The shape of profiles exhibiting blow up in forward and backward time

Marc Georgi^∗

Abstract

This work is concerned with blow up behaviour of solutions of the semilinear heat equation

u_t = u_{xx} + |u|^{p−1}u, x ∈ R, u ∈ R.

If 1 < p < 1 +^2_m we find initial conditions such that the associated solution u(t, ·) exists for negative times −1 ≤ t ≤ 0 and ‖u(t, ·)‖_L∞ becomes unbounded as t ↘ −1. Moreover, u(t, ·) blows up in forward time at some finite time T > 0 and the blow up profile u(T, ·) possesses m + 1 intervals of strict monotonicity with prescribed critical values u^1, . . . , u^m.

After transforming the solution to similarity variables, the rescaled solution approaches a homogenous steady state κ asymptotically. We apply our results to show the existence of solutions in the strong stable manifold of the steady state κ. More precisely, we show the existence of solutions which approach κ with any prescribed exponential rate. In the original variables these solutions correspond to blow up solutions where a certain number of maxima coalesce at blow up time t = T .

1 Introduction

We are concerned with blowing up solutions of the heat equation

u_t = u_{xx} + |u|^{p−1}u, p > 1 (1)

for u ∈ R and x ∈ R. A lot of work has been done concerning the blow up of solutions of (1) and related equations such as u_t = u_{xx} + e^u, see [2, 3, 9, 21] and [10, 11].

Let us denote by u(t, ·) a solution of (1) subject to the initial value u_0. We say that u(t, ·) blows up, if there is a finite time T > 0 and a point a ∈ R, such that |u(t, x)| → ∞, as x → a, t ↗ T.

∗Institute of Mathematics I, Freie Universität Berlin, Arnimallee 2-6, 14105 Berlin, Germany, email: georgi@mi.fu-berlin.de, Tel:(0049) 30 838 75355

Let B = B(u_0) denote the set of all blow up points of u(t, ·). Then the blow up set B(u_0) consists of isolated points, see Matano [4]. Moreover, it is well known (see theorem 6) that there exists a function ũ(x) =: u(T, x) ∈ L^∞(R \ B), such that u(t, ·) → ũ(·) in L^∞_{loc} as t ↗ T .

As has been proved by Merle [23], there exist initial conditions such that the associated solution u(t, ·) blows up in finite time at finitely many prescribed locations. This result has been extended recently by Fiedler and Matano [6]. They generalized this result to solutions which additionally exist for all negative times t � 0 and approach zero as t → −∞. In this work we will focus on solutions u(t, ·) of (1) on the unbounded domain R instead, which exist on some finite time interval −1 < t < T and blow up in forward and backward time t ↘ −1. Moreover, we want to show that the values of the (bounded or unbounded) extremal values of the solution u(t, ·) at blow up time t = T can be prescribed arbitrarily, as long as there are only finitely many. In order to state these statements more precisely, let us focus on the derivation of our main results in more detail.

Presentation of the results Instead of studying blow up solutions of (1) directly we can alternatively work with a different equation after passing to self similarity variables. To be more precise, let us consider the following change of variables

v(s, y) = (t + 1)^{1(p−1)} u(t, x), x = (t + 1)^{1/2}y, t = e^s − 1. (2) Then v(s, y) solves

v_s = v_{yy} + y 2 v_y + 1 p − 1 v + |v|^{p−1}v,

v(0, ·) = u_0(·) (3)

for s > 0. We will show in section 2 that the linear part L of (3) is selfadjoint and possesses only simple real eigenvalues λ_0 > λ_1 > . . ., if we consider L as an operator on some wheighted space H^1_ρ (see (17) for a definition of H^1_ρ ⊂ H^1_{loc}). More explicitly, the eigenvalues of L are given by

λ_j = 1 p − 1 − j + 1 2 , j = 0, 1, 2, . . . .

In particular, exactly for the values p_k = 1 +^2_{k+1} , k ∈ N, there exists a simple eigenvalue zero. Fixing any p < p_k we can count the unstable eigenvalues; these are characterized by the fact that their real part is strictly positive. Let us denote by E^m_u for any 0 < m � k the unstable eigenspace associated to the eigenvalues λ_0, . . . λ_{m−1}. Since each eigenvalue λ_j of L has geometric and algebraic multiplicity one (see lemma 2), we have

E^m_u = span ⟨ϕ_0, . . . , ϕ_{m−1}⟩ ,

where ϕ_j denotes the eigenvector to the eigenvalue λ_j. Lemma 1 in section 2 characterizes these eigenvectors: each ϕ_j possesses exactly j zeros and j + 1 local extrema. Note that the dimension of the (p-dependent) eigenspace E^m_u increases and becomes arbitrarily large as p approaches 1 from above. The existence of the isolated unstable eigenvalues of L now strongly suggestes the existence of a m-dimensional, strong unstable manifold W_m in the unstable manifold W^u of zero. Let us remind that the unstable manifold is characterized by the fact that solutions starting in W^u converge to zero in backward time s → −∞ with exponential rate. W_m ⊂ W^u has the additional property that solutions decay at least with exponential rate (λ_{m−1} − δ), where δ > 0 is some small number, and at most with rate λ_0 · s as s → −∞ (see theorem 5 in section 3).

Let us choose an odd number m now, pick v_∗(·) ∈ W_m and consider the associated solution v = v(s, ·) with v(0, ·) = v_∗(·). Then we expect that generically c · e^{(λm−1 +δ)s} � ‖v(s, ·)‖_H1_ρ � C · e^{(λm−1 −δ)s} (4)

for s → −∞ and some constants c, C > 0. In other words, we expect v(s, ·) to approach zero along the eigenvector ϕ_{m−1}(·) which corresponds to the least unstable eigenvalue of L. This suggests that v(s, ·) possesses m local extrema, at least for sufficiently small s << 0 and v(s, 0) ≠ 0, since v(s, ·) approaches zero along the eigenvector ϕ_{m−1}(·) and we show in section 3 that this is indeed true. We can therefore try to ”follow” the extremal values of the spatial profile v(s, ·) on the maximal time interval (−∞, T̃ ), as long as they are well defined. As we show in section 3 the maximal existence interval is indeed finite; hence, 0 < T̃ < ∞ and v(s, ·) blows up in finite time. Focusing on the amount of local extrema of v(s, ·) we observe that these cannot increase in time (see section 2.2), though cancellations are possible. However, if we exclude the latter case the extrema of the spatial profile v(s, ·) will exist up to the blow up time s = T̃ > 0. There, at least one extremal value has to become unbounded. Of course we can ask, whether it is possible to prescribe the extremal values of the solution v(s, ·) at blow up time s = T̃ > 0. As we will show in section 3 this is indeed possible.

What are the consequences for the associated solution u(t, ·) of the original equation defined via (15)? Note first that u(t, ·) exists on the time interval −1 < t < T for some finite T > 0 which can be explicitly expressed in terms of the former blow up time T̃ of v(s, ·). Moreover, u(t, ·) possesses m local extrema up to the blow up time. A prescription of the extremal values of v(T̃ , ·) now leads to a prescription of extremal values of the blow up profile u(T, ·) via the transformation (15).

Moreover, we can also specify the shape of the solution profile u(t, ·) near t ≈ −1. Indeed, using the transformation (2) and taking into account (4), we obtain:

u(t, x) ≈ (1 + t)^{λm−1} · ϕ_{m−1} ( x √ t + 1 ) · (1 + t)^{11−p}

= (1 + t)^{− m2} ϕ_{m−1} ( x √ t + 1

) (5)

for t ≈ −1. In the case ψ_{m−1}(0) ≠ 0 (which is satisfied if m is odd) we observe that all the m extremal locations of u(t, ·) coalesce at x = 0 in backward time t ↘ −1 and cause a blow up of the value u(t, 0).

In this way we have obtained a complete picture concerning the global dynamics of all solutions u(t, ·) of (1) on their domain of definition and which are induced by solutions v(s, ·) in the unstable manifold W^u. Let us summarize our results.

Theorem 1 Select an integer k � 1 and consider the equation

u̇ = u_{xx} + |u|^{p−1}u,

for u, x ∈ R and 1 < p < 1 +^2_k . Then for any integer 0 < m � k choose values ũ^1, ũ^2, . . . , ũ^m ∈ R∪{±∞} such that ũ^i ∈ {±∞} for at least one i ∈ {1, . . . , m} and define ũ^0 = ũ^{m+1} = 0. Moreover, let

κ(−1)^j (ũ^{j+1} − ũ^j) ≥ 0 (6)

for some fixed sign κ ∈ {±1}, j = 0, 1 . . . , m, and fix a positive real number T > 0. Then there exists an initial condition u^0 with associated solution u(t, ·) on −1 < t < T < ∞. Additionally, u(t, ·) blows up in forward time at T with piecewise monotone blow up profile u(T, ·). If the inequalities in (6) are strict then u(T, ·) is piecewise strictly monotone with m + 1 intervals of strict monotonicity. Furthermore, u(T, ·) possesses m critical values u^1, . . . , u^m with

u^j = ũ^j · (1 + T )^{1/1−p}, j = 1, . . . , m

and μ(u^{u0} (t, ·)) = m for all −τ < t < T ; where μ is an integer-valued function (also called lap-number) which counts the amount of local extrema of u^{u0} (t, ·) (see section 2.2 for a precise definition).

Remark Let us point out that we can always associate critical values to the blow up profile if u_∗(·) = u(T (u^0), ·) is piecewise strictly monotone (which is the case if (6) is satisfied strictly). If u(T (u^0), ·) is constant on some interval, however, we call its value on this interval also critical.

