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Parameter (in-)dependence



Parameter dependence

Question: Dependence of x(t) on parameter � ?

ẋ(t) = f (�, x(t)) (bifurcation theory)

0 = f (�, x(t)) (singularity theory)

Example 1: nonzero flow, locally

ẋ = f (�, x) 6= 0 ; flow box: no change!

Example 2: hyperbolic equilibrium, locally

ẋ = f (�, x) = Ax + . . . , 0 /2 Re(specA) ;

[Grobman, Hartman] (1959,1963) no change!



Dimension one ... and two



Setting: dim x = 1, specA = {0}

ẋ = �+ x

2
(saddle-node)

ẋ = x(�+ x)+" (transcritical)

ẋ = x(�� x

2) (pitchfork, supercritical)

ẋ = x(�� x

2) (pitchfork, subcritical)

Example 3: stationary bifurcation
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ε: unfolding



Crossing of BZ scroll filaments

[Fiedler, Mantel](2000)
[Hauser, Kupitz](2014)
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ẋ = �+ x

2
(saddle-node)
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[Hauser, Kupitz](2014)



Example 3: stationary bifurcation

Setting: dim x = 1, specA = {0}

ẋ = �+ x

2
(saddle-node)
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Example 4: period doubling

Setting: iteration, dim x = 1, specA = {�1}

xn+1 = xn(�� 1± x

2
n ) (iteration)

xn = 0 (fixed point)

�xn = xn+1 = xn(�� 1± x

2
n ) (period 2)

() 0 = �± x

2
n (pitchfork)
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Dimension one ... and two



purely imaginary eigenvalues

Henri Poincaré (1899)
Alexander A. Andronov (1933)
Eberhard Hopf (1942)



Example 5: Hopf bifurcation

Setting: dim x = 2, specA = {±i!}
Stuart-Landau oscillator

ż = z(�+ i! + (±1 + i�)|z |2) , z = r exp(i')

ṙ = r(�± r

2
) (pitchfork)

'̇ = ! + �r 2 (frequency)



Example 5: Hopf bifurcation

per

stat

r r



Some oscillatory reactions
1828 [Fechner] electrochemistry (single polarity reversal)
1901 [Heathcoate] electrochemical oscillations
1920 [Lotka] NOT predator-prey, 1921 [Bray] experiment
1931 [Volterra] population dynamics
1958 [Belousov] experiment (rejected),1964 [Zhabotinsky]
1967 [Prigogine et al] Brusselator
1967 [Higgins] 2d-survey
1968 [Sel'kov] glycolysis
1970 [Luss, Lee] nonisothermal PDE catalysis
1971 [Eigen] hypercycle
1974 [Field et al] Oregonator
1983 [Fiedler] PDE catalysis; global Hopf bifurcation
1990 [Dupont, Goldbeter] cellular Ca++

1995 [Imbihl, Ertl] survey PDE catalysis
2003 [MacDonald et al] Citric acid cycle
2009 [Mirsky et al] Mammalian circadian clock



double zero eigenvalue

Vladimir I. Arnold (1971)
Floris Takens (1973)
Rifkat I. Bogdanov (1976)



Hopf 

Figure 1.1: A i?-point 

To the left of the fold line, two equilibria co-exist. Crossing the fold to the right, 
they merge and disappear. Crossing the Hopf line, one of the two equilibria under-
goes a Hopf bifurcation, giving rise to periodic orbits when we decrease a\. The 
periodic orbits terminate by a blue sky catastrophe at homoclinic orbits, which 
occur along a one-dimensional curve of parameters a. Following that homoclinic 
curve towards a — 0, the homoclinic orbits shrink down to the equilibrium z = 0. 
More generally, figure 1.4 describes the generic local bifurcation diagram associ-
ated to an equilibrium (ao, z0) of (1.10) where DzF(ao, z0) has an algebraically 
double eigenvalue 0. These results are due to [ARNOLD, BOGDANOV 1-2], (1972, 
1976). 

