parameters

Kolmogorov fluid flow in 2-channel

A
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Example 10: Bogdanov-Takens without parameters

Kolmogorov fluid flow in 2-channel
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Conclusions



Summary

Ex1: flow box, Ex2: hyperbolic equilibrium - no bif.s
Ex3: saddle-node, transcritical, pitchfork bif.s

Ex4: period doubling bifurcation

Ex5: Hopf bifurcation

Ex6: Bogdanov-Takens bifurcation

Ex7: stationary symmetry breaking

Ex8: equivariant Hopf

Ex9: homoclinic doubling and invisible chaos
Ex10: bifurcation without parameters

Mathematical justifications