Remark If m is an odd integer, the solutions u(t, ·) in theorem 1 actually blow up as t ↘ −1 as we have argued before. More precisely, |u(t, 0)| becomes unbounded for t ↘ −1. The reason for that is that the corresponding solution v(s, ·) approaches zero along the eigenvector ϕ_{m−1}, which satisfies ϕ_{m−1}(0) ≠ 0 if m is odd. This not true for m even. Nevertheless, we can also construct solutions with m prescribed extremal values at blow up time, such that the solutions blow up in backward time t ↘ −1, if m is even. However, we then have to choose p close to some p_{k−1} with k � m, see section 5 for details.

Theorem 1 states that we can choose values ũ^1, . . . , ũ^m ∈ R ∪ {±∞} and then find an initial value u_0, such that the corresponding solution u(t, ·) of (1) blows up at some blow up time T with these critical values up to a scalar multiple.

Note, however, that the amount of critical values, here m, poses severe restrictions on the exponent p. In particular, we can make statements only in the regime 1 < p < 1 +^2_m . We discuss a possible extension of theorem 1 to the case of arbitrary p > 1 in the section 5.

Flatter behaviour Of particular interest is the exceptional case that we choose the extremal values in theorem 1 to be ũ_1 = ũ_2 = . . . = ũ_m = ∞ for some odd integer m. Then there exists a solution u^∗(t, ·) which possesses exactly the critical values ũ_1, . . . , ũ_m at blow up time T > 0. In general, we cannot say where the extremal values ũ_j of the blow up profile u^∗(t, ·) are attained. But here the case is different. Indeed, since the solution u^∗(t, ·) can only blow up at isolated points, m/2 maxima have to coalesce at some point a at the blow up time t = T > 0 (see corollary 1 in section 4). While approaching the blow up point a these maximal values become unbounded as t ↗ T .

In order to understand this situation better, we consider the following change of both dependent and independent variables defined by

w^∗(τ, z) = (T − t)^{1p−1} u^∗(t, x) z = (x − a)/ √ T − t, τ = − ln(T − t). (7) Now w^∗ solves w_τ = 1 ρ̃ ∂_z (ρ̃∂_zw) − 1 p − 1 w + |w|^{p−1}w, (8)

where ρ̃ = ρ̃(z) := e^{−z2}4 . Studying the behaviour of u^∗(t, ·) near blow up time t = T is equivalent to studying the large-time behaviour of w^∗(τ, ·). It follows from the results in [10, 11] that

w^∗(τ, z) → κ := (p − 1)^{11−p} as τ → ∞.

The natural question is how w^∗ approaches κ. Concerning general blow up solutions u of (1), this question has been adressed in [10, 11, 15, 16, 17, 21, 22]. More precisely, one of the two cases occurs:

i) w^∗(τ, ·) ∼ κ + κ 2pτ ( 1 − 1 2 z^2 ) , or

ii) w^∗(τ, ·) ∼ κ + Ce^{(1− j2 )τ} H_j (·) + o(e^{(1− j2 )τ} ), as τ → ∞, (9)

for some even integer j, where the convergence takes place in L^∞_{loc}, see [10, 15, 17]. Here, the function H_j is given by

H_j(z) = j/2∑ n=0 j! n!(j − 2n)!

(−1)^nz^{j−2n}. (10)

Note that H_j possesses exactly j/2 maxima on R. Using the transformation (7) we observe that solutions w behaving as in ii) correspond to solutions u of (1), where at least j/2 maxima coalesce at some point a at blow up time t = T > 0. Of course, more extrema of u(t, ·) could accumulate at a as t → T with a rate slower than √ T − t. These might then not be ”visible” in the L^∞_{loc}-norm. However, this is not the case (as we show in section 4) and we can show that w^∗(τ, ·) satisfies ii) exactly for j = m+1 (see section 4). The precise result is the following:

Theorem 2 (Flatter behaviour) Choose some even number j ∈ N. Then for any 1 < p < 1 +^2_j there exists an initial value u^{0,∗} ∈ H^1_ρ , such that the associated solution u^∗(t, ·) blows up at some finite time t = T > 0, and exists for all −1 < t < T and ‖u^∗(t, ·)‖_L∞ becomes unbounded as t ↘ −1. Moreover, if we denote by w^∗(τ, z) the function defined as in (7) then

w^∗(τ, z) = (p − 1)^{− 1p−1} + Ce^{(1− j2 )τ} H_j(z) + o(e^{(1− j2 )τ} ) (11)

as τ → ∞, where convergence takes place in H^1_{loc}. Alternatively, in terms of the solution u^∗(t, x)

lim_{t↗T} ( (T − t)^{1p−1} u^∗(t, a + ξ(T − t)^{1/j} ) ) = (p − 1)^{−1p−1} (1 + Cξ^j)^{−1p−1} (12)

holds uniformly on compact sets of ξ, where C is some constant.

At least in the special case j = 4 the existence of such solutions u^∗(t, ·) on the positive time-interval 0 � t < T has been obtained by Velazquéz [16]; even in the case of arbitrary p > 1. The existence of solutions u(t, ·) of (1) behaving as in (12) for any even integer j was conjectured in [16], but not proved until now. Let us point out that generically we expect solutions w(τ, ·) to satisfy property i) of (9) as has been proved in [17]. More precisely, it has been shown there that if a solution w(τ, ·) approaches κ with exponential rate as τ → ∞ (as in (9), ii)), then in every neighborhood of its initial value with respect to the sup-norm there exists a point w̃_0, such that the solution corresponding to w̃_0 converges to κ for τ → ∞ with algebraic rate. Furthermore, the behaviour i) in (9) is stable with respect to small perturbations of the initial data, see theorem 2 in [18].

The characterization of blow up profiles u(T, ·) as in theorem 1 has first been provided by Fiedler and Matano [6] who considered the equation

u_t = u_{xx} + |u|^{p−1}u + m · u, 0 < x < 2π (13)

for some m ∈ N on the bounded interval [0, π] with Dirichlet boundary conditions. Here, compared to the equation (1), one can prove the existence of an unstable manifold of zero directly and its dimension depends on the linear contribution m · u in (13). As shown in [6], solutions starting in the unstable manifold blow up in finite time and their blow up profile at blow up time can be prescribed analogous to the statement of our theorem 1. The main difference to our situation is the fact that these solutions are ancient solutions; that is, these solutions exist for all negative times t � 0 and approach zero as t → −∞. In other words, they can be regarded as heteroclinic orbits connecting the trivial steady state to a point at infinity.

From a technical point of view, our work is selfcontained. We should mention this, since the proof of the continuous dependence of the critical values of the (compactified) blow up profile upon its initial value (which is a crucial ingredient in the proof of theorem 1) has not been proved until now. This technicality has been used in [6] and proved in [7], though the latter work has not been published up to now. Moreover, since we are mainly interested in the case p ∼ 1, we have to abandon the assumption that our nonlinearity is two times differentiable. This, however, will effect the smoothness of the unstable manifold of zero of equation (3). Problems of these type are absent in [6].

The work is divided into six sections. In section 2 we discuss properties of the equation (3), which will be used throughout the whole work. In particular, we address the issue of nodal properties of solutions of (3) in section 2.2. The proof of existence of the strong unstable manifold W_m ⊂ W^u is addressed in section 3. By constructing a blow up map in sections 3.1 and 3.2, which encodes the critical values of the blow up profile, we can then show that solutions in W_m blow up at prescribed values. Furthermore, the main theorem 1 is proved in sections 3.1 and 3.2. It should be mentioned that the proof follows along the lines of [6], although various additional technical difficulties (which have been mentioned in the previous paragraph) show up in our setting. Finally, we prove theorem 2, which is concerned about the existence of solutions with flatter behaviour, in section 4. Finally, we discuss possible extensions of theorem 1 to the case of arbitrary p > 1 in section 5.

Acknowledgement We would like to thank Stefan Liebscher and Bernold Fiedler for valuable remarks and discussions on this subject. Moreover, we are indebted to Juan Velázquez for sending us a copy of one of his works.

2 Preliminaries

In this section we want to study the equation

u_t = u_{xx} + |u|^{p−1}u, (14)

where u ∈ R, x ∈ R and p > 1. We consider a solution u(t, x) with initial condition u(0, ·) = u_0, then the rescaled function

v(s, y) = (1 + t)^{1(p−1)} u(t, x), (15)

with x = (t + 1)^{1/2}y, t = e^s − 1 satisfies

v_s = v_{yy} + y 2 v_y + 1 p − 1 v + |v|^{p−1}v, (16)

v(0, y) = u_0(y)

for s > 0.

2.1 Ljapunov function

Equation (16) possesses a Ljapunov function, which is given by

E(v) = ∫ R { 1 2 v^2_y − 1 2(p − 1) v^2 − 1 p + 1

|v|^{p+1} } ρdy for v ∈ H^1_ρ . Here, H^1_ρ (R, R) denotes the set of all H^1-functions ϕ, such that

‖ϕ‖^2_ρ := ∫ R |ϕ(y)|^2ρ(y)dy + ∫ R |ϕ^′(y)|^2ρ(y)dy < ∞ (17)

and ρ(y) = e^{y2}4 . In particular, functions in H^1_ρ decay exponentially. It is now easy to check that if v(s) is a solution of (16) then

E(v(s)) − E(v(0)) =

∫_s 0 |v_s(t)|^2dt � 0,

where |v|_2 denotes the norm with respect to the space L^2_ρ.

2.2 The zero-number and the lap-number

A discrete Ljapunov function is given by the zero number z(v), which is well defined for any v ∈ H^1_ρ that possesses only finitely many sign changes. More precisely, if for some v_0 ∈ H^1_ρ the supremum M of

{i ∈ N : ∃ − ∞ < x_1 < . . . < x_i < ∞ with f(x_j ) · f(x_{j+1}) < 1}

is finite, we can define z(v_0) = M. Then the results of Angenent in [1] imply that the zero number z along any solution v(s), v(0) = v_0, cannot increase in time. Since this observation will turn out to be very crucial in our analysis, we collect some results of the zero number, see [1]:

Theorem 3 (Angenent) Consider the equation

u_t = u_{xx} + q(x, t)u, x ∈ R, t_1 < t < t_2, (18)

for q ∈ L^∞. Let u be a solution of (18), subject to the initial value u(t_1, ·) = u_0(·), such that |u(t, x)| � A exp(Bx^2) for some constants A, B > 0. Then the following is true:

A) For each t ∈ (t_1, t_2) the zero set of u(t, ·) is a discrete subset of R.

