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Abstract
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by first integrals. At isolated points, normal hyperbolicity of the line fails due to a transverse
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and a heteroclinic front-back pair. This is a consequence of the symmetry of the external
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1 Introduction

Let us consider a viscous incompressible planar fluid flow generated by the action of a body
force oF. The governing Navier-Stokes equations in R? are

(Or+u-V)u = —%Vp+1/Au+ch,
V-u = 0.

(1.1)

In balance-of-momentum form with the summation convention they read

8Qui aﬂij _ QUF'
8t a.’Ej v
(1.2)
oui _
al’j - ’

with the tensor of momentum flux density
Iij = ouiuj + pdij — ov(Op;ui + Oz,u;).
Here u = (ug,uz)" denotes the velocity field, p pressure, o density, and v viscosity.

We are not going to discuss the problem in such a general setting. Instead we follow A.N.
Kolmogorov [MS61] and consider the fluid flow in a cylindrical channel (z1,22) € K = R x S!

under the action of a horizontal external (body) force

F(xl,xg) = ( F((:)U2) ) , F(xg) = F(J}Q—i-Qﬂ'), (1.3)

which depends only on the vertical cross-section coordinate xo. Here S = R/27Z and vector
(u,p) is equipped with periodic boundary conditions,

u(t, r1,r2) = u(t,z1,v2 + 27), p(t,r1,22) = p(t,x1, 22 + 2m) (1.4)

instead of the usual no-slip boundary conditions. Originally, Kolmogorov suggested to investi-

gate the effects of decreasing viscosity on the dynamics of the problem (1.1-1.4) with

V2 sin o
0 .

F(Sﬂl,l‘g) = ( (15)

There are various reformulations of the Kolmogorov question, see for example [AK98b,
Sma9l]. Even under an additional periodicity condition in the unbounded horizontal direction
1

u(t,r1,z2) = u(t,r1 + 27/, x2), ac(0,1) (1.6)
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and for vanishing mean flux

27 r27 0
Q= (;;)2/0/0 udz;dzy = (0 ), (1.7)

it is still unclear whether Navier-Stokes solutions can be dynamically nontrivial for the Kol-

mogorov forcing F(z2) = v/2sin 5.

Stability and bifurcation of the basic steady state u,=(U(z2),0)T, p.= const. of the problem
(1.1)~(1.7) depends on the Reynolds number R = v~20L where L is the length unit, and
were studied in [MS61, Yud65, Yud66, AB86, Afe95]. It was shown in [MS61, Yud65] that
the curve R(a) of neutral stability is monotone for F(x3) = v/2sinxy and that the minimal
critical Reynolds number Ry = 1 corresponds to a = 0 with stability exponent A = 0. There
is numerical evidence that for small enough « a similar statement is true for general forcing
F(xz2), [Afe95]. Therefore the loss of stability and the bifurcation problem for o = 0, i.e. the

bifurcation problem in the unbounded cylinder K, are of particular interest.

It is therefore our goal, in the present paper, to provide a detailed study of time-indepen-
dent fluid-flow profiles (u1,us) near u, = (U,0)T without the periodicity requirement (1.6) in

the unbounded spatial variable x;. We thus consider only the time-independent Navier-Stokes

System
0 = vAuy — (u10z, +u20.,)u1 — 0 *0p,p + o F(12),
0 = vAug — (u10z, +u20y,) us — 0 10, (1.8)
0 = Oy ui + Opyus.

The fundamental tool for reaching our goal will be the Kirchgdassner reduction introduced in
[Kir82], and extended to the analysis of viscous fluid flows in [IMD89]. In Kolmogorov problem
the space of all bounded solutions of elliptic problem (1.8) near the xi-independent Kolmogorov
solution u, fits into a 6-dimensional center manifold of spatial profiles. Even though the initial
value problem for elliptic equations is ill-posed, translation by z; induces an autonomous flow
on this manifold. See Section 2 for details. Our study of small bounded solutions of this reduced
spatial-dynamics flow, where xi-translation plays the role of a “time” action, will account for
new homoclinic pulse-type and heteroclinic multi-pulse solutions to the Kolmogorov problem,

near Kolmogorov’s instability threshold.

Going beyond Kolmogorov’s original choice (1.5), we admit more general horizontal forcing
functions F'(z2) which are periodic in the cross-sectional vertical coordinate zo and of zero

average, but are still independent of the horizontal coordinate x1. A simple prototype is given
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by
F(x3) = V2sin 29 + wsin 3z,. (1.9)

Such higher harmonics don’t increase the complexity of the bifurcation diagram near the insta-

bility threshold.

Let (u(z1,-)) = 5= 027r u(x1, x2)dxs denote the cross-sectional average. By incompressibility
the mean flux (u;(z1,-)) does not depend on x;. In fact 0y, (ui(x1,-)) = —(Oz,u2(x1,-)) vanishes.
The same is also true for Couette and Poiseuille plane-channel flows with no-slip boundary
conditions. Periodicity (1.4) and vanishing mean value of the forcing, (F') = 0, imply the

existence of two additional conserved quantities

0 0
£<H11($1, )> =0 and aixlﬂ_[gl(xl, )) = 0. (1.10)

This property strongly relies on the absence of stress at the boundaries and is not true for

Couette and Poiseuille flows.

The existence of these conserved quantities implies the presence of three nontrivial first
integrals I, Io, I3 of the dynamical system generated by xi-translations on the spatial center
manifold. This fact significantly facilitates our analysis of the reduced equations. Moreover, a
three dimensional manifold ¥, of zi-independent solutions arises. For most values of the vector
I = ([1,15,I3) € R of first integrals, the three-dimensional level set I = const. is transverse
to the equilibrium manifold W¥,, in the 6-dimensional spatial-dynamics flow after Kirchgissner
reduction. This transversality degenerates precisely in one fiber I1 = 0. In the critical three-
dimensional level surface I = 0, a one-dimensional family of equilibria remains (see Section 2 for

details).

Vector fields with one- and two-dimensional families of equilibria have been studied by two of
the present authors, in a series of papers. The normally hyperbolic case is well-known; see for ex-
ample [Fen77, Arn88, Sho75, Aul84|, and the references there. When normal hyperbolicity fails,
the situation resembles bifurcation theory. While the familiar foliation of the flow by a constant
bifurcation parameter is absent, a manifold of trivial solutions persists. We call this situation
bifurcation without parameters; see [FLA0Oa, FL00, FLAOOb, FLO1, FL02]. Applications include
coupled-oscillator dynamics, oscillatory viscous shock profiles of nonlinear systems of hyperbolic
conservation laws with source terms, and binary oscillations of certain discretizations of systems
of conservation laws. For an early example involving competition models in population biology

see [Far84].
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The critical equilibrium in the level surface I = 0 of the Kolmogorov problem is characterized
by a triple zero eigenvalue. Transversely to the equilibrium line, the zero eigenvalue is double. In
standard bifurcation theory, with parameters, this linearization would correspond to a Takens-
Bogdanov bifurcation; see for example [Arn72, Tak74, Bog81la, Bog81b, GH82|, and also [Gel99]
for the time discrete case. Takens-Bogdanov bifurcation without parameters has been studied

in [FLO1].

