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Problem 41: Consider the periodically forced smooth ODE on RN

ẋ = f(λ, t, x),

where λ ∈ R2, f(λ, t+ 1, x) = f(λ, t, x), f(λ, t, 0) ≡ 0.
Give sufficient conditions on f under which subharmonic solutions with minimal period
m ∈ N bifurcate from the trivial equilibrium x = 0. Prove your claims.

Problem 42: Consider the C2-ODE on R2

ẋ = f(x, y),
ẏ = −f(y, x).

Assume ∂2f(0, 0) 6= 0, and f(x, y) = f(−x, y) = −f(x,−y) for all x, y. Show that
x = y = 0 is an equilibrium. Also show that there exists a family of periodic orbits near
0. Discuss their spatio-temporal symmetry.

Problem 43: Consider the representation of D3 × S1 on C2 given by

ϕ(z1, z2) = (e2πi/3z1, e
−2πi/3z2),

σ(z1, z2) = (z2, z1),
ϑ(z1, z2) = (eiϑz1, e

iϑz2).

WhereD3, generated by ϕ, σ is the symmetry group of the equilateral triangle. Determine
the isotropy subgroups and their fixed-point spaces.

Problem 44: Consider a ring of coupled Stuart-Landau oscillators

żi = (λ+ i+ γ|z|2i )zi + a(zi−1 − 2zi + zi+1), i mod 3, γ, zi ∈ C, λ, a ∈ R.

Find the values λ at which 0 undergoes Hopf bifurcation and discuss the symmetry of
the bifurcating solutions.
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