B) If u_0 has finitely many sign changes then t → z(u(t)) is nonincreasing on (t_1, t_2).

C) If u(t) is a nontrivial solution of (18) and u(t_∗, x_∗) = u_x(t_∗, x_∗) = 0 at some (t_∗, x_∗) then z(u(t)) > z(u(s)) for any s ∈ (t_∗, t_2) and t ∈ (t_1, t_∗).

D) If u(t) is a nontrivial solution and ξ(t) : (t_1, t_2) → R denotes a continuous curve of zero of u(t, ·) then ξ(t) does not converge to ±∞ as t ↘ t_0 for any t_0 ∈ (t_1, t_2).

In order to see why analogous results are valid for the equation

v_s = v_{yy} + y 2 v_y + 1 p − 1 v + |v|^{p−1}v,

let v(s, ·) for s > 0 be a solution in the space H^1_ρ , such that v(0, ·) ∈ H^1_ρ has finitely many sign changes. Then u(t, x), which is defined via (15) for t > 0, defines a solution of u_t = u_{xx} + |u|^{p−1}u and the results of Angenent apply with the choice q := |u|^{p−1}. In particular, u(t, x) and therefore also v(y, s) = (1 + t)^{1p−1} u(t, x) have only finitely many zeros for each t and s, respectively. Differentiating the equation

u_t = u_{xx} + |u|^{p−1}u

with respect to x we observe that theorem 3 also applies to ũ(t, x) := u_x(t, x). We conclude that u_x(t, ·) possesses only finitely many zeros and so does v_y(s, ·) for each s on account of (15). Hence, if a zero of v_y(s, ·) persists after varying s slightly it corresponds to a local extremum of v(s, ·) by part C) of theorem 3. Therefore, we can count the number of local extrema along a solution v(s, ·) of (3) by the minmax number or lap number μ, which is defined by

μ(v(s, ·)) := z(v_y(s, ·)).

Theorem 3 now implies in particular that s → μ(v(s, ·)) cannot increase in time.

2.3 The linearization at the steady state

Let us denote by L the linear part of (16), that is

L : D(L) ⊂ H^1_ρ → H^1_ρ

Lϕ = ϕ_{yy} + y 2 ϕ_y + 1 p − 1 ϕ. It is straightforward to show, that L, defined on the domain D(L) = C^∞_0 , admits a selfadjoint extension. We will work with this extension from now on. As shown in [27] L possesses eigenvalues λ_j of finite multiplicity with

λ_0 > λ_1 > . . . > λ_j > . . . .

More explicitly, if we denote by ϕ_j the corresponding eigenvectors, we have

λ_j = 1 p − 1 − j + 1 2 , (19)

ϕ_j(y) = d^j dy^j exp(−y^2/4) = ψ_j (y) exp(−y^2/4), j = 0, 1, 2, . . . ,

where ψ_j denotes the j-th Hermite polynomial. It is known that ψ_j (and therefore ϕ_j) possesses exactly j zeros, see [27] and the references therein.

Lemma 1 ϕ_j has exactly j zeros and j + 1 local extrema.

Proof Note that ∂_yϕ_j(y) = 0 ⇐⇒ ϕ_{j+1}(y) = 0,

so ϕ_j possesses exactly j + 1 critical points, where the first derivative vanishes. Using theorem 3 one can now show that critical actually correspond to local extrema rather than saddle points. □

Moreover, every eigenvalue λ_j of L is a simple:

Lemma 2 Fix any p > 1 and let let λ_j be an eigenvalue of L. Then the kernel of L − λ_j is one-dimensional and there exists no vector ψ ∈ H^3_ρ such that (L − λ_j )ψ = ϕ_j.

Proof Using Fourier transformation it is not hard to show that the geometric multiplicity of λ_j is one for each j, see proposition 2.3 in [20]. Note that since L−λ_j is self adjoint the corresponding eigenvector ϕ_j is contained in a complement to the range, since Rg(L − λ_j)^⊥ = ker((L − λ_j )^∗) = ker(L − λ_j). Hence, there cannot exist an vector ψ with (L − λ_j)ψ = ϕ_j. This proves the claim. □

{ϕ_j}_{j=0,1,2,...} is an orthonormal basis of H^1_ρ after a suitable normalization. Let us set p_k := 1 +^2_{k+1} and observe that

λ_k > 0, 1 < p < p_k λ_k = 0, p = p_k λ_k < 0, p_k < p.

(20)

Using this fact, the following result could be proved by Yanagida et al in [27]:

Theorem 4 Define p_k = 1 +^2_{k+1} for any integer k.

a) If 1 < p � p_k, then any nontrivial solution of (14), such that the initial condition u_0 ∈ H^1_ρ possesses k sign changes, blows up in finite time.

b) p_k < p, then there exists an initial value u_0, such that the solution exists globally in time.

3 Blow up behaviour in the unstable manifold

In this section we construct the unstable manifold of the steady state zero of equation (16) and show that solutions starting on this manifolds blow up in finite time. We encode the blow up profile by the values of its (normalized) local extrema and show that any prescribed sequence of extrema is actually realized by a specific solution at blow up time t = T .

Let us now take a closer look at the equation

v_s = v_{yy} + y 2 v_y + 1 p − 1 v + |v|^{p−1}v (21)

in the space H^1_ρ . Note that the linear equation v_s = Lv generates an analytic semigroup, since L is selfadjoint and L − λ is bounded from above for λ = λ_0 = 3.

If we consider the sectorial operator −L as a densely defined operator in the space L^2_ρ we can define the associated fractional power spaces X^α, see [14] for a definition. In particular, X^0 = L^2_ρ and X^1 = D(L) = H^2_ρ . If α is close to 1 then X^α → BC^0_{ρ1/2} , where the latter space is equipped with the norm

‖φ‖_{∞,ρ}1/2 = sup_{y∈R} ρ(y)^{1/2}|φ(y)|,

see proposition 3.1 in [27]. Moreover, any φ ∈ X^α is locally a C^1-map for any α sufficiently close to 1, since ϕ ∈ H^2_ρ implies ϕ ∈ C^1_{loc}.

Alternatively, we can consider the operator L as a densely defined map on H^1_ρ . Then we can define the associated fractional power spaces Y^α for α ∈ [0, 1] with Y^0 = H^1_ρ and Y^1 = D(L) = H^3_ρ .

Let us fix some 1 < p < p_{k−1}. We can now prove the existence of a strong unstable, m-dimensional unstable manifold W_m for any 0 < m � k:

Theorem 5 (The unstable manifold) Let m, k be integers with 0 < m � k and 1 < p < p_{k−1}. Then the equation

v_s = v_{yy} + y 2 v_y + 1 p − 1 v + |v|^{p−1}v

possesses a strong unstable manifold W_m ⊂ H^2_ρ . W_m is of Lipschitz class when considered as a submanifold of the space Y^α. It is of class C^1 when regarded as a submanifold of X^α for some fixed α ∈ (0, 1). Moreover, W_m has the following properties:

i) W_m is given as a graph over E_m := span{ϕ_0, ϕ_1, . . . , ϕ_{m−1}}. If we consider W_m as a C^1-manifold in the space X^α, then E_m = T_0W_m

ii) λ_{m−1} > 0 and v^∗ ∈ W_m if and only if lim s→−∞ v(s, ·)e

(λ_{m−1}−η)|s| = 0

for any fixed η > 0, which is small enough.

iii) lim_{s→−∞} v(s, ·)/‖v(s, ·)‖_H3_ρ ∈ E_m is an eigenfunction for any initial value v^∗ ∈ W_m, with convergence in the Y^α-norm for any fixed α ∈ (0, 1). In particular, the convergence is true in BC^0 and in C^2_{loc} (see the discussion before this theorem).

iv) z(v^∗) � m − 1 and μ(v^∗) � m for any v^∗ ∈ W_m.

v) The H^1_ρ -orthogonal eigenprojection

P : W_m → E_m

is injective.

vi) For small ρ > 0, the local unstable manifold

W^{loc}_m := P^{−1}{ϕ ∈ E_m : ‖ϕ‖_H1_ρ < ρ}

depends continuously on b ∈ R. Here, W^{loc}_m can be considered either as a submanifold in X^α or Y^α.

vii) Any solution v(s, ·) of (21) with initial condition v^∗ ∈ W^m blows up in finite time s = T > 0.

Proof Let us first observe that the linear part L of equation (21) admits an analytic semigroup e^{Ls} in the state space X^0 := L^2_ρ and likewise Y^0 := H^1_ρ , since L can be viewed as a selfadjoint operator on both spaces. We consider the space H^1_ρ first. Due to the isolated eigenvalues of L, which have multiplicity one and since L is selfadjoint there exist closed subspaces E^s, E^u of H^1_ρ such that e^{Ls} | |_{Es} decays exponentially in forward time s → ∞. eLs | |_{Eu} can be extended to a group on the finite dimensional space E^u, which decays exponentially in backward time s → −∞, see [29, 14]. Since e^{Ls} is an analytic semigroup so are e^{Ls} | |_{Eu} , eLs | |_{Es} on their domains Eu, Es, respectively.