Reversibility of the reduced, spatial dynamics, however, is an additional feature of the plane
Kolmogorov flow which substantially changes the Takens-Bogdanov dynamics of [FLO1]. Two
types of reversibilities, S; and Ss, arise, depending on the symmetry properties of the spatially
27-periodic forcing F'(x2) in the Navier-Stokes system (1.1). Specifically, these reversibilities are

generated by the following symmetries

Sy F(—x2) = —F(z2),

(1.11)
Sy: F(ro+mw/s) = —F(x2).

The dimension of the fixed-point subspaces Fix(S;) of S;-fixed vectors will turn out to be j, in
the three-dimensional reduced spatial dynamics within I = 0. See Lemma 2.1 and section 3.
Note that F(x) = (v/2sinzz,0)”, as chosen by Kolmogorov, (1.5), with s = 1 satisfies both
reversibilities. The choice

F(x3) = V2sinzg + wsin 2, (1.12)
in contrast, satisfies only S7, but not Sa, for w # 0.

In section 3, we derive a local normal form for Takens-Bogdanov bifurcations without param-

eters in the presence of only reversibility S.

The easier case of double reversibility, S; and So, is studied in section 4. See in particular
Figure 4.2 for the set of all (small) bounded solutions. The z;-periodic solutions were known
to Yudovich [Yud65] already. In addition, we find homoclinic or pulse type solutions, as well as
heteroclinics of front type. Parenthetically we note that similar results can be derived when only
the reversibility So is present. It is in fact the two-dimensional fixed-point subspace Fix(S2),
which greatly facilitates the analysis. Such reversible system appeared in the paper [Ioo00],

where travelling waves of the Hamiltonian Fermi-Pasta-Ulam model were studied.

The more intricate case of only the single reversibility S7, as exemplified by forcing (1.12),

will be treated in [AFLOS].

We now give a sample statement on the existence of bounded uniformly continuous solutions
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to Navier-Stokes problem (1.4)-(1.5), (1.8) near the Kolmogorov solution u, = (v/2sinz,0)T
and near the instability threshold Ry = 1, where 2 = R — Ry is small.

Theorem 1.1 To each bounded solution y(t), t € R of equation (4.1) corresponds a unique
smooth solution u(R, x1,x2) to problem (1.4—1.5, 1.8) which satisfies the asymptotic relation

\/§COS )
1

w(ar, x2) = ( U(;”Q) ) + ev/3y(y/2/3e21) ( +O(e2),

p(ry,22) = O(?).

0,H O,H

01, . . L
Here, y € {yper’yhom’ yhét} is a bounded orbit of Duffing equation ij +y — y° = ©.

These solutions can be readily expressed in terms of special functions. For instance
01

yh’é‘t(t) = 4 /2tanh(t/V2).

Notice that in the present article Kirchgéassner reduction was performed analytically without
using computers in contrast to [IMD89, AM95] where numerical information was exploited in

the study of Couette-Taylor and Poiseuille problems.

To conclude this introduction, we remark that the horizontal forcing function F'(z2) in (1.1),
a priori, does not have to satisfy any of the reversibility constraints (1.11). Without any re-
versibilities, however, the investigation of only stationary solutions is not adequate to the hy-
drodynamical problem since a variety of time periodic solutions close to the Kolmogorov flow

can appear [AB86].

Moreover, we do not address the formidable task of determining the PDE stability of our
nonlinear Kolmogorov flow profiles, under the time dependent Navier-Stokes system, in two or
three space dimensions. Even the global existence of L°(K)-solutions of the nonstationary
Navier-Stokes system in the Kolmogorov problem has been addressed only recently, see [AMO5].
In this sense, our analysis presents only another naive step stumbling into such largely unexplored

territories.
2 Basic equations, Kirchgassner reduction, reversibilities and
conserved quantities

We consider the Navier-Stokes system (1.1-1.4) in the cylindrical domain K = R x S'. We drop

the periodicity condition (1.6) in the unbounded horizontal direction z1, as well as the condition



Plane Kolmogorov flows and Takens-Bogdanov bifurcation without parameters 7

of zero mean flux. The basic steady state is u, = (U(x2),0), p. = const..

We introduce the Reynolds number R = ov~2L, where L = 1 is the unit of length and we

take o /v as the velocity unit.

In the thus rescaled equation, the first component U = U (z2) of the basic steady state u, is

the 2m-periodic solution of the equation
U'+F =0 (2.1)

with vanishing mean value. Looking for perturbations v = (v, v2)T of the Kolmogorov flow in

the scaled form u = u, + Rflv, we arrive at

0-v1 + R(UOzv1 + U'vg) + 0pyp = Avy — 010,01 — 020,501,
Orv2 + R U0y, v2 +0p,p = Avy — 010;,V2 — 020,,02, (2.2)
axlvl + 83321)2 = 0,

with periodic boundary condition in the cross section xo:

v(T,21,22) = v(T, 21, X2 + 27). (2.3)

To study the loss of linear stability of the Kolmogorov flow, we temporarily reintroduce the
artificial periodicity condition (1.6) in z; along the channel, and fix the vector of mean flux
Q = (0,0)". The eigenvalue problem then reduces in a standard way (see e.g. [AM95]) to

Orr-Sommerfeld equation

Max +ia(Ul,x —U"x) = R712x, (2.4)

a2

With’zﬁ,ﬁa:dx%—a , and

X(@2) = x (w2 + 2m). (2.5)
General properties of the Orr-Sommerfeld problem (2.4, 2.5), are well known, see e.g. [DH69].
For instance the spectrum of the problem is discrete. Let \g(a, R) denote the eigenvalue with
maximal real part. Then the condition $e A\g(a, R) = 0 defines the curve R = Ry(«a) of neutral
stability in the plane («, R). For small « this neutral curve is monotone and the minimal

Reynolds number corresponds to a = 0.

Each of the following two conditions is sufficient to prove that Ag(R, @) is real:
Condition (A) There ezists a shift xo — w2 + < such that U(za + <) is odd,

U(xeg +¢)=—-U(—x2 +5). (2.6)
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Without loss of generality, we use ¢ = 0 throughout the remaining paper, whenever referring to

condition (A).

Condition (B) There exists s € IN such that

U(ze) = —U(xg +7/s). (2.7)

Since we know that the minimal critical Reynolds number corresponds to the limit o = 0 of
unbounded x;-periods it is necessary to study solutions of the perturbation system (2.2) on the
unbounded domain K with 21 € R. The method of choice is the Kirchgéssner reduction [Kir82],
extended to the analysis of viscous fluid flows in [IMD89, AM95, AMO1].

Lemma 2.1 Under condition (A), the Navier-Stokes system (2.2) is equivariant under the re-
flection S : (z1,x2,v1,v2) — (—x1, —x2, —v1, —v2). Under condition (B), system (2.2) is equiv-

ariant under the transformation

SQ : ($17$27U17/U2) = (_$17$2 +7T/87 _U1a02)~

By equivariance we mean that the transformed quantities are solutions whenever the original
quantities are. The proof of the lemma is therefore an obvious calculation; see also (2.13, 2.14)

below.