The term 5-point was used in [FIEDLER 2] for equilibria like (a0, zQ). An index 
for £?-points seemed to indicate a possibility for some global pathfollowing results 
on homoclinic orbits, cf. [FIEDLER 2, p.74]. Indeed, J3-points give rise to branches 
of homoclinic orbits in generic two parameter flows just as Hopf bifurcations give 
rise to branches of periodic orbits in generic one parameter flows. It is then a 
necessary first step, towards global results on homoclinic orbits, to understand 
local bifurcations which a branch of homoclinic orbits can undergo on its way. We 
will resume this aspect at the end of the discussion in section 7. 

3 

Example 6: Bogdanov-Takens bifurcation

Setting: dim x = 2, specA = {0}, alg. double

ẋ1 = x2

ẋ2 = �1 + �2x1 + x

2
1 ± x1x2

λ1

λ2



delay controls delay

[Fiedler, Oliva](2015)



Application: Pyragas delays



Application: Pyragas delay
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Justifications



Justifications of dimension  reduction

Setting: ẋ = Ax + . . .

I
normal form theory �! exp(A

T
t) equivariance

I
Lyapunov-Schmidt reduction

I
center manifold theorem

I
Shoshitaishvili theorem:

ẋ

c
= h(�, x c) (center part)

ẋ

h
= A

h
x

h
(hyperbolic part)



Symmetry-breaking
Pascal Chossat
Martin Golubitsky
Reiner Lauterbach
Ian Stewart, ...



Equivariance and symmetry breaking

Setting: matrix group g 2 G  O(N)

ẋ = f (x)

f (gx) = gf (x), for all g and x , i.e.

x(t) solves , gx(t) solves

X

K

:= {x |Kx = x} (K -fixed vectors)

G

x

:= {g | gx = x} (isotropy of x)

x 2 X

K ) G

x

� K



Anisotropy inside black hole

joint work with:
Juliette Hell
Brian Smith



Example 7: O(3)-equivariance, stationary

JID:ANIHPC AID:2661 /FLA [m3SC+; v 1.194; Prn:23/06/2014; 13:31] P.22 (1-28)

22 B. Fiedler et al. / Ann. I. H. Poincaré – AN ••• (••••) •••–•••

Table 6.2
For bifurcations (λ(s), vK(s)) from λK(0) = λℓ = ℓ(ℓ + 1), vK(0) = 0 with maximal
isotropies K and normally hyperbolic group orbits, we indicate the bifurcation type, direc-
tion, strong unstable dimension ic within the semilinear center manifold and strong unstable
quasilinear dimension i in X = Cβ (S2), alias the codimensions of the strong stable manifolds
of the group orbits Γ vK(0) for s ≠ 0.

ℓ Isotropy K Type Direction ic i

1 O(2)− pitchfork sub 1 2

2 O(2) ⊕ Zc
2 transcritical sub 2 6

super 1 5

3 O(2)− pitchfork sub 3 12
O− pitchfork sub 1 10
Dd

6 pitchfork sub 4 13

4 O(2) ⊕ Z2
c transcritical sub 3 19

super 4 20
O− ⊕ Z2

c transcritical sub 1 17
super 5 21

Fig. 6.1. Local transcritical and pitchfork bifurcation branches (λK(s), vK(s)) from λk(0) = λℓ = ℓ(ℓ+ 1), vK(0) = 0 with maximal isotropies K .
Numbers in brackets indicate codimensions of their normally hyperbolic group orbits.

Proof. Morse equivalence Lemma 6.1 reduces the quasilinear case to the semilinear case. By standard center manifold
reduction of the semilinear case, it only remains to prove that ℓ2 is the dimension of the strong unstable part of the
linearization (6.31) at s = 0, λ = λℓ, v = 0. Since the strong unstable eigenspace of eigenvalues with strictly positive
real part is V0 ⊕ · · · ⊕ Vℓ−1 with dimVℓ′ = 2ℓ′ + 1, this latter claim is obvious since antiquity, and the proposition is
proved. ✷

We remark that the strong unstable dimension i in (6.32) is also the codimension of the center-stable manifold
of (λK(s), vK(s)). It coincides with the codimension of the stable set of the group orbit Γ vK(s), which is foliated
by the strong stable manifolds over the base manifold Γ /ΓK of equilibria. These claims are standard for semilinear
semiflows, and remain valid in the quasilinear semigroup setting, but we do not pursue the details here.