Next, we choose an 1 > α > 0 such that Y^α → H^2_ρ with continuous embedding. On account of lemma 3, which is stated after this proof, we know that the superposition map

f : Y^α → H^1_ρ ; (f(v))(y) := f̃(v(y))

associated to f̃(y) = |y|^{p−1}y satisfies

‖f(u) − f(v)‖_H1_ρ � M_ε‖u − v‖_Y α

for all u, v ∈ B_ε(0). Here, M_ε is a positive constant which tends to zero for ε → 0 (note that ‖v‖_H2_ρ � C‖v‖_Y α for any v ∈ Y^α by our choice of α). From this calculation we easily deduce that

‖f_{mod}(u) − f_{mod}(v)‖_H1_ρ � M_ε‖u − v‖_Y α .

for any u, v ∈ Y^α, where f_{mod} is defined by

f_{mod} : v → χ_ε(‖v‖_Y α )|v|^{p−1}v (22)

and where χ_ε : R → R denotes a smooth cut-off function with compact support in [−ε, ε]. We can therefore set up a variation-of-constants-formula in the space BC^{−γ} := BC^{−γ} ((−∞, 0], Y^α) for γ > 0 small; a space which contains all continuous functions v which are bounded with respect to the norm

‖v‖_{−γ,Y} α = sup_{s⩽0} e^{γ|s|}‖v(s)(·)‖_Y α .

The existence of a Lipschitz manifold W_m in the space Y^α for some fixed α ∈ (0, 1) now follows from the results in [14, 31]. We will choose α from now on sufficiently large, such that ϕ ∈ Y^α satisfies ϕ ∈ C^2_{loc}. This is possible since Y^1 = H^3_ρ satisfies this property.

Alternatively, we can work in the space X^0 = L^2_ρ. Now f_{mod}, which is defined in (22), induces a C^1-map from X^α to L^2_ρ and we can set up a variation-of-constants-formula in the space BC^{−γ} ((−∞, 0], X^α) if γ > 0 is small. Again, the existence of a strong unstable manifold of class C^1, which is a submanifold of X^α, α ∈ (0, 1), follows from the results in [14, 31]. In particular, this proves the claims i), ii) and vi).

Let us now verify point iii). In order to prove this claim we will consider the manifold W^{loc}_m as a submanifold of Y^α. By construction of W^{loc}_m we have

W^{loc}_m = graph(Ψ_m),

for some Lipschitz map Ψ_m : E_m ∩ U → Y^α_s , where Y^α_s denotes the orthogonal complement to E_m ⊂ Y^α with respect to the space Y^α and where U denotes a small neighborhood of zero. By shrinking U if necessary, we can assure that the Lipschitz constant of Ψ_m becomes arbitrarily small (and we remind that Ψ_m(0) = 0). By invariance of W^{loc}_m we can write any solution v(s, ·) ∈ W^{loc}_m locally in the form

v(s, ·) = P v(s, ·) + Ψ_m(P v(s, ·)) =: v^u(s, ·) + Ψ_m(v^u(s, ·)),

where P , as before, denotes the projection with range E_m associated to the inner direct sum E_m ⊕ Y^α_s = Y^α. In particular, v^u(s, ·) ∈ E_m, where all norms are equivalent; we are therefore free to consider E_m with the L^2_ρ-scalar product. Now v^u(s, ·) solves an ordinary differential equation in backward time s � 0, which is called the reduced equation on the unstable manifold. The vectorfield associated to the reduced equation is C^1. Indeed, in the X^0 = L^2_ρ setting the vectorfield f is a C^1-map and so is the reduced equation which coincides with the one of our case. By the proof of lemma 4.3.2 in [12] lim s→−∞

v^u(s, ·)/‖v^u(s, ·)‖_L2_ρ ∈ E_m.

In particular, we conclude convergence in the Y^α-norm; i.e. lim s→−∞

v^u(s, ·)/‖v^u(s, ·)‖_Y α ∈ E_m,

since this norm is well defined on E_m and all norms are equivalent on any finite dimensional space. On account of v^u(s, ·) = P v(s, ·) (and in particular ‖v^u(s, ·)‖_Y α → 0 if and only if ‖v(s, ·)‖_Y α → 0), we also get lim s→−∞ v

u(s, ·)/‖v(s, ·)‖_Y α ∈ E_m.

We now look at Ψ_m(v^u(s, ·)) ‖v^u(s, ·)‖_Y α .

Because Ψ_m : E_m ∩ U → Y^α_s is a Lipschitz map with Lipschitz-constant ε in some small neighbourhood U = U(ε) and v^u(s, ·) ∈ U(ε) for all s � s_∗ and some s_∗ << 0 small enough we conclude

‖Ψ_m(v^u(s, ·))‖_Y α ‖v(s, ·)‖_Y α � ε ‖v_u(s, ·)‖_Y α ‖v(s, ·)‖_Y α

� Mε

‖v(s, ·)‖_Y α ‖v(s, ·)‖_Y α

= Mε

for M = ‖P ‖_{L(Em,Y} α_) which is independent of ε > 0. This shows that

v(s, ·) ‖v(s, ·)‖_Y α

= ϕ + 2εṽ

if s � s_∗ is small enough, where ṽ denotes some suitable unit vector in Y^α and ϕ ∈ E_m. This proves iii).

Let us now prove iv) and take any v^∗ ∈ W_m. Then the solution v(s, ·) to the initial value v^∗ possesses at most m − 1 sign changes, that is z(v(s, ·)) � m − 1 for s << 0 small enough. This is true due to property iii) which states that v(s, ·) approaches zero along an eigenvector in the BC^0-norm. Counting sign changes, this proves that v(s, ·) can not have less than m − 1 sign changes. Now note that any function φ ∈ X^α satisfies φ ∈ C^1_{loc} if α is close enough to 1. Therefore, the convergence in iii) actually holds true in C^1_{loc}. Observe that any zero of any eigenfunction ϕ_k is simple; meaning that |∂_yϕ_k| has a constant sign, bounded away from zero, near any zero. Convergence of the rescaled solution h(t) = u(t, ·)/‖u(t, ·)‖_H2_ρ in C^1_{loc} implies that ∂_yh also has a constant sign near any zero of ϕ_k. In particular, there cannot be any accumulation of zeros of h near any zero of ϕ_k. However, there may be a zero of v(s, ·) that converges towards ±∞ as s → −∞ which is not near any zero of ϕ_k (note that v decays exponentially near ±∞). Since v(s) = v(s, ·) ∈ W^{loc}_m , it admits the representation

v(s) = k∑ j=0 a_j ϕ_j + Γ( k∑ j=0 a_j ϕ_j) = k∑ j=0 a_jϕ_j + o(|a_0| + . . . |a_k|)

for fixed s and suitable coefficients a_j ∈ R, where W^{loc}_m = graph(Γ). Hence, there cannot be any zero of v(s, ·) near ±∞ if we show that the element Γ(ϕ), ϕ :=

∑_k j=0 a_jϕ_j, lies in a function space where functions approach zero with a faster rate as |y| → ∞ than ϕ. Now note that for any ϕ̃ ∈ T_0W_m

Γ(ϕ̃) =

∫_0 −∞ ( e^{L(−s)} | E^u ) |v_∗(s)|^{p−1}v_∗(s)ds, (23)

where v_∗(s) denotes the solution of (3) in W^{loc}_m associated to v_∗(0) = ϕ̃ + Γ(ϕ̃). Now if w ∈ Y^α the function |w|^{p−1}w decays with some exponential rate e^{y2/4+γ|y|} for some γ > 0 small enough. As one can show by using (23), Γ(ϕ̃) also lies in some function space where functions approach zero with rate at least e^{y2/4+γ|y|}. Now note that v_∗(s) in (23) can be written in the form v_∗(s) = ϕ(s) + Γ(ϕ(s)) for some function ϕ(s), which is in T_0W_m for each fixed s. A simple bootstrap argument now completes the proof. This finally shows that zeros of v(s) can approach ±∞ as s → −∞, which shows z(v(s, ·)) � m−1 for s < 0 small enough.

Moreover, since the amount of zeros cannot increase in time s the claim follows. Analogously, we can now prove that μ(v(s, ·)) � m if s < 0 is sufficiently small and v(0, ·) = v^∗(·) ∈ W_m. The argumentation proceeds analogously: On account of convergence of the solution v(s, ·) in BC^0 and, say z(v(s, ·)) = k for any s < 0 small enough, where 0 � k � m − 1, we conclude the existence of at least k + 1 extrema; namely at least one between any two zeros of v(s, ·). But note that v(s, ·)/‖v(s, ·)‖_Y α actually converges to an eigenfunction with respect to the Y^α-norm which implies convergence in C^2_{loc}. Since all extrema of any eigenfunction are regular (that is, the second derivative is different from zero) there can actually be no more than m extrema. Indeed, any extremum corresponds to a simple zero of ∂_yv(s, ·) and

∂_yv(s, ·) ‖v(s, ·)‖_Y α

still approaches the derivative of an element in E_m with respect to the C^1_{loc}- norm in backward time s → −∞, which proves the claim.

We prove v) next and consider two different elements v^1, v^2 ∈ W_m such that P (v^1 − v^2) = 0. Then

0 ≠ v^1 − v^2 ∈ E^⊥_m = span{ϕ_m, ϕ_{m+1}, . . .}.

In order to show that this leads to a contradiction let v^1 − v^2 = ∑ i a_iϕ_i with a_1 ∈ R and i � m. Without loss of generality assume a_m ≠ 0. We consider the function ṽ(s) := ∑ i a_ie^{λis}ϕ_i.

Then v(s) is defined for s ∈ R and solves the linear equation v_s = Lv. Since a_m ≠ 0 and λ_m > λ_j for j > m we conclude that ṽ(s) ∼ a_mϕ_me^{λm s} for s >> 0. In particular z(ṽ(s)) � m for s � 0. Via the transformation (15), ṽ now defines a solution ũ of the linear equation u_t = u_{xx}. Moreover, since zeros remain uneffected by the transformtion, z(ũ(t)) � m for t >> 0 and z(ũ(0)) � m − 1 which contradicts the fact that the zero number is nonincreasing. Finally, if b = 1, then the claim vii) follows from theorem 4 since 1 < p < p_{m−1}. Indeed, any v^∗ ∈ W_m satisfies z(v^∗) � m − 1. Since v^∗ lies in the unstable manifold, the solution v(s) with initial value v^∗ cannot converge to zero in forward time s → ∞ due to the Ljapunov function. Moreover, there exist no other equilibria with less or equal than m−1 sign changes, see [27] for details. □

Lemma 3 Let p > 1. Then the map

f : H^2_ρ → H^1_ρ f(φ)(y) = |φ(y)|^{p−1}φ(y)

is Lipschitz continuous on B_ε(0) and the Lipschitz constant tends to zero if ε → 0.