Kirchgéssner’s idea is to rewrite time independent system (2.2) in the form of a dynamical
system with respect to spatial “time” x1 and look for solutions which are uniformly small in .
In this setting we consider perturbations of the basic Kolmogorov solution. The Kirchgéssner
reduction amounts to a center manifold reduction which captures all solutions (v,p) which

remain uniformly small for both positive and negative spatial “times” x;.

Following [IMD89] denote
w1 = —p+ Oz U1 and wo = Oy, V2. (2.8)

Then the stationary 7-independent Navier-Stokes problem (2.2) takes the form

Opyv1 = —0b,
ax1v2 = w2, (29)
Opywi = —v] + R(=Uv, + U'vy) — v1vh + v,

Opywy = RUwy — 205 — w) + viws + vovh.
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Here, ’ denotes differentiation with respect to zo. With ¢ = (v, ve, w1, ws) T, equation (2.9) can

be written as

where Agp = A9 + RA; and
vh 0 0
— w2 0 0
«401#: - "y aAlw = , ; 7B(¢;¢) = , , : (211)
vy U'vg — Uy VU2 — V1Vq
208 + w) Uwy v1wg + Vvl

The periodic boundary condition is

P(w2) = P(w2 + 21). (2.12)

The evolution problem (2.10) is reversible with respect to spatial “time” z;. In the present

context, this means that under conditions (A), (B) the relations
.AROS]‘ = —SjOAR, BOSj = —SjOB (2.13)

hold for 7 = 1,2. Here

v1 —v1(—x2) U1 —vi(x2 +7/8)
sl 2 fwy=| 20| g 2 ]| @ 2.14
' w1 (z2) wi (—x2) ? w1 (2) wy(z2 +7/8) ( )
Wy wa(—x2) Wy —wo(zg + m/5)

If ¥ (21, 22) is a solution of (2.10, 2.12), then in fact Sj(¢)(—x1,22)) is also a solution. This is a

precise form of the equivariance statement of lemma 2.1, in the spatial dynamics setting.

Equation (2.10) possesses a family of z;-independent solutions

U, = (61 + Vi, (2), B2, 83,0)" (2.15)

with three independent parameters (31, G2, 33. Here (31 corresponds to the action of the one-
parameter subgroup of the symmetry group of the Navier-Stokes system (1.1) generated by
t0z, + Oy, . This is Galilean invariance along the cylinder domain K. Parameter (3 corresponds
to the action of the subgroup generated by 0,. Indeed, the pressure in an incompressible fluid is
determined only up to a constant. If F'(z2) = 0, then 3, also corresponds to Galilean invariance.

In the Kolmogorov problem, however, the Galilean invariance is violated in the cross-sectional
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xo-direction of cylinder due to the nontrivial forcing. Instead there is a curve of solutions

parametrized by (2, such that Vj,(x2) satisfies
Vi, — B2V, — RBU =0, (2.16)
with xp-average (Vj3,) = 0. We discuss conserved quantities associated with this problem, next.

Lemma 2.2 System (2.9) possesses three conserved quantities:

I (¢) = (v1), (2.17)
L(Y) = ((8z,v1 — p)) — 2R(Uv1) — (v]), (2.18)
I3(1)) = (O, v2) — R{Uvs) — (v102), and I3(S;) = (1) I3(4h). (2.19)

Along the family (2.15) of x1-independent solutions W, the map I : R® — R3, (61, B2, f3) —
(I,(0,), I (9,), I3(W,)) is locally invertible for 3y # 0.

Proof. Invariance claim (2.17), as already discussed in the introduction, is a general consequence

of incompressibility.

We prove invariance of (2.18) to be a consequence of the xi-independence (or z;-conserva-
tion) of the averaged component IT;; of the momentum flux density tensor. Indeed, by (2.9) the

xo-average of wy satisfies

d
I wi) = R{U"vs — Uvy) + (vhva) = (v1v3).
I
Integration by parts and incompressibility implies (vjve) = —(v1vh) = (v10,,v1) = %d%l(vf).
Similarly (U've) = —(Uvh) = (Udy,v1) = ﬁ(UUﬁ, etc. Therefore
d d d
— (O 01 —p) == —(w1) = — (2R{U D).
Gy @ervr =) 1= g lwn) = - (2RO + (01))

Invariance of (2.19) can be established in a similar way and the symmetry relations follow from

conditions (A) and (B) respectively. The last statement of the lemma follows from the relation

det [ 2012, Is) e
¢:‘I’*

(B, B2, 33)
Let us briefly introduce the functional-analysis setting of problem (2.9). In the space P of

>

real-valued trigonometric polynomials, i.e., of finite sums

u(zg) = > wpe™, u_p =y,
k
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consider the scalar product

(u,W)e = > (14 k) upti_g, (2.20)
k
for a > 0. The closure of P in the induced norm || - ||, is denoted H®.

Consider the operator Apg : D(Ag) — X, where

X=(H"? x (H°)? and D(AR)={(v1, va, w1, wq) € (H*)? x (H")?}

Then Ag has compact resolvent, with resolvent estimate

Cc

_ipiqy—1 <
[(Ao —i0id) ™ [|L(x,x) < T

0 € R. (2.21)

See [IMD89], where the more complicated case of no-slip boundary conditions is considered.

The operator B(i,1)) is bilinear in ¥ = (v1,vs, w1, w2) € (H?)? x (HY)2. The Sobolev
embedding theorem H? C C!_ [0,27] implies that the operator B(1,v) : D(ARg) x D(ARg) — X

per

is bounded. Since it is also bilinear, it is analytic.
As Ap possesses compact resolvent, its spectrum consists of eigenvalues of finite multiplicity.

Consider small |R — Ry|. For R < Ry there is a pair of real eigenvalues which become purely
imaginary for R > Ry. This is a direct consequence of the equivalence of the eigenvalue problem
ArY = iarp with the Orr-Sommerfeld equation (2.4) equipped with xi-periodicity of 27/c.
Perturbation theory [Kat66] implies that there is a multiple eigenvalue \g = 0 at R = Ry(0).

All other eigenvalues are at finite distance from the imaginary axis.

As a first step in the Kirchgéssner reduction we determine the eigenspace of Agr corresponding
to the eigenvalue A\g = 0. Our results will be summarized in lemmas 2.3 and 2.4 below. Since
operator Ag : D(Ar) — X possesses compact resolvent, the range rg Ag is closed in X, and
Ap is a Fredholm operator. By [BJS64, Sch59], rg Ag is orthogonal in (L?)? to ker A%, where

ker A}, is the kernel of the unbounded formal adjoint operator

AR+ (Lyer[0,27])" — (L3, [0, 27))", (2.22)
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d2
0 O - 0
da3
d d d?
* — 0 RRU +U—) —2—
Ar = day QU +UG,) dzZ |- (2.23)
d
0 O 0 —
dl‘g
0 1 0 RU

Straightforward calculations demonstrate, that ker A}, is 3-dimensional and is spanned by

1 —2RU 0
0 0 —RU
Eo1= , § o= , &= . (2.24)
0 1 0
0 0 1

The next step is to determine the generalized eigenspace of Ap associated with A = 0. Define

the integral operator r : H* — H' by
1p=® <+ (®)=0, and ¢ =" (2.25)

It is straight forward that the kernel ker Ag is spanned by the tangent vectors x; at 8 = 0 to
the family W, of x;-independent solutions defined in (2.15):

0 1 RrU
0 0 1
K_1 = s R_9 = N K1 = . (2.26)
1 0 0
0 0 0

The eigenfunctions k_1 and x_o correspond to the actions of generators of the symmetry group.

