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Problem 5: [Center manifold theorem with parameters]
Use the center manifold theorem to prove the parametric version:
For x ∈ X = RN , parameters λ ∈ Λ = Rk, and f ∈ C1(Λ×X,X), consider the ODE

ẋ = f(λ, x) = Ax+ g(λ, x), with g bounded in λ and x.

Then there exists δ > 0 such that for supx∈RN |D(λ,x)g(λ, x)| < δ the following holds:

(i) The sets M c(λ) := {x0 ∈ RN | supt∈R |xh(λ, t)| < ∞} are invariant C1-manifolds,
for each λ, which are given as the graphs of a family of bounded C1 functions

η : Λ× Ec → Eh.

Here x(λ, t) := ϕt(λ, x0) is the solution of the ODE at parameter value λ with
initial condition x0. The spaces Ec, Eh are the center and hyperbolic parts of the
spectral splitting induced by A, respectively.

(ii) M c(λ) is the only such invariant BC1 manifold.

Problem 6: For x ∈ X = RN consider the ODE

ẋ = x2,

ẏ = −y.

(i) Suppose M c := {(x, η(x)) | x ∈ R} with η ∈ C1(R,R) is a flow-invariant manifold.
Show η(x) = 0 for all x ≥ 0.

(ii) Show that the graphs of

ηα(x) :=

{
αe1/x if x < 0,
0 elsewhere.

define smooth invariant manifolds parametrised over the center direction Ec. How
is this compatible with the uniqueness part of the center manifold theorem seen in
the lecture?
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Problem 7: Consider the smooth iteration on R2

xn+1 = F (xn) = Bxn +O(|xn|2) :=

(
λ1 0
0 λ2

)
x+O(|xn|2).

As usual, let Wm := Ker(BT [·]m), where BT [·]m is the restriction to the space of homo-
geneous polynomials of degree m of the commutator

BT [φ](x) := BTφ(x)− φ(BTx), φ ∈ C∞(R2,R2).

(i) Derive necessary and sufficient conditions on λ1, λ2 ∈ R \ {0} under which there
exists m ≥ 2 such that Wm 6= 0.

(ii) Interpret your result: under which conditions on (λ1, λ2) and in which sense, can
the iteration F be “linearized” (dissertation of Henri Poincaré)?

Problem 8: Consider the smooth iteration on R

xn+1 = F (xn) = −xn +O(|x2n|), x ∈ R.

(i) Show that the BT normal form

yn+1 = −yn + b3y
3
n + b5y

5
n + . . .

is odd, to any finite order.

(ii) [Extra credit] Determine the stability of the fixed points y = 0 and x = 0, respec-
tively, depending on a2 := F ′′(0)/2 and a3 := F ′′′(0)/6.
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