Proof We only consider the case p < 2. Indeed, in the case p ≥ 2 the map x → |x|^{p−1}x is actually C^2. For u, v ∈ B_ε(0) ⊂ H^2_ρ we look at

‖∂_y|u(y)|^{p−1}u(y) − ∂_y|v(y)|^{p−1}v(y)‖^2_L2_ρ = ∫_∞ −∞ ρ(y) [ p|u(y)|^{p−1}u^′(y) − p|v(y)|^{p−1}v^′(y)

]_2 dy � (∫_∞ −∞ |ρ(y) [ p|u(y)|^{p−1}u^′(y) − p|v(y)|^{p−1}v^′(y) ] |dy )_2

It is therefore sufficient to show that

∫_∞ −∞ |ρ(y) [ p|u(y)|^{p−1}u^′(y) − p|v(y)|^{p−1}v^′(y) ] |dy � M · |u − v|_H2_ρ . (24)

for some constant M = M(ε) which tends to zero for ε → 0. We compute ∫_∞ −∞ |ρ [ p|u|^{p−1}u^′ − p|v|^{p−1}v^′ ] |dy (25) � ∫_∞ −∞ ρ|κ|^{p−1}|u^′ − v^′|dy +

∫_∞ −∞ ρ|γ| · ||u|^{p−1} − |v|^{p−1}|dy

for κ(y) := u(y) and γ(y) := v^′(y) or κ(y) := v(y) and γ(y) := u^′(y); e.g. in order to obtain the estimate with κ(y) = u(y) and γ(y) = v^′(y) we would add and substract the term |u|^{p−1}v^′ and apply the triangle inequality. Note that only the second term of the right hand side of the last inequality (25) causes problems. Indeed, the first term is estimated readily by ∫_∞ −∞ ρ|κ|^{p−1}|u^′ − v^′|dy �

∫_∞ −∞ ρdy · ‖κ‖^{p−1}_∞ · ‖u − v‖_H2_ρ

and since ‖κ‖^{p−1}_∞ is near zero for κ ∈ B_ε(0) everything is fine. Without loss of generality we may assume from now on that the functions u(·), v(·) nowhere vanish identically; that is v(y) ≠ 0, u(y) ≠ 0 except on a countable subset of R. Moreover, we can restrict our attention to the case |u(y)| ≠ |v(y)| holds except on a countable set. We can then define the function

g(y) = ( |v(y)|, if |u(y)| > |v(y)| for y ∈ R |u(y)|, if |v(y)| > |u(y)| for y ∈ R

which is a well defined, Lebesgue integrable function on R. Let us set γ̂(y) := |v^′(y)| if g(y) = |v(y)| and γ̂(y) := |u^′(y)| if g(y) = |u(y)|. By the mean value theorem we have

∫_∞ −∞ γ̂ · ||u|^{p−1} − |v|^{p−1}|dy �

∫_∞ −∞ γ̂ · (p − 1) 1 ξ^{2−p}

· |u − v|dy

for some ξ = ξ^{u(y),v(y)} ∈ [u(y), v(y)] if u(y) > v(y) or ξ ∈ [v(y), u(y)] otherwise. Moreover, we can estimate

∫_∞ −∞ γ̂ · (p − 1) 1 ξ^{2−p}

· |u − v|dy �

∫_∞ −∞ γ̂ · (p − 1) 1 g^{2−p} dy · |u − v|_∞ � ∫_∞ −∞ γ̂ · (p − 1) 1 g^{2−p} dy · ‖u − v‖_H2_ρ .

Note that we can ”ignore” ρ in the integrand on account of the mean value theorem for integrals. Let us now approximate γ̂ in the L^1-norm by functions z_n ∈ C^∞ ∩ L^2_{ρ1/2} . Moreover, we choose functions ψ_n ∈ C^∞ ∩ L^2_{ρ1/2} such that ψ_n → g uniformly. Note, that we can choose ±ψ^′_n = z_n > 0 (with the appropriate choice of sign ±) except at a set of small Lebesgue measure, say 1/n, since ±g^′ = γ̂ > 0 up to sign change almost everywhere. Now fix some σ > 0. Choosing n large enough we conclude

∫_b −a z_n · (p − 1) 1 ψ^{2−p}n dy � | | | |± ∫_b −a ψ^′_n · (p − 1) 1 ψ^{2−p}n dy | | | | + σ � | | | | ∫_{ψn(b)}

ψ_n(−a)

(p − 1) 1 ζ^{2−p} dζ | | | | + σ � ||ψ_n(−a)|^{p−1} − |ψ_n(b)|^{p−1}| + σ � |g(−a)|^{p−1} + |g(b)|^{p−1} + σ̃

if σ̃ > 0 denotes some small number. Now letting n → ∞ and a, b → ∞ proves ∫_∞ −∞ γ̂ · (p − 1) 1 g^{2−p} dy · |u − v|_∞ � M|u − v|_∞ (26)

for some small number M = M(σ̃, ε). Since (26) holds for a dense set u, v ∈ B_ε(0) it actually holds on B_ε(0). □

Theorem 5 tells us that every solution in W_m blows up in finite time. In order to associate a blow up profile v(T, ·) to any initial condition v^∗ ∈ W_m we need the following result from [4] formulated in terms of equation (16).

Theorem 6 Let v be a solution of (16), subject to the initial value v^∗ ∈ H^1_ρ , with blow up time T and blow up set B. Then there exists a ṽ(·) =: v(T, ·) ∈ L^∞_{loc}(R \ B) such that v(s, ·) → ṽ(·) locally uniformly in R \ B as s → T .

This theorem is first of all true in the case of equation (14), see [22]. But since any solution v(s, ·) gives rise to a solution u(t, ·) of (14) via (15), the results carry over to equation (16). Indeed, if u(t, ·) → ũ(·) as t approaches the blow up time T̃ > 0, then the identity

v(y, s) = (e^s)^{1/(p−1)}u(e^{s/2}y, e^s − 1)

defines a blow up profile ṽ ∈ L^∞_{loc}(R \ B) for s = T . On account of the results in [4], the blow up set B consists of isolated points. We therefore consider ṽ(·) =: v(T, ·) from now on as the blow up profile, which is a well defined object.

We now want to state a result which is concerned about the dependence of the blow up time T = T (v^∗) with respect to the initial data. The next lemma has been proved in [28] and we state a slightly weaker version in terms of equation (21).

Lemma 4 Let v, v_n be solutions of (21) with initial data ψ and ψ_n, respectively. Suppose that v blows up at s = T < ∞. If ψ_n → ψ in H^1_{ρ/2} as n → ∞, then for every sufficiently large n the solution v_n blows up in finite time, and its blow up time T_n satisfies T_n → T as n → ∞.

3.1 The encoded blow up profile

We now want to construct an initial condition v^∗ ∈ H^1_ρ in W_m, such that the associated blow up profile v(T, ·) has m prescribed extrema

0 < v^1 > v^2 < v^3 >< . . . , if m is even (27) and 0 > v^1 < v^2 > v^3 <> . . . , if m is odd

at locations −∞ < y_1 < y_2 < . . . < y_m < ∞.

Note that (27) is true for the eigenfunctions

ϕ_{2k}(y) =

∂^{2k} ∂y^{2k} e^{−y2/4}, k ∈ N.

We now construct a map Γ : S^{m−1}_{ζ,+} → [−π/2, π/2]^m, which encodes the critical values of the blow up profile associated to any initial value v ∈ S^{m−1}_{ζ,+} . Here,

S^{m−1}_{ζ,+} ⊆ W^{loc}_m , S^{m−1}_{ζ,+} ∩ W^{loc}_{m−1} = ∅

denotes a hemisphere which is constructed in the following way. Since the manifold W_{m−1} can be locally represented as a graph over the eigenspace E_{m−1}, W^{loc}_{m−1} intersects a small sphere S^{m−1}_ζ with radius ζ in W^{loc}_m ⊃ W^{loc}_{m−1} in the equator S^{m−2}_ζ . Moreover, we have lim s→−∞

v(s, ·) ‖v(s, ·)‖_Y α

∈ span{ϕ_{m−1}} (28)

in Y^α for v^∗ ∈ S^{m−1}_ζ \ W_{m−1}, see property iii) of theorem 5. This implies lim s→−∞

μ(v(s, ·)) = m.

S^{m−1}_{ζ,+} now denotes the hemisphere of v^∗, where the limit in (28) provides the positive multiple of ϕ_{m−1}.

We now think of a situation where no extrema of the profile v(s, ·) coalesce before the blow up time. Let us denote the locations of the m extrema of v(s, ·) by −∞ < ξ_1(s) < · · · < ξ_m(s) < ∞. Moreover, we assume that

ξ_j := lim_{s↗T} ξ_j(s) (29) exists and the limits are pairwise different. Let us consider the case that m is an odd number and set ξ_0 := −∞. Then the first extremum of ϕ_{m−1} is a maximum and so is the first extremum of v(s, ·) at y = ξ_1(s) for sufficiently small s < 0. Since we assume that no extrema of v(s, ·) collapse for −∞ < s < T , we can define

v^j := { sup_{(ξj−1,ξj )} v(T, ·), if j ∈ {1, 3, 5, 7 . . . , m} inf_{(ξj−1,ξj )} v(T, ·) if j ∈ {2, . . . , m − 1}

for j = 1, . . . , m. Note that by definition v^j ∈ {±∞} at least for one j. Of course v^j would coincide with the value v(T, ξ_j), if this value would always be well defined. Now the blow up map Γ(v^∗) can be defined by

Γ(v^∗) := (arctan(v^1), . . . , arctan(v^m)).