They do not give rise to a generalized eigenspace; but k1 does. Indeed k1 € rg Ag, i.e.

RiU = —v),
1 = w2,
(2.27)
0 = —vf+ R(U'vz —Uny),
0 = RUwy—2vy —wj,
is solvable. The solution of (2.27) which is orthogonal to £_1,£_9 is given explicitly by
R?r*(UrU — U'r?U)
—Rr2U
Ko = . (2.28)
3RtU + R3Dy

1
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The L2-orthogonality condition (kg,£_2) = 0 implies Dy = (2U'r%h), where
h =12(U"v?U — U?) = r(UT?U — UrU). (2.29)

Notice that condition (B) implies Dy = 0.

In fact, also ko ¢ rg.A, except at a unique value of the Reynolds number. Indeed, the

orthogonality condition

(k2,61) =0 (2.30)

for the solvability of equation

ko = ARk3 (2.31)
provides us with the critical Reynolds number
Ry = ((xU)?) /2. (2.32)

For R = Ry a Jordan block of length at least 3 arises. In the correspondence of the general
theory [AMO95] and calculations of [Afe95] this critical Reynolds number corresponds to R(0)
as defined from Orr-Sommerfeld equation (2.4). Define

g =1 (Urh—U"?h+2Dp). (2.33)
Then the solution orthogonal to £_1,&_9,& is

—3Ror3U — R3rg

. R3r%h
fig = (2.34)
—1(1+ R2Ur?U) — 2R3rh — Dy
—RorZU
with
Dy = 2R3(3Ur*U + R%Utg). (2.35)

Condition (A) implies D; = 0. Setting U = v/2sinzs in (1.5), for instance, we have Ry = 1,
h =0, Dg=0, r3U = v/2cos zy and therefore g =0, D; = 0.

The next compatibility condition

(’%3> 51) =0

is equivalent to

(Ur?h) = 0. (2.36)
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Obviously, this holds true in any of the cases (A), (B) under consideration. We obtain

K41
3Ror*U + R3r?
- o 0T 9 : (2.37)
R3r(Ur?h) — 5Ror3U — 2Rjrg

R%%h

where k41 = 12 (3R3(U*U — Ur3U) + R3(U'r%g — Urg) + D1)+2R3r3h+13 (1 + R3Ur2U). The

compatibility condition (%4,&1) = 0 for the existence of a fifth generalized eigenvector yields
Ko:= —3R3(Ur'U) — R{(Ur?g) =0, (2.38)

In general, we expect Ky # 0 and therefore a 4-dimensional Jordan block. However, we are
unable to prove that Ky # 0 for all U(z2). This condition, however, can easily be checked for
specific U(22). For the original Kolmogorov setting U = v/2sin x5, we have ‘U = U, g = 0, and
Ky = —3; hence K # 0 for any small perturbations of Kolmogorov’s velocity profile. Therefore

the following lemma is proved.

Lemma 2.3 We assume any one of the conditions (A), (B), as well as Ko # 0 in (2.38). Then
the generalized eigenspace M = M(R) associated with the eigenvalue A = 0 of the operator
Ap for the stationary Navier-Stokes problem (2.10) possesses dim M(R) = 4, if R # Ry, and
dim M(R) = 6, if R = Ry. In the latter case the vectors {k_a, K_1, K1, K2, k3, R4} defined above
form a basis of M(Ry).

In particular for U = v/2sinzy, we get Ry =1, h=¢ =0, Ky = —3 and

—V2cos x9 0 —3v/2cos x9
1 V/2sin zy ~ 0
R1= , ko= y, R3= )
0 —3v/2cos xo —1/2sin 22
0 1 V2 sin o
—1/8sin 2x9
~ 3v/2sin 9
R4=
—5v/2 cos x9
0

In a same way the following statement for the adjoint problem holds true.
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Lemma 2.4 Let the assumptions of Lemma 2.3 hold. Then the generalized eigenspace M*(Ry)

associated with the eigenvalue X\ = 0 of the formal adjoint operator Ay : (L2,)* — (L2,)?* is

per per
spanned by {£_2,&-1,&1} defined in (2.24), and by {&2,&3,84}, where
—RorU —R2UT3U +r(1 — R2U'T3U)
o ’ , (2:39)
0 Ror3U
0 0
§a,1
- ~RAUMU
b= R (UBU) — 13(1 — RAU'U)
Ror*U

where €41 = &1 — (€41),
€11 = Ry (2r3U — R2UM2(UYU) + Ur*(1— R2U'YPU) —
v (U7 (B3 (Un*U) — (1= RUAD)) ) ).

Note that span{&1, &2, &3} is orthogonal to span{k_g,k_1, K1} by the construction.

Remark 2.5 . For the Kolmogorov forcing, U = \/2sin xo, we have Ry = 1 and

0 V2 cos xo —3/2sin 2x9
—V2sinxo 1 0
§&1= , §o= , 3= :
0 0 \@cosxg
1 0 0

2v/2 cos xy — i\/ﬁcos 3x2)
—2sin? x9
—3/8sin 2x9
V2 sin 9

o=

Denote mg = Kgl(kg,@) and k3 = Rg—mok1, k4 = ka—moke. For the forcing Fi = v/2sin z»

we get mo = 157/96.

Lemma 2.6

The vectors {Kk_ga, k_1, K1, K2, K3, ka} and {_1,&_2, %054, %053, %0527 K%)&} are bi-orthogonal.
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Proof. The orthogonality of span{ri, ke, k3, k4} vs. span{é_1,& o}, span{&1,&a,&3,84} vs.
span{r_s, k_1}, and the orthogonality conditions span{k1, ke, k3 } L& as well as span{&1, &2, 3} LK1

holds by construction. For 1 <, m < 4 we note the reversibility action
Siky = (1) and  Sj&, = (—1)7Tm e, (2.40)

From the relations
(’il’fm) = (Sj’{'la S]&m) = (_1)2j+m+l+1 (’{lagm)a

follows that (k;,&yn) =0 for m +1 =0mod 2. Since for [ +m <5

(’ihfm) = (A?{l(;llil—l-m—lagm) = (/{l-‘rm—l)fl)

we have that (k5_;,&) = 1 for [ < 4 and (k,&n) = 0 for [ +m —1 < 5. By construc-
tion {_1,£§_2} and {k_2,k_1} are bi-orthogonal and since (k3,&4) = (k4,&3) = 0 the proof is

complete.

3 Equations on a spatial center manifold

Since the generalized eigenspace of the operator Ar at R = Ry is 6-dimensional and the resol-
vent estimate (2.21) holds, the spatial center manifold theorem in the form of [Mie88] can be
used to derive the 6-dimensional ODE system that depends on small parameter v = R — Ry
and describes the nonlinear spatial dynamics in a vicinity of the equilibria. This theorem is
the basis of the Kirchgéssner reduction and covers the case of spatial dynamics generated by
elliptic problems in cylindrical domains with an infinite number of eigenvalues of the associated

linearized problem in both the left and right half of the complex plane.