Theorem 6.1. Consider the branches (λK(s), vK(s)) of nontrivial equilibrium solutions of (1.18) which bifurcate at
λK(0) = λℓ, vK(0) = 0, ℓ = 1,2,3,4, and possess maximal isotropy K .

Then the bifurcating group orbits Γ vK(s) ∼= Γ /K of equilibria are normally hyperbolic. Their strong unstable
dimensions are listed in Table 6.2. The local bifurcation diagrams are sketched in Fig. 6.1.

Proof. As we have seen in Proposition 6.1, normal hyperbolicity can be checked within the center manifold. For
ℓ ! 4, as we consider here, the local stability analysis of bifurcations with maximal isotropy has been performed in
[24,13] in terms of lowest order equivariant polynomials of quadratic and cubic order, respectively, for even and odd ℓ,
and under certain not overly explicit assumptions on genericity. Closer inspection shows that genericity, in our cases,
amounts to the bifurcation slopes λ′

K(0) and curvatures λ′′
K(0) to be nonzero and, for ℓ = 3, to avoid the absence of

the nontrivial cubic invariant.



Example 8: equivariant Hopf bifurcation

Setting: x(t + T ) = x(t), minimal period T

O
x

:= {x(t)|t 2 R} (periodic orbit)

K := G
x(t) (t-independent!)

H := {h 2 G | hO
x

= O
x

} (orbit-invariance)

⇥ : H ! S1
:= R/TZ

h(x(t)) = x(t +⇥(h)) (K = ker⇥)

H⇥
:= {(h,⇥(h)) | h 2 H)} (symmetry of O

x

)

H⇥  G ⇥ S1





Example 8: equivariant Hopf bifurcation
A4: Schneider, Fiedler

Goal:

design  
and  

delay- 
stabilize  

your  
favorite  
pattern

(Fiedler) 
(Schneider)

ut = D�S2u+ f(u) +

(
b

b

1

✓Z

⇠2⌅
u(⇠x, t� ⌧(⇠))d⇠ � u(x, t)

◆

<latexit sha1_base64="pkcBa3xKA1tQVkPyWYA+b2cJlVY="></latexit><latexit sha1_base64="pkcBa3xKA1tQVkPyWYA+b2cJlVY="></latexit><latexit sha1_base64="pkcBa3xKA1tQVkPyWYA+b2cJlVY="></latexit>

( u(x� ⇠, t� ⌧) � u(x, t))
<latexit sha1_base64="kfHb1gqvcNBQqTT9GWA0u6ZEsTU="></latexit><latexit sha1_base64="kfHb1gqvcNBQqTT9GWA0u6ZEsTU="></latexit><latexit sha1_base64="kfHb1gqvcNBQqTT9GWA0u6ZEsTU="></latexit>



Homoclinic bifurcations



Invisible chaos

joint work with:
Jürgen Scheurle



homoclinicity: continuous versus discrete

time
step



ẍ+ aẋ+ f(x) = 0
<latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit><latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit><latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit>



ẍ+ aẋ+ f(x) = 0
<latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit><latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit><latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit>



ẍ+ aẋ+ f(x) = 0
<latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit><latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit><latexit sha1_base64="0+onDerT6sMx43+3zgbHrdwgaXQ="></latexit>



Homoclinic doubling

joint work with:
Shui-Nee Chow
Bo Deng



Example 9: homoclinic doubling

Setting: ẋ = A(�1,�2)x + . . . ,
homoclinic orbit at �2 = 0 ,

resonance {1,�1} ✓ spec A , at �1 = 0 .

[S.-N. Chow, B. Deng, B. Fiedler](1988)

Global homoclinic center manifold,

Shilnikov variables, Poincaré map

rn+1 = �2 + cr

1+�1
n

c > 0 : resonant side switching

c < 0 : resonant homoclinic doubling



Setting: ẋ = A(�1,�2)x + . . . ,
homoclinic orbit at �2 = 0 ,

resonance {1,�1} ✓ spec A , at �1 = 0 .