However, more degenerate cases may occur. In order to define Γ in all cases appropriately we have to be more careful.

3.2 The blow up map

In this section we want to define the blow up map Γ for all v^∗ ∈ S^{m−1}_{ζ,+} . Let us note that S^{m−1}_{ζ,+} is compact, which will be an important fact throughout our analysis. We start with the following definition. Let s^{v∗} for any v^∗ ∈ S^{m−1}_{ζ,+} denote the first dropping time of the minmax number μ, that is

s^{v∗} := sup{s ∈ (−∞, T ) : μ(v(s, ·)) = m}.

Here, T = T (v^∗) denotes the blow up time of the solution v(s, ·) with respect to the initial value v^∗. Let us denote by ξ^{v∗}_1 (s) < ξ^{v∗}_2 (s) < . . . < ξ^{v∗}_m (s) as before the locations of the m extrema of v(s, ·); these locations are well defined as long as s < s^{v∗} .

What can we say if s = s^{v∗} = T (v^∗) for some initial value v^∗ ∈ W_m? The first thing to observe is that if some location ξ_j(s) tends to ±∞ as s approaches the blow up time, then v^j = 0. Indeed, this follows by lemma 13 in the appendix which states that the values of v(s, y) are small if s is near T and |y| is large enough. But other degenerate cases can happen and we shall introduce the following quantities:

ξ_j = lim inf_{s→sv∗} ξ^{v∗}_j (s),

ξ̄_j = lim sup

s→s^{v∗}

ξ^{v∗}_j (s), j = 1, . . . , m.

Here, the index v^∗ indicates the dependence of the solution with respect to the initial value v^∗ ∈ W_m. For readability, we suppress the dependence of v^∗ in most cases, if no confusion is possible. As s → s^{v∗} = T we also have to deal with the case that ξ̄_j > ξ_{j+1}.

Lemma 5 Assume that s^{v∗} = T and ξ̄_j > ξ_{j+1} for some j = 1, . . . , m and v^∗ ∈ W_m. Then I = (ξ_{j+1}, ξ̄_j) does not belong to the blow up set of v(s, ·) and the blow up profile v(T, ·) is constant on (ξ_{j+1}, ξ̄_j). Proof Without loss of generality we assume that j = 1 and that m is an odd number. We know that the blow up set B corresponding to v^{v∗} (s, ·) consists of isolated points. Hence almost every point y ∈ I satisfies y /∈ B and there exists an open neighborhood U(y) such that B ∩ U(y) = ∅.

Theorem 6 tells us that v(s, ·) → v(T, ·) on U(y) with respect to L^∞(U(y), R). In particular, |v(s, ·)| < M on U(y) for some constant M > 0 and s near T . Observe that ξ̄_i ≠ ξ_i for i = 1, 2, since otherwise the dropping time s^{v∗} would be smaller than T . We can now find subsequences s^i_n such that ξ_1(s^1_n) ∈ U(y), ξ_2(s^1_n) /∈ U(y), ξ_2(s^2_n) ∈ U(y), ξ_1(s^2_n) /∈ U(y), if n > 0 is large enough, where for all s � s^{v∗} v(s, ξ_j(s)) = v^j

is a maximum for j = 1 and a minimum for j = 2. Due to theorem 6 we have lim_{n→∞} v(s^1_n, ·) = v(T, ·) = lim_{n→∞} v(s^2_n, ·) (30)

on U(y). Note that v(T, ·) is continuous on U, since this function is the uniform limit of continuous functions. We first consider the situation that we can choose U(y) small enough such that no other extrema of v(s, ·) for s ≈ T enter U(y) as s → T . Then all values of v(s^1_n, ·) in U(y) are smaller than v^1 (since m is an odd number and v^1 is a maximum) and all values of v(s^2_n, ·) in U(y) are larger than v^2. Together with the fact that the convergence in (30) is uniformly on U(y) with respect to the L^∞-norm this shows that

v(T, ·) ≡ c on some neighborhood Ũ ⊂ U(y), where c is some appropriate constant. On account of lemma 18 we know that ∂U(y) does not belong to the blow up set. Hence we can choose ỹ ∈ ∂U(y) and proceed analogously. This shows that B ∩ I = ∅, and v(T, ·) ≡ c on I.

Let us now assume that one extremum location ξ_j(s) of v(s, ·) for j � 2 enters U(y) as s → T ; without loss of generality we assume lim inf s→T ξ_3(s) = ξ_2, ξ_3(s) > ξ_2(s).

Then the above arguments show that v(T, ·) is constant on Ũ(y) ∩ (−∞, y) and proceeding as above one can then show that

v(T, ·) ≡ c, on (ξ_1, y).

Since y can be choosen arbitrarily close to ξ̄_2 this shows the claim. □

Let us now define the blow up map in the case that m is an odd number.

Definition 1 Let 1 < p < p_{m−1}, v^∗ ∈ S^{m−1}_{ζ,+} .

a) Consider s^{v∗} < T and let ξ_j ∈ R ∪ {±∞} be defined as in (29) for j = 1, . . . , m. We set ξ_0 := −∞ and

v^j = v^{j,v∗} = { sup{v(s^{v∗} , y) : y ∈ (ξ_{j−1}, ξ_j)}, j ∈ {1, 3, 5, . . . , m}, m odd inf{v(s^{v∗} , y) : y ∈ (ξ_{j−1}, ξ_j)}, j ∈ {2, . . . , m − 1}, m odd

for j = 1, . . . , m if m is odd. Then we define

Γ(v^∗) := (arctan(v^1), . . . , arctan(v^m)).

b) Let s^{v∗} = T ; then define ξ_0 := ξ̄_0 := −∞ . For j = 1, . . . , m we set

v^j := sup{v(s^{v∗} , y) : y ∈ (ξ̄_{j−1}, ξ_j )}, j ∈ {1, 3, 5, . . . , m}, ξ̄_{j−1} < ξ_j inf{v(s^{v∗} , y) : y ∈ (ξ̄_{j−1}, ξ_j)}, j ∈ {2, 4, . . . , m − 1}, ξ̄_{j−1} < ξ_j sup{v(s^{v∗} , y) : y ∈ (ξ_j , ξ̄_{j−1})}, j ∈ {1, 2, 3, 4, . . . , m}, ξ̄_{j−1} > ξ_j lim_{n↗∞} v(s_n, ξ_n), ξ̄_{j−1} = ξ_j ,

where s_n is a sequence which converges to T as n → ∞ and ξ_n → ξ_j , with ξ_n ≠ ξ_j as n → ∞. Define

Γ(v^∗) := (arctan(v^1), . . . , arctan(v^m)).

For readability we have suppressed the dependence of b, which occurs in the nonlinearity of equation (21). Let us note that the definition of Γ(v^∗) coincides with the definition of the previous section, if the solution v(s, ·) possesses m isolated extrema throughout the interval of existence (−∞, T ). We make a few comments to the definitions in part b). Let us consider the case that

ξ̄_{j−1} > ξ_j

for some j. Then lemma 5 actually implies that the blow up profile v(T, ·) is continuous on the interval I = (ξ_j , ξ̄_{j−1}) and we can replace the supremum in the above definition of v^j by an infimum. If ξ := ξ_j = ξ̄_{j−1} and ξ does not belong to the blow up set B then then v(s, ·) → v(T, ·) uniformly on a small neighborhood U of ξ. Since v(T, ·) is continuous we can also choose the value v(T, ξ) in the definition of Γ; in particular our definition is well defined and independent of the sequence s_n ↗ T , ξ_n → ξ. In the case ξ ∈ B, lemma 18 applies and for every sequence ξ_n → ξ, s_n ↗ T we have

|v(s_n, ξ_n)| → ∞, n → ∞,

which shows that Γ is well defined. In the case s^{v∗} = T we have v^j = ±∞ for at least one value j which leads to Γ_j (v^∗) = arctan(v^j) = ±π/2.

We now normalize the vector Γ(v^∗) and consider the map

Γ̃ : S^{m−1}_{ζ,+} → D̄^{m−1}

Γ̃ : v^∗ → Γ(v^∗) |Γ(v^∗)|_2 , where | · |_2 denotes the Euclidean norm in R^m. Furthermore, D̄^{m−1} ⊂ S^{m−1} ⊂ R^m denotes the closure of all unit vectors satisfying the inequalities (27). The proof of the next result is proven in appendix A.

Proposition 1 The map Γ̃ is continuous on its domain of definition.

3.2.1 Surjectivity of the blow up map

In this section we want to prove surjectivity of the blow up map Γ̃. The following extended definition of the blow up map will turn out to be very helpful. Consider

Γ̃^{ex} : D → D̄^{m−1}

D := {(s, v^∗); v^∗ ∈ S^{m−1}_{ζ,+} , − ∞ < s ≤ T (v^∗)},

where for j = 1, . . . , m and ξ_0 := −∞ the j-th component Γ̃^{ex}_j is defined by

Γ̃^{ex}_j (s, v^∗) = max_y(v(s, y)), s < s^{v∗} , y ∈ (ξ_{j−1}(s), ξ_j(s)), j ∈ {1, 3, 5, . . . , m}, min_y(v(s, y)), s < s^{v∗} , y ∈ (ξ_{j−1}(s), ξ_j(s)), j ∈ {2, 4, . . . , m − 1}, Γ_j (v^∗), s ≥ s^{v∗}

Again, we normalize the vector Γ̃^{ex} for every s, v^∗ ∈ D, but refrain from introducing new notation.

Lemma 6 The (normailzed) map Γ̃^{ex} is continuous with respect to s, v^∗.