As a consequence of the symmetries and the related conserved quantities I;(v)), I(¢)) de-
scribed in Lemma 2.2, the 6-dimensional ODE system on the center manifold can be further
reduced to a 4-dimensional system. Indeed, fj(d)), j = 1,2 generate functionally independent
first integrals I;(-) of the system on the center manifold. The resulting 4-dimensional ODE
problem inherits the reversibility of the original problem and possesses a line of equilibria which
corresponds to the family of solutions W,. To study the dynamics in a vicinity of this line we
will use the first integral I3(-) generated by fg(l/}) and blow up the singularity on the level set
I3 = 0. This step requires lengthy calculations of the coefficients of the corresponding Taylor

expansions which will be done explicitly.
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To derive the nonlinear spatial dynamics of (2.9), (2.12) in the vicinity of the origin on the
spatial center manifold Mg, we choose the projector Py : X — M (Rp) onto the generalized

eigenspace M (Ry) of the eigenvalue Ao = 0 to be

4
730¢ = (1/}’5—2)’43—1 + (wvg—l)/{'—Z + Z(wvéf)—j)’{j (31)

j=1
and denote Qp = (id —Py). See (2.24), (2.26), (2.28), (2.34), (2.37) and Lemma 2.4. By
construction, the spectral projectors Py and Qp commute with Ag,. If we decompose

Y =p +1q, Yp € PoX, g € QoX, (3.2)

accordingly, then the stationary Navier-Stokes problem (2.10, 2.12) takes the form

O P = ARry¥p + Po(B(yp + q,vp +¢q) +

+(R — Ro)PoA1(vp +1q)), (3.3)
Onvq = Aritbq + Qo(B(Yp + v, ¥p +1q) +
(R — Ro)QoAi(vp +vq)). (3.4)

For Reynolds numbers R in a small neighborhood Jg, of Ry, the center manifold theorem
asserts the existence of neighborhoods Yp C M (Ry), Yo C Qo(X) of the origins in the generalized

eigenspace M (Ry) and its orthogonal complement Qy(X) and a smooth function
®:JxYp — Yo D(Ag,)
with the following properties:
(i) ®(Ro,0) =0, and 9y, P(Ro,0) = 0;
(ii) Mg = graph ®(R, -) is a local invariant manifold of (3.3), (3.4) — the center manifold;
(iii) Every solution of (3.3), (3.4) that remains in the neighborhood,
(Yp(21),vq(21)) € Yp X Yo

for all z; € R, lies on Mg.

This theorem reduces the problem of the local spatial dynamics of system (2.9), (2.12) (i.e. the
spatial structure of solutions of the Kolmogorov problem which are uniformly small in z1) to

the 6-dimensional ODE

0z, Yp = ARyp+Po (B (Yp+P (R, ¢p), Yp+P(R,¥p)) + 1AL (Vp+P(R, ¢p))), (3.5)
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where 7o ef2_p_ Ry. In local coordinates ¥ = (70, Y—-2,7—1, 71, - - - , 74) defined by

Yp = Y_ok_2+Y-1h-1+ X -1 Vikj, (3.6)
equation (3.5) can be written as 7-dimensional ODE system
i =FA), j=0,-2-1,1,234; F:R —R (3.7)

with 79 = 0. The coefficients of the expansion of F;(7) up to second order does not depend
on ®(R,1p). The higher order terms F; 7%, |k| > 2 and the coefficients of the expansion of
®(R,vp) can be derived recursively. Expand

~

o) = Y. dqF*+o(ly™), where ®(F) = ®(Ro + Y0, ¥p). (3.8)
[k|<no

We substitute the expansion (3.8) into equation (3.4),

SL8() = Ar (0r)+Qo (B (bp+8(@). 00 +3(3) + 04 +83)  (39)

and express §; from (3.3). Comparing coefficients we obtain an infinite set of equations. For
instance,
0 = Ag,Pio01000 + QoA1(k1),
0 = Ag,Pooo2000 + QoB(r1, k1),
23)0002000 = AROCT)OOOHOO + Qo (B(k1, k2) + B(k2, k1)) 5
Dooo1100 = A, Poooo200 + QoB(#2, k2).

Solving these equations, we obtain:

Ror?U —2R3r%h + 2R3r*(Ur?U — U't3U + 2/ R2)
~ 0 - —2Ror3U
Pop02000= , @ooo1100=
-2 ARor*U
0 0
. (3.10)
P000200
~ 2R%r3h — 2R2r3(UrU — U'rPU + 2/R3)
Popo0200= g
D5000200
—2R01‘3U

where ®}000200, Poo0o200 can readily be found. The following lemma summarizes several proper-

ties of system (3.7).

Lemma 3.1
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(i) Parameter dependent system (3.7) is reversible with respect to involutions

Sy ¥ diag(1,-1,1,-1,1,~1,1), S5 % diag(1,-1,1,1,-1,1,-1)

for cases (A), (B), respectively.
(ii) System (3.7) is invariant under shifts y—1 — y—_1+const., i.e. F(-) doesn’t depend on y_;.
(iii) There are three first integrals

(a) [1(7) = 7-2
(b) I2(7) = v-1 + p2(7), with function ps satisfying 87_1902‘?:0 =0

(c) Is(7) = Kova + ¢3(7), with 0y,3]5_y = 0.
(iv) F3(7) = 74-

(v) Family (2.15) of x1-independent solutions Vg, = V|3, —g,—0 = (V3,, 32,0, 0) of the Lemma
2.2, is contained in the level set I3(7) = 0. For small B the family is given by y_o = y_1 =
=0, 71 =02+ 0(Ba), 2 =0, and 33 = —(RoKo) ™' Bayo+cfi+0(53).

(vi) I3(S;7) = (=177 I3(9)

Proof. Reversibility with respect to S; or Sy follows from the general statement of [Mie88]
since Sy(k_1) = Sa(k_1) = k1, Si(k_2) = Sa(k_2) = —k_o, and Si(k;) = (—1)"7+1k; for
j = 1,---,4. The second statement does not follow directly from [IA92, Mie88| since the
symmetry group k_j — k—1 + const. of (2.9) is not compact. It is not difficult, however, to
adjust the proof to the present case and to see that the function ®(vp,p) can be chosen to be

independent of ~y_;.

Existence and symmetry properties of the first integrals Iy, I, I3 of system (3.7) on any
center manifold are inherited from the corresponding conserved quantities I~1,I~2,f§, of lemma,

2.2. Claims (iii) follow from the explicit calculations.
Since (B(+,+),&2)r, = 0 claim (iv) follows from (3.3) and direct calculations, see (2.11).

Statement (v) follows from the relation fg(\yﬁ2 (x2)) = 0 and normal hyperbolicity of the
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center manifold. For small 35 the solution Wg, can be expanded into the power series

(Ro +0) i U Byt
j=0
\1152 = 62
0
0
Therefore
(lIlﬂQ’S_l) = O’ (\I’ﬂg)g—Q) = O)
(\Pﬁm§4) = f2+ O(/ﬁQ)’ (\Pﬂg’&%) = 0, (311)
(Up,,6) = —PZ+cB+0(83)+0(f),  (¥s,,6) = 0,
where
c = Ky 'R3((x*U)?), (3.12)

and (Vg,,&3) = 0 due to the condition (B).