[S.-N. Chow, B. Deng, B. Fiedler](1988)

Global homoclinic center manifold,

Shilnikov variables, Poincaré map

rn+1 = �2 + cr

1+�1
n

c > 0 : resonant side switching

c < 0 : resonant homoclinic doubling

Example 9: homoclinic doubling

Figu re 1.3.a: Resonant side-switching 

( V I I ) 

( I I I ) 

( V I I I ) 

F i g u r e 1.3.b: Resonant homoclinic doubling 
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resonance {1,�1} ✓ spec A , at �1 = 0 .
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n

c > 0 : resonant side switching

c < 0 : resonant homoclinic doubling

exists and is a unit eigenvector of the principal stable eigenvalue — ̂ i0. An analo-
gous s tatement holds for 2(0) € WU\WUU and the principal unstable eigenvalue v0-
For a reference see [HlRSCH & PUGH & SHUB, SHUB, B R U N O V S K Y & FIEDLER 

!]• 
We now assume the resonance condition 

fio = VQ (1.9) 

for the principal eigenvalues — fi0 < 0 < VQ. We remember tha t we expect homo-
clinic orbits to occur along one-dimensional curves in parameter space. Therefore, 
resonance condition (1.9) will not contradict our genericity assumption (1.5). Of 
course, here we have shifted the associated equilibrium (aQ, zQ), where (1.9) holds 
to (0, 0). 

As a final prelude to our main results, we distinguish between twisted and non-
twisted homoclinic orbits (cf. figures 1.2.a,b where in = 1, n = 2). 

a) non-twisted b) twisted 

Figure 1.2: Homoclinic orbits 

Let T = {z*(t) : t € IR} denote a homoclinic orbit of a vector field with simple 
real principal eigenvalues, as in (1.6). Choose points p , q £ T sufficiently close 
to the equilibrium z = 0 associated to T, say p = z*(0), q = z*(T). We assume 
nondegeneracy of T, 

codim (TPWU + TPW) = 1 , (l.lO.a) 

in accordance with (1.3). Motivated by the convergence result (1.8), we further 
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much, much more by
Leonid P. Shilnikov
Valentin S. Afraimovich
Vladislav V. Bykov
Sergey S. Gonchenko
Lev L. Lerman
Dmitry V. Turaev
Vassili G. Gelfreich, ...
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Example 10: without parameters

Setting: lines, planes, . . . , of trivial equilibria

[S. Liebscher](2015)

I
with parameter �

ẋ = f (x ,�) = A(�)x + . . . , f (0,�) ⌘ 0

˙� = g(x ,�) , all g(x ,�) ⌘ 0

I
without parameter

ẋ = f (x , y) = A(y)x + . . . , f (0, y) ⌘ 0

ẏ = g(x , y) , only g(0, y) ⌘ 0



Example 10: stationary without parameters

parameter λ no parameter



Example 10: Hopf without parameters

Hopf, hyperbolic Hopf, elliptic



Kolmogorov fluid flows

Andrey N. Kolmogorov (1961)
[Afendikov, Fiedler, Liebscher](2007,2008,2011)



Example 10: Bogdanov-Takens without parameters
Kolmogorov fluid flow in 2-channel 

50 A. Afendikov et al. / Plane Kolmogorov flows and Takens–Bogdanov bifurcation without parameters

Fig. 1. Flow (4.1) with Θ-foliation (left) and triangle of bounded solutions in the Θ–H-plane (right). (Colors are visible in the
online version of the article; http://dx.doi.org/10.3233/ASY-2010-1026.)

with small ε. Higher order terms have only to respect the reversibility S1, in general.
We define

Θ = ÿ + y − y3, H =
1
2
ẏ2 +

1
2
y2 − 1

4
y4 − Θy (4.3)

to be the first integrals of the case a = b = 0. We now describe system (4.2) in coordinates Θ, H , y
instead of ÿ, ẏ, y. For the first integrals we obtain

Θ̇ = εaÿy + εbẏ2

= ε
(

a
(
Θ − y + y3)y + 2b

(
H − 1

2
y2 +

1
4
y4 + Θy

))
, (4.4)

Ḣ = −yΘ̇.