Proof Let us consider continuity in v^∗ first and fix some s < s^{v∗} , since otherwise the claim follows from proposition 1. Then it follows from lemma 15 in the appendix that the dropping time s^{v∗} depends continuously on v^∗. Moreover, lemma 14 implies that the zeros of v^{vn}_y (s, ·) approach the corresponding zeros of v^{v∗}_y (s, ·) for any sequence of initial data v_n → v^∗ in H^1_ρ as n → ∞. Since the solution v(s, ·) depends continuously on the initial data v^∗ in the space Y^α (that is, locally in C^2_{loc}) the claim follows. Continuity of s is trivial in the case s ≥ s^{v∗} and follows from theorem 6 in the case s = s^{v∗} . □

We now want to prove surjectivity of Γ̃ and first show that Rg(Γ̃) ⊂ D^{m−1}. It suffices to prove deg (Γ̃^{ex}(T (·), ·), S^{m−1}_{ζ,ε} , d̃) ≠ 0

for any arbitrary d̃ ∈ D^{m−1}. Here, we have written T (·) in order to emphasize the dependence of the blow up time of its initial data. Moreover, ε > 0 is chosen small enough and S^{m−1}_{ζ,ε} ⊂ Y^α denotes the closed (m − 1)-dimensional disk of points in the hemisphere S^{m−1}_{ζ,+} staying a distance at least ε > 0 from the equator ∂S^{m−1}_{ζ,+} = S^{m−2}_ζ of S^{m−1}_ζ . Since the equator lies in W_{m−1} we have μ(v) ≤ m − 1 for all past history and v ∈ ∂S^{m−1}_{ζ,+} .

Lemma 7 There exists ε > 0 small enough such that

μ � m − 1, on ∂S^{m−1}_{ζ,ε} .

Proof For v^∗ ∈ S^{m−2}_ζ we have μ � m − 1. Let us fix some time −s � −1 and consider the point v_{−s} ∈ W_m of the backward orbit through v^∗ at time −s. Then μ(v_{−s}) � m − 1 and we can assume that −s is not a dropping time. Thus if we consider a sufficiently small neighborhood U of v_{−s} in W_mwith respect to the Y^α-topology then we can assume that for all v ∈ U we have μ(v) � m − 1 by continuous dependence of the dropping time, see lemma 15. Since the amount of strict local maxima and minima cannot increase in forward time, we conclude the existence of a neighborhood Ũ of v^∗ in W_m, such that μ(v) � m − 1 for all v ∈ Ũ. Moreover, since S^{m−2}_ζ is compact we can find finitely many of these neighborhoods which cover S^{m−2}_ζ in W_m. In particular, there exists a radius κ > 0, such that the m-dimensional ball B_κ(v) is contained in one of the Ũ = Ũ(v^∗) for every v ∈ S^{m−2}_ζ . Choosing ε := κ/2 proves the claim. □

Lemma 7 implies that the dropping time s^{v∗} is strictly negative for any v^∗ ∈ ∂S^{m−1}_{ζ,ε} . This implies that at least two extrema collapse at some (negative) time −s = s^{v∗} < 0. In other words

Γ̃^{ex}(s, v^∗) ∈ ∂D̄^{m−1} for all s � 0. (31)

Lemma 8 Γ̃ : S^{m−1}_{ζ,+} → D̄m−1 is surjective.

Proof Let us first show that for any d̃ ∈ D^{m−1}

deg (Γ̃(·), S^{m−1}_{ζ,ε} , d̃) = deg (Γ̃^{ex}(T (·), ·), S^{m−1}_{ζ,ε} , d̃) ≠ 0

holds, which proves the lemma in view of the approximation lemma 10. Note that we pick S^{m−1}_{ζ,ε} ⊂ S^{m−1}_{ζ,+} here. Let us first observe that v^∗ → Γ̃^{ex}(T (v^∗), v^∗) is continuous, since the maps

(s, v^∗) → Γ̃^{ex}(s, v^∗), v^∗ → T (v^∗) are both continuous with respect to v^∗ ∈ S^{m−1}_{ζ,ε} ⊂ S^{m−1}_{ζ,+} . In particular, the degree is well defined on account of continuity of Γ̃^{ex} and the fact that Γ̃^{ex}(T (v^∗), v^∗) ∈ ∂D^{m−1}, for v^∗ ∈ ∂S^{m−1}_{ζ,ε}

due to (31). Invoking a standard homotopy

h(τ, v^∗) := Γ̃^{ex}(τ · T (v^∗), v^∗)

for 0 � τ � 1, we obtain

deg (Γ̃^{ex}(T (·), ·), S^{m−1}_{ζ,ε} , d̃) = deg (Γ̃^{ex}(0, ·), S^{m−1}_{ζ,ε} , d̃)

by (31) and homotopy invariance of Brouwer degree. Similarly, the degree is independent of the particular choice of d̃ ∈ D^{m−1}. Moreover, by standard deformation of the domain S^{m−1}_{ζ,ε} the degree does not depend on the choice of small enough ε, ζ.

The next homotopy deforms the nonlinearity f(v) = f^0(v) = |v|^{p−1}v to its linearization f^1(0) = 0 by

f^τ (v) := (1 − τ)f(v),

for 0 � τ � 1. The strong unstable W_m = W^{f τ}_m , the hemispherical disks S^{m−1}_{ζ,ε} = S^{m−1,f τ}_{ζ,ε} , and the dropping times s^{v∗} = s^{v∗,f τ} all depend continuously on f^τ . Note that we can achieve that (31) holds troughout the homotopy. Indeed, let us consider the sphere S^{m−2,f 1} = ∂S^{m−1,f 1}_ζ with respect to the vector field f^1(v) = 0. In particular, S^{m−2}_ζ ⊂ E_{m−1} and μ(v) � m − 1 for any v ∈ S^{m−2}_ζ . Then there exists a neighborhood U of S^{m−2,f 1} in the space Y^α such μ(v) � m − 1 for all v ∈ U. The sphere S^{m−1,f τ}_{ζ,ε} can be parametrized over E_m and we can choose ζ, ε > 0 small enough, such that ∂S^{m−1,f 1}_{ζ,ε} ⊂ U. Since the unstable manifold W_m depends continuously on the vectorfield and f^1 is close to f^0 in a sufficiently small neighborhood of v = 0, we conclude that we can choose ζ, ε > 0 small enough, such that

∂S^{m−1,f τ} ζ,ε ⊂ U

for all τ ∈ [0, 1], which proves μ(v) � m − 1 for all v ∈ S^{m−1,f τ}_{ζ,ε} . Hence we can provide that the dropping times remain strictly negative for 0 � τ � 1. This argumentation shows that Γ̃^{ex}(0, v^∗) = Γ̃^{ex}(0, v^∗, f^τ ) ∈ ∂D^{m−1}

for τ ∈ [0, 1] and v^∗ ∈ ∂S^{m−1,f τ}_{ζ,ε} . Hence, we conclude

deg (Γ̃^{ex}(0, ·), S^{m−1,f 0}_{ζ,ε} , d̃) = deg (Γ̃^{ex}(0, ·), S^{m−1,f 1}_{ζ,ε} , d̃)

for any d̃ ∈ D^{m−1}. Note that

W^{f 1}_m = E_m = span{ϕ_0, . . . , ϕ_{m−1}}.

Since we consider the case that m is an odd number we can define

d̃ = (arctan(w^1), . . . , arctan(w^m)) |(arctan(w_1), . . . , arctan(w_m))|_2

∈ D^{m−1},

where 0 < w_1 > w_2 < . . . denote the values of the extrema of the eigenfunction ϕ_{m−1}. An explicit computation for this specific choice in lemma 9 below shows that deg (Γ̃^{ex}(0, ·), S^{m−1,f 1}_{ζ,ε} , d̃) ≠ 0. (32)

Since D^{m−1} is connected, (32) remains true for all d̃ ∈ D^{m−1}, which proves D^{m−1} ⊆ Rg(Γ̃). The approximation lemma 10 then completes the proof of surjectivity. □

Let us now prove that (32) is satisfied.

Lemma 9 For f(v) = f^1(v) = 0 and

d̃ = (arctan(w^1), . . . , arctan(w^m)) |(arctan(w_1), . . . , arctan(w_m))|_2

∈ D^{m−1},

where m is an odd number and 0 < w_1 > w_2 < . . . denote the values of the extrema of the eigenfunction ϕ_{m−1}, we have

deg (Γ̃^{ex}(0, ·), S^{m−1,f 1}_{ζ,ε} , d̃) ≠ 0. (33)

Proof Since d̃ ∈ D^{m−1} the value d̃ can only be attained by v^∗ with μ(v^∗) = m and therefore v^∗ /∈ ∂S^{m−1,f 1}_{ζ,ε} . In particular,

v^∗ ∈ E_m = span{ϕ_0, . . . , ϕ_{m−1}}

itself possesses m extrema with (normalized) values 0 < w_1 > w_2 < w_3 > . . .. Certainly the value d̃ is attained by

v^∗ = βϕ_{m−1} (34)

for some β > 0. We now determine the local degree of Γ̃^{ex}(0, ·) at v^∗ = ϕ_{m−1} with respect to the normal plane ⟨v^∗⟩^⊥ = E_{m−1} to v^∗ at v^∗. This degree is given by the sign of the determinant of the linearization of Γ̃^{ex}(0, ·), in the nondegenerate case. Differentiating v^∗(ξ_j ) = v^j at a nondegenerate absolute extremum (v^∗ + εη)_y(ξ_j + εy_j) = 0 with respect to ε at ε = 0 gives

Dv^j · η = η(ξ_j)

for the derivative at v^∗. It now suffices to show that the augmented matrix

M := ϕ_0(ξ_1) ϕ_1(ξ_1) . . . ϕ_{m−2}(ξ_1) ϕ_{m−1}(ξ_1) . . . . . . . . ϕ_0(ξ_m) ϕ_1(ξ_m) . . . ϕ_{m−2}(ξ_m) ϕ_{m−1}(ξ_m)