>

In this article only the case 31 = y_5 = 0 of vanishing first integral I; and degenerate family
I, I, Is will be considered. For v_o # 0 the family of solutions (3.11) can be parametrized by the

values of the first integrals and the phenomenon of bifurcation without parameters disappears.

Remark 3.2

In fact, going beyond our present setting, the general situation y_o # 0 should be considered

in the time dependent frame and with full use of the Galilean invariance of problem (1.1).

The equation for v_;(x) obviously decouples, but v_;(x) can be also determined from the
first integral Io = 0 of lemma 3.1. Therefore problem (3.7) reduces to the 5-dimensional ODE

system
’7]:f](7)7 j:051a74’ 7:(707’717"'7’74)€R5’ (313)
where f;(v) = Fj(70,0,0,71,...,74). Recall that 79 is a parameter and ~p = 0.

Remark 3.3
System (3.13) is S'j—reversible with Sy def diag(1, —1,1,—1,1) or Sy def diag(1,1,-1,1,—1) for
cases (A), (B), respectively.
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Remark 3.4
We do not give the full description of the local dynamics of system (3.13) and our study is

restricted to the problem on the integral manifold
M ={y:I3(y) =0},

where I3(7y) := I3(70,0,0,71, 72, V3, 74) 1S a first integral. Motivated by the normal form theory
(see [TA92] and section 5) it is expected that in appropriate coordinates the problem yields a
3D reversible integrable equation. Such kind of reduction appeared in the paper [Ioo00], where

travelling waves of the Hamiltonian Fermi-Pasta-Ulam model were studied.

However we prefer direct and elementary way of the study and avoid using a normal form
transform. To find the reduced system we express 74 from the relation I3(y) = 0 via implicit
function theorem (see lemma (3.1) item 3) and then substitute it into the first three equations

of (3.13).

Since the one-parameter family of solutions Wg, lies in M we arrive at a problem which
is strongly degenerate. This leads to specific difficulties, including the analysis of bifurcations
without parameter as discussed in [FLAOOa, FLO1, FLO2]. There is an essential difference
between our problem and those discussed in these papers since system (3.13) is reversible and

depends on the additional parameter .

We denote the restricted problem as

M = MM,

o M= (

v 707717’)/2773)7 (314)

a 3-dimensional ODE system with small parameter 79. The following lemma is a direct conse-

quence of lemma 3.1 and the equivariant implicit function theorem.

Lemma 3.5 The integral manifold M contains the line of equilibria Yg,. Furthermore, system
(3.14) with parameter o is defined in a neighborhood of 0 € R* and is reversible under the
actions of S & diag{—1,1,—1} and S, def diag{1,—1,1} for cases (A) and (B), respectively.

Note that the trivial action of the reversor on parameter 7y, is not included in this notation.

Our next aim is to simplify problem (3.14) in order to facilitate a description of solutions
which remain close to the line of equilibria. The structure of the linear part of (3.14) and the
explicit expression for the line of equilibria enables us to find local coordinates, such that the
dynamics of (3.14) is described by a single equation of third order, and the equilibrium curve

coincides with the coordinate line 7 = const.
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To find the leading terms of system (3.14) we have to start from the restriction of system

(3.13) to the integral manifold I3(y) = 0. This yields

Y= = Y At + o(yMI™)
[k|<ng

via the equivariant implicit function theorem. For I3(7) we have the expansion

I3(7) - Z I3 "

[k|<no

= o([I7[I")- (3.15)

We now introduce the ordering in the space of power exponents k € IN> which singles out the

”lower order” monomials Ig’k’)/k responsible for the dynamics in a vicinity of the singularity.

For a fixed weight s € (R)® we consider the group action

95(7) = (0°°70, 0 1, -+, 0% ), (3.16)

with group parameter § > 0. Recall that function ¢(v) is called (quasi) homogeneous with

respect to the group gj (or short: s-homogeneous) if

P(95(7)) = 07(7), (3.17)
for all & > 0 and some scaling exponent ¢ > 0. The exponent ¢ is called the order of s-
homogeneity (shortly s-order) of the function ¢ and is denoted as ordg¢.

In a same way ODE system 4; = f;j(v) is called s-homogeneous if it is invariant under the

group action gg, i.e. functions
fj(’Y)v j:()a]-a"'74
are s-homogeneous of the order o + s;.

Suppose now that ¢ € C"T(RR®) and

d(7) = > dk+é(7),  where ¢(7)=0(|4]"). (3.18)

[k|<no

For any weight s we define the s-homogeneous truncation of a function ¢(y) as follows. First

the order of the truncation is defined as oo % min{(s, k) | ¢x # 0}. Next the sum

26(1) Y 3 i (3.19)

(s,k)=00
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that corresponds to the summation of all s-homogeneous monomials with s-order oq is called

the s-homogeneous truncation of the function ¢(v) if for some p > 0,

d(g57) = 07°0(6%). (3.20)
Similarly s-homogeneous truncation of the smooth vector field > f;(v)0,; can be defined as
=t () G=0,1,--,4 (3.21)
if the corresponding truncations of f;(vy) are defined.
Lemma 3.6 The s-homogeneous truncation I3(v) of I3(v) with s = (2,1,2,3,4) is given by
L(y) = Ko(va =32 (™)),

where

WM = admty

_ M M 2
= 71,(1,01,07072 T Vi (0,2,1,0) 7172

e (3.22)

with s* = (2,1,2,3).

Proof. For ¢ € X let [¢]; denote the j-th component of the vector ¢. Then for y_1 =v_2 =0

we have
Li(y) = (XK +2()]a) — (Ro + ) {[UZ; viks + 2(7)]2) (3.23)
(25 vikg + (V[ vk + 2(7)]2)-
Since vo + R3(Ur?U)7y2 = 0 we get
IS (’Y) = R0<UF2U>’)/[)’)/2 + KO’Y4 - K07ﬁ0727170)7%72 + ¢rest (’Y) (324)
and hence
74{\,/(11,0,1,0) = (KoRo)™". (3.25)

To determine the coefficients of 'yiv(‘o 21,00 We substitute the expressions for 71,2, Y3 from

(3.7) into 44 = Y3, 2 0™

j=1 "5, 4; and compare the result with the expansion of f4(7y). It follows

that

71\,/(10,2,1,0) = %f4,(0,1,2,0,0)- (3.26)

Denote Bo(qbl, 02) = B(p1 + ¢2, 01 + ¢p2) — B(o1, 1) — B(d2, ¢2). From (3.5), (3.13) follows
that
J40,1,200 = (30(51, P0000200) + B (K2, Pooo1100), 51)

= <[Bo(f€1, Boono200) + B (ka, ‘50001100}4>-
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and explicit calculations with the use of (3.10) yield

71‘7/(‘072’170) = ¢, (3.27)
where ¢ = K; ' R2((r>U)?) is defined in (3.12). Notice that from
I3(Sj7) = (=11 I5(v) (3.28)
follows that
gbm“(gg#'y) = 0%0("), for some p >0
and hence the proof is finished. >