For small ε the variables Θ and H therefore change slowly, of order O(ε), whereas the variable y evolves
at a time scale O(1). In fact, the intersection of the y–ẏ+-halfplane with the periodic bubble of the fully
integrable system (4.1) is a Poincaré section, which we denote by Σ ⊂ {ÿ = 0 < ẏ}. The precise
Poincaré section Σ depends on a, b for ε > 0. The boundary of the relevant domain Σ consists of the
equilibria |y| ! +

√
3/3 on the y-axis, and, for ε = 0, of the intersections of the homoclinic orbits to the

saddles +
√

3/3 < |y| < 1 with the y–ẏ+-halfplane, see Fig. 2.
Parametrizing this domain by (H , Θ) we obtain the filled triangle of Fig. 1,

|Θ| ! 2
√

3/9,
3
4
y4

2 − 1
2
y2

2 ! H ! 3
4
y4

1 − 1
2
y2

1, (4.5)



Example 10: Bogdanov-Takens without parameters
Kolmogorov fluid flow in 2-channel A. Afendikov et al. / Plane Kolmogorov flows and Takens–Bogdanov bifurcation without parameters 59

Fig. 5. Poincaré flows (6.1). Case (a): elliptic Hopf point and Melnikov zeros, for a(b − a) < 0. Case (b): hyperbolic Hopf
point, without Melnikov zeros, for a(b − a) > 0. Arrows indicate the flow direction for a > b, and have to be reversed in case
a < b.

In the elliptic case, Fig. 5(a), reversibility forces a “heteroclinic” orbit from the Melnikov zero y∗, on the
right side of the (Θ, H)-triangle, to its mirror image −y∗ on the left side. The precise interpretation of this
“heteroclinic” will require additional attention, in the next section. Above the “heteroclinic”, all orbits
enter and leave the triangle, right to left, in finite time. The Melnikov zeros ±y∗ themselves also connect
to points A± on the bottom, focus side of the triangle, by “heteroclinics”. Below the A+ → y∗ → −y∗ →
A− itinerary, all orbits remain bounded, originating and terminating at focus equilibria. In the two cusp
triangles, delineated by the cusps and the (±y∗, A±) heteroclinics, we observe orbits leaving/entering the
triangle through the (cusp, ±y∗) side and originating/terminating at the focus equilibria of the (cusp, A±)
side.

The hyperbolic case, Fig. 5(b), in contrast, features two distinguished points B± on the right/left side
of the (Θ, H)-triangle, where the stable/unstable cones of the hyperbolic Hopf point enter/leave the
triangle. Above the itinerary B+ → Hopf → B−, all orbits again enter and leave the triangle, right to
left, in finite time. Below, we observe two cusp triangles as in the elliptic case. Only the directions of
the connections between the sides adjacent to the cusps have reversed, due to the absence of Melnikov
zeros.

7. Homoclinic and heteroclinic splitting

In this section we discuss the transition from the Poincaré flow (4.7) and (6.1) of Sections 4 and 6 to
the Poincaré map of the normal form (1.20) of Section 3 in some detail. We recall that for small normal
form coefficients εa, εb, the Poincaré map on the section Σ ⊂ {ÿ = 0 ! ẏ} is a first-order discretization
of the Poincaré flow; see Section 4. In Section 5 we have already observed the Neishtadt splitting of the
focus–focus heteroclinic orbits near the elliptic Hopf point, in case a(b − a) < 0. In the present section,
we study the splitting of homoclinic orbits at the boundary of the (Θ, H)-triangle, as indicated by the
zeros y = ±y∗ of the Melnikov function M (y); see Lemma 6.1. Under further transversality assumptions
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Example 10: Bogdanov-Takens without parameters
Kolmogorov fluid flow in 2-channel 



Conclusions



Summary 

• Ex1: flow box, Ex2: hyperbolic equilibrium - no bif.s 

• Ex3: saddle-node, transcritical, pitchfork bif.s 

• Ex4: period doubling bifurcation 

• Ex5: Hopf bifurcation 

• Ex6: Bogdanov-Takens bifurcation 

• Ex7:   stationary symmetry breaking 

• Ex8:   equivariant Hopf 

• Ex9:   homoclinic doubling and invisible chaos 

• Ex10: bifurcation without parameters 

• Mathematical justifications