It is left to notice that fQJV(‘1 1,0,0) and f%o 3,0,0) ar€ defined from (3.11). As a consequence we

have that polynomial system

r};O = 07
’);1 = 72
(3.29)
Yo = 3+ (KoRo) "o — end,
Y3 = (KoRo) 'ov2 + c¥iye
is the s-homogeneous truncation of system (3.14) for s = (2,1, 2, 3).
System (3.29) is equivalent to a single equation of third order
d 1 2
= 0. 3.30
dzy (’Yl Rokq S Yo+ 3071) (3.30)

Note that (3.30) can be considered as the s#-homogeneous truncations of the equation

di (71 7 1K Yo + ;cvl) =Q <70m, dil%, (i;%> : (3.31)
which can be derived via the implicit function theorem from the restriction of (3.14) to the
integral manifold I3(y) = 0. As we indicate in section 5 below, equation (3.30), which has been
obtained by a subsequent quasihomogeneous truncation so far, is also a reversible normal form
in the sense of [IA92],[Ioo00] and of [FLAOOa, FLO1]. For U(zs2) = v/2sinzs our calculations
give ¢ = —1/3 and

3

Finally we obtain the following statement.

d 2 2 4
(A4 S — 243) =0, 3.32
4 (71 + =Y 971> (3.32)
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Lemma 3.7 If condition (A) is fulfilled then
QST () = ™),
and Q(y¥)(x1) is even if y1(x1) is odd. Under the condition (B)
QSF (%) = -Q(r¥)
and Q(y¥)(x1) is odd if y1(x1) is even.
The proof uses the equivariant implicit function theorem.

Remark 3.8 For the Kolmogorov forcing (1.5), where U = \/2sinzz, problem (3.31) is re-
versible with respect to S and invariant under —I = S1S2. Hence Qo (—I) = Q and there exists
a reversor, Sz, with 2-dimensional fized-point set. For F(xg) = V2sin xe + wsin 2zo the only

reversor, S1, has a 1-dimensional fized-point set. This case is much more complicated and will

be discussed in [AFLOS].

According to the definition of s-homogeneous truncation after the scaling

T = (70)" 221, (70)'/2T = (3.33)
we arrive at the equation
d [ d? 1 2 1/2
— 5T —2——T+ ) = . 34
(h@ﬂ mm‘%c> °0™) (3:34)

and therefore the term Q(v7) can be considered as a perturbation for small 7q.

4 Small solutions close to Kolmogorov flow

With the results of the previous section at hand we are able to study small solutions that are

uniformly close in 21 to the Kolmogorov flow with forcing term (1.5).

After some normalization, the truncated equation (3.32), reads
49— 3y*y = 0. (4.1)

Higher order terms have to respect both reversibilities S1,S52 : R® — R3 = {(ij,9,%)}. The
complete discussion of such problem can be extracted from [I0000], pp.854-864, where travelling

waves of the Hamiltonian Fermi-Pasta-Ulam model were studied.
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Figure 4.1: Flow (4.1) with ©-foliation (left) and triangle of bounded solutions in the ©-H-plane
(right).

The simple exhaustive geometrical presentation is given below to fix notations and for the
convenience of the reader. We describe first the set of bounded solutions of equation (4.1). Inte-
grating (4.1) once, we obtain well known Duffing equation which is the integrable Hamiltonian

system

j+y—y*=0, (4.2)

with energy
H = 35*—3y" + 39> -0y
= —y+ 397+ 3yt - 5y

on any fiber © = const.; see Figure 4.1.

The equilibria of (4.2) are exactly the trivial equilibria, i.e. the intersections of the ©-fibers
with the y-axis, > —y +© = 0. We encounter saddles at points |y| > v/3/3, and centers for
lyl < v/3/3. Centers exist on fibers |©] < 2v/3/9 and are accompanied by two saddles, in each
fiber. Nontrivial bounded solutions of (4.2) exist on fibers {|©] < 2v/3/9}; only these fibers have
more than one intersection with the equilibrium line. The values of ® and H corresponding to
the equilibrium line form an algebraic curve © =y — 3>, H = %yA‘ — %yQ, in the (©, H)-plane.
They bound a curved triangle with two cusp points and one crossing; see Figure 4.1. The cusp

points correspond to the degenerate equilibria at y = £+/3/3. The crossing point corresponds
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Poincaré section

Y

equilibria

O,H
Yhom

Figure 4.2: “Periodic bubble”: set of bounded solution of equation (4.1) (left) and Poincaré
section (right).

to the equilibria at y = £1.

We consider the set of all bounded solutions of (4.1), next. Here boundedness refers to
both positive and negative time. We first observe that the set of all bounded non-equilibrium
trajectories is itself bounded. Its interior consists of the centers {|y| < v/3/3,9 = 0,4 = 0}
and of periodic orbits ygéf around them. Its boundary is provided by the line of equilibria and
the homoclinic orbits yﬁ(’ﬁn to the saddles {v/3/3 < |y| < 1,9 = 0,4 = 0}. The two sets of

1
homoclinic orbits meet at the pair of heteroclinics yﬁ’ ét to the saddles y = £1 in the fiber © = 0.
This periodic bubble is shown in Figure 4.2.

4.1 Persistence

Note that all bounded non-equilibrium trajectories, except the heteroclinic pair, intersect the
(y,9)-plane, i.e. the two-dimensional fix space {y = 0} of the reversibility Sa. At the intersection,
trajectories are necessarily perpendicular to the fix space. In particular, the intersections are

transverse.

The heteroclinic pair intersects the one-dimensional fix space Fix(S;) = {y = 0,5 = 0}

of the reversibility S, i.e. the g-axis. The heteroclinics are images of each other under the
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oddness involution symmetry S5 = —id. Transversality is achieved by the intersection of the
one-dimensional fix space {y = 0,4 = 0} with the two-dimensional strong-stable manifold of an
interval of saddles W ({y € (-1 —0,—1+0),y = 0,9 = 0}), o small. This follows easily by
tracking the values of H and © along the saddles and along Fix(S}), respectively. The same

holds true for the saddles near y = +1 and their strong unstable manifolds.

With these preparations we are now able to investigate the influence of perturbation which

respect both reversibilities.

Let us first discuss the flow outside a small neighborhood of the cusps and the crossing, in the
(H,©) triangle. This excises the critical equilibria |y| = v/3/3 with double zero eigenvalue, and
the pair of heteroclinics connecting the equilibria at y = +1. Under higher order perturbations,
all trivial equilibria then remain in Fix(S2) and retain their nature as saddles or centers. The
homoclinic orbits are preserved because the transverse intersection of the strong unstable mani-
folds of the saddles with Fix(S2) is structurally stable. The periodic orbits persist because they
intersect Fix(S2) transversely in two different points; this fact is preserved for large periodic
orbits by the structural stability of transverse intersections and for small periodic orbits near

the centers by the aforementioned persistence of the centers.

Transverse intersection of the two-dimensional strong-stable manifold of the saddles W*({y €
(-1 —0,-140),y = 0,9 = 0}) with Fix(S7) is also preserved, under small perturbations.
Moreover, W itself is foliated by the one-dimensional strong stable manifolds of the individual
saddles. Therefore there exists a saddle ¥y = ynet & —1, such that its strong-stable manifold
WSS (ypet) intersects Fix(S7). By the reversibility Sy it consequently also intersects the strong-
unstable manifold W™ (—ypet) of ¥y = —ynet = +1. By oddness symmetry S1.52 = —id we have
a corresponding heteroclinic orbit between the same equilibria in the opposite direction. The

heteroclinic pair therefore persists.

Basically, the periodic bubble persists in this case due to the very strong structure that is
provided by the reversibility So with a two-dimensional fix space. In fact, the described picture
remains valid in the case of only one reversibility S5 with 2-dimensional fix space. However,
the heteroclinic pair need not be symmetric any more. FExistence is nevertheless guaranteed
by the transverse intersection of the strong stable and strong unstable manifolds, W*({y €
(-1—0,-140),y=0,5=0}) and W"({y € (1 —0,1+0),y = 0,3 = 0}), of the saddles near

the unperturbed heteroclinic pair.

With the results of this section the proof of Theorem 1.1 is finished.
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Let us recall that for fixed spatial period 27/« Kolmogorov problem was studied in [Yud65,
Yud66, AB86, Afe95]. However the limit & — 0 in these papers is singular and Theorem 1.1
explains that in fact this singularity is artificial and depends on the method of analysis. The
persistence of homoclinic solutions was established first in [AK98a] with analytical arguments.

The proof of persistence of heteroclinic solutions was given in [Ioo00], pp. 862-863.

5 Comparison with the abstract normal forms

In the section 3 we obtained the reduced system (3.34) after a center-manifold reduction, and a
suitable s-weighted rescaling. In this section, we discuss the normal form of a reversible Takens-
Bogdanov point along a line of equilibria from an abstract point of view and compare it with
the reversible nilpotent normal form in the sense of Belitskii, Iooss and others. As it turns out,
for systems with both S; and Sy reversor both normal forms yield a rescaled system of the same

structure.

Consider any sufficiently smooth system
7z = f(z,p), zeR3 ueR, (5.1)
with a trivial line of equilibria
0 = f(0,0,z23, 1), forallzs e R,p € R (5.2)

and with a nilpotent linearization

000
A:=Df0,00 =10 0 |- (5.3)
010

(In the Kolmogorov problem, z = (71, 72,73) parametrizes the resulting dynamics on the re-
stricted center manifold M, and pu = g is the parameter. The line of equilibria corresponds to
the z1-equilibrium family Wg,.) Additionally, we require reversibility with respect to reflection

through the z9-axis:

-1 0 0
f(Siz, 1) = —S1f(z,p), with §; := 0o 1 o0 |- (5.4)
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(This symmetry with a one-dimensional fixspace corresponds to the symmetry S of the Kol-

mogorov flow.) The case of a second reversibility

1 0 0
f(Soz, ) = =S2f(z,p),  with Sp:=| 0 -1 0 (5.5)
0 0 1
is then equivalent to oddness of f,
f(_z7/'L) = _f<zau)7 (56)

by 5152 = —id.

Transversely to the plane {(0,0, 23, 1) | 23,1+ € R} of equilibria, the linearization of the flow
possesses a geometrically simple and algebraically double eigenvalue at z3 = p = 0. In classical
bifurcation theory this is called a Takens-Bogdanov bifurcation. In our case, however, z3 is
not a parameter. In particular, there is no flow-invariant foliation transversely to the plane of
equilibria through the singularity. Therefore, we call (5.1-5.3) a reversible Takens-Bogdanov

bifurcation without parameters.

In [FLO1] this type of bifurcation has been studied without the additional reversibility. In
fact, a 4-dimensional system with a plane of equilibria and a nilpotent linearization with a
(3 x 3)-Jordan block, but without additional parameters, was considered. Alternatively, a 3-dim
system with one distinguished parameter and a line of equilibria has been studied there, under
the same transverse linearization requirements. It was shown that both viewpoints coincide in
the rescaled normal form system, to leading order in the rescaling parameter. In particular,
a normal form was calculated under the constraint that the normal form transformation must
preserve the plane of equilibria. Adjusting the calculations of [FL0O1] to additionally preserve

the reversibility S, we obtain the following normal form.

Lemma 5.1 There exist polynomial coordinate transformations which preserve the plane of equi-

libria and the reversibility Sy such that system (5.1-5.4) takes the form

2 = zlzghl(Qzlzg—z%,z%,p)—{—thg(Qzlz;e,—z%,z%,u)—{—z%hg(Zzlz;g—z%,zg,,u),
Z9 = 21,

(5.7)
zZ3 = 29.

i = 0.
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with suitable formal Taylor series hi,ha,hs, up to any finite order. (Note the restriction
h2(0,0,0) = 0 due to the prescribed linearization.) In case of the additional oddness (5.6),

hy1 and hs vanish identically.

Looking for solutions in a small neighborhood of the origin, we impose the following scaling

by small 0 < o < 0oy:
2 = o037, 23 = 023,
(5.8)

2z 2~
2z = 0°Z, po= o,

and ot = t. (In fact, this is the same scaling as in lemma 3.6.) Inserting into the normal form

(5.7) and omitting tildes, as well as terms of order o and beyond yields

z1 = leghl(0,0,0) + ZQ/,LaghQ(0,0,0) + z22§32h2(0,0,0) + Z%hg(0,0,0),
7;2 = Zi,
(5.9)
Z3 = Zzo.
po= 0.
Setting y := 23 and normalizing coefficients yields
G+ g+ 3pey’y = ayij+ by, (5.10)

with g, pe € {—1,1}, generically. In case of the additional oddness symmetry (5.6), both a and

b vanish.

Note that for three-dimensional systems with a reversibility of 2-dimensional fix space, equi-
libria in this fix space generically form curves. See for example [FLA0Oa] p. 25. Therefore for
3D systems with additional S5 reversor our normal form with no surprise coincides in the lead-
ing terms with the nilpotent normal form as given in [IA92] (see 112,I18). Additional oddness
appears due to the symmetry relation S159 = —I. The nilpotent normal form for 3D systems
with Sy reversor was used in [Ioo00], where such ODE problem is encountered by investigating

traveling waves of the Hamiltonian Fermi-Pasta-Ulam model.

In near-symmetric cases we may assume a and b to be small:

a = ea, b = eb, where 0<e < 1. (5.11)

Notice that this case is not covered by [IA92, Ioo00] theory since the existence of curves of

equilibria is not generic for systems with .57 reversor.
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Now it is time to compare the abstract calculation with the Kolmogorov-flow example (3.34).

Note that Ry = 1, Ky = —3, ¢ = —1/3 for the original Kolmogorov flow, see (3.32).

Remark 5.2 System (5.10) has the same structure as the reduced near-Kolmogorov flow (3.34).
Specifically, for the near-Kolmogorov forcing F(x3) = v/2sin x4+ w cos 3xo as in (1.12), we have
pr = +1, pp = —1.

This proves that the calculations of section 3 in fact yield a normal form in the rescaled
equation. The remaining terms of lowest order in the rescaling parameter are in fact determined
by the third-order structure of the linearization and the symmetries alone. Further simplifica-
tions due to the complete normal-form procedure occur only in higher-order terms which are

not needed in our analysis.

The cases with only one reversor S
yEty— 3y2y = cayy + €bg)2.

possess unbounded sets of bounded orbits and will be addressed in [AFLO0S].
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