(35) has a nonzero determinant when evaluated at the pairwise different, extremal locations ξ_j, j = 0, . . . , m, of the (m − 1)-th eigenfunction

ϕ_{m−1}(y) = ψ_{m−1}(y)e^{−y2/4}

where ψ_{m−1} denotes the (m − 1)-th hermite polynomial. Note that only the last column in M has been augmented, which accounts for radial collapse. Let us now show that ker(M) = {0}. Suppose a linear combination ϕ ∈ E_m of elements in E_m vanishes at m points ξ_1, ξ_2, . . . , ξ_m. Since z(ϕ) � m − 1 for any nontrivial linear combination, we conclude that ϕ = 0. This would complete the proof if v_∗ = βϕ_{m−1} would be the only preimage of d̃ with respect to Γ̃ex(0, ·). Since this is not immediately clear we let ṽ_∗ be another preimage. Then an analogous argumentation leads to the determination of the sign of a matrix M̃ (as in (35)). In particular, the columns of (the augmented) matrix M̃ are again given by suitable linear combinations of the vectors ϕ_0, . . . , ϕ_{m−1}. Arguing as above we can then show that the determinant of M̃ does not vanish. Moreover, the sign of the determinant must coincide with the sign of det(M). Indeed, otherwise there would exist pairwise distinct locations ξ̃_1, . . . ξ̃_m and a nontrivial linear combination of vectors ϕ_0, . . . , ϕ_{m−1} which would vanish when evaluated at ξ̃_1, . . . , ξ̃_m. This is not possible! Hence, the degree (given as a sum of positive integers) does not vanish. This proves the claim. □

We prove the approximation lemma next.

Lemma 10 Let ⃗w = (w^1, w^2, . . . , w^m) satisfy nonstrict inequalities (27) such that w^j = ±∞ for some j. Then there exists v^∗ ∈ W_m such that

v^j = w^j,

where the v^j denote the local extrema of the blow up profile v(T (v^∗), ·) = v^{v∗} (T (v^∗), ·). Moreover, μ(v(s, ·)) = m for all −∞ < s < T (v^∗).

Proof Approximate the vector ⃗w by a sequence ⃗w_n = (w^1_n, . . . , w^{m−1}_n ) of vectors satisfying (27) strictly, and use compactness of S^{m−1}_{ζ,ε} ; see also lemma 3.2 in [6]. □ This ends the prove of theorem 1.

4 Flatter behaviour

Let us now focus on the blow up of solutions of the equation

u_t = u_{xx} + |u|^{p−1}u, u(0, ·) = u^0

(36) which blow up at finite time t = T (u^0) and some point a ∈ R. We define

u(t, x) = (T − t)^{− 1p−1} w(z, τ), x − a = z(T − t)^{1/2} τ = − log(T − t),

(37)

so that in the new variables, w satisfies

w_τ = w_{zz} − 1 2 zw_zw + w + r(w), (38)

where r(w) = |w|^{p−1}w −^p_{p−1} w. We remind that H_n has been defined in (10): Alternatively, we can write H_n = ϕ_n/‖ϕ_n‖_L2_{ρ̃} , n = 0, 1, 2, . . ., where ϕ_n denotes the standard n-th Hermite polynomial and so that ‖H_n‖_L2_{ρ̃} = 1 for all n. Here L_{ρ̃}(R, R) denotes the space of all Lebesgue integrable functions ψ satisfying

‖ψ‖^2_L2_{ρ̃} =

∫_∞ −∞ e^{−y2/4}|ψ(y)|^2dy < ∞.

We can now state a result concerning possible blow up behaviours for (36), which has been proved in [15, 16].

Theorem 7 (Velázquez) Assume that a solution u(t, x) of (36) blows up at t = T (u^0) and some point x = a. Define w via (37), then one of the following cases occurs a) w(τ, z) = (p − 1)^{− 1p−1} for any τ > 0, or b) w(τ, z) = (p − 1)^{− 1p−1} −

(4π)^{1/4}(p − 1)^{− 1p−1} √ 2p · H_2(z) τ + o ( 1 τ )

as τ → ∞, or

c) there exists an even number m � 4 such that

w(τ, z) = (p − 1)^{− 1p−1} + Ce^{(1− m2 )τ} H_m(y) + o(e^{(1− m2 )τ} )

as τ → ∞, where convergence takes place in H^1_{ρ̃} .

Let us now outline our strategy for proving theorem 2. In particular, we are now interested in solutions w(τ, z) of (38), which behave as in point iii) of the last theorem. As we can see from the change of variables (37), the desired solutions correspond to blow up solutions u(t, x) of the original equation (36), where at least^m_2 maxima coalesce at the blow-up point a as t → T . However, there could be more maxima locations of u(t, ·) approaching a as t → T , which remain undetected in the (τ, z)-variables, since the norm in L^2_{ρ̃} does not capture the beaviour for large |z|. That this is not the case will be shown in the next lemma, which is due to Velázquez (see proposition 2.1 in [17]).

Having established this fact we then use theorem 1 for showing the existence of solutions u(t, x) of (36), which have the property that exactly m/2 maxima locations approach the blow up point as t → T . Let us stress that every blow up solution of theorem 1 actually translates to a solution w(t, z) of (38) converging to κ as τ → ∞. Indeed, this can only be possible if the L^∞- norm u(t, x) can be bounded by M · (T − t)^{− 1p−1} for some M > 0. Solutions, which do not satisfy this property are called blow up solutions of type-II, see [25]. However, type-II blow up does not occur in the scalar equation (36), see [25, 10, 11]. Let us now state the following lemma of Velázquez (see proposition 2.1 in [17].)

Lemma 11 Let 1 < p < p_{m−1}, where p_{m−1} = 1 +^2_m . Consider an initial value u_0 ∈ S^{m−1}_{ζ,+} , such that the solutions u(t, x) of (36) blows up at t = T and some point x = a. Then there exists a δ > 0 and R > 0 with the following properties. Every maximum of u(t, ·), which approaches the blow up point x = a as t → T , lies in the set C_a = {x : |x − a| � R · √ T − t}. Moreover, if we let w(τ, z) as defined in (37), the following cases can occur.

i) If w(τ, z) behaves as in theorem 7,b), u(t, ·) has a single maximum in C_a for any t ∈ [T (u^0) − δ, T (u^0)).

ii) If w(τ, z) behaves as in theorem 7,c), u(t, ·) has exactly^m_2 maxima in C_a for any t ∈ [T (u^0) − δ, T (u^0)).

Proof We only indicate the main line of the proof and refer to [17], proposition 2.1, for further details. Let us assume that a = 0. We argue that there exists an R > 0 such that every maximum location of u(t, ·), which approaches a = 0 for t → T , lies in the interval

C = {x : |x| � R · √ T − t}.

Assume that this is wrong. On account of u_0 ∈ S^{m−1}_{ζ,+} ⊂ W_m we first of all know that the blow up set of u(t, ·) is finite. Now there exists a curve of maxima Σ(t) of u(t, ·), such that lim_{t→T} Σ(t) = 0, and a sequence t_n → T , such that

|Σ(t_n)| � n √ T − t_n. (39)

Note that the curve Σ(t) depends smoothly on t. Furthermore,

u(Σ(t_n), t_n) < ((p − 1)(T − t_n))^{− 1p−1} ,

which is proved in lemma 2.5 and 2.2 of [17]; see also the discussion after equation (2.26) in [17]. Let us now define M(t) := u(Σ(t), t), and observe that

Ṁ(t) − M(t)^p � 0,

since we can assume without loss of generality that u(Σ(t), t) > 0. Then

M(t) � (M(t_n)^{−(p−1)} − (p − 1)(t − t_n))^{− 1p−1} , for t > t_n. (40)

Since M(t_n) � (δ_1 + (p − 1)(T − t_n))^{− 1p−1} for some δ_1 > 0, (40) shows that M(t) stays uniformly bounded as t ↗ T , which is a contradiction. The rest of the claims of the theorem now follow by observing that w(τ, ·) has exactly one maximum on the compact interval [−R, R] if τ > 0 is large enough and if alternative b) of theorem 7 applies. Similarly, one can treat the case that w(τ, z) behaves as in theorem 7, c). □

Now, theorems 1, 7 and lemma 11 imply the following corollary.

Corollary 1 (Flatter behaviour) Choose some even number m_∗ ∈ N. Then for any 1 < p < 1 +^2_{m∗} there exists an initial value u^0 ∈ H^1_ρ , such that the associated solution u(t, ·) blows up at some finite time t = T , and exists for all −1 < t < T (u^0). Moreover, if we denote by w(τ, z) the function defined as in (37) then alternative c) of theorem 7 is satisfied; that is

lim_{t↗T} ( (T − t)^{1p−1} u(t, a + ξ(T − t)^{1/m∗} ) ) = (p − 1)^{−1p−1} (1 + Cξ^{m∗} )^{−1p−1} (41)

holds uniformly on compact sets of ξ, where C > 0 is some constant.

Proof For any given even number m_∗ there exists an initial value u^0 ∈ H^1_ρ such that the corresponding solution u(t, ·) blows up at finite time t = T (u_0) and possesses exactly m_∗/2 maxima for every t < T , which coalesce at t = T (u^0) at some point x = a. Indeed, we may apply theorem 1 to the case m := m_∗ − 1, κ = 1, with prescribed critical values

u^1 = u^2 = . . . = u^m = +∞.

As we already argued in the introduction this corresponds exactly to the desired case, since the blow up profile cannot remain constant between two different blow up locations. Now note that alternative b) or c) of theorem 7 applies to the solution w which is associated to u via (37). But case b) is ruled out by lemma 11, i). Therefore, case c) of theorem 7 holds exactly for m = m_∗, since all other cases are ruled out by the alternative ii) of lemma 11. Finally, statement (41) is true on account of [17]. □

5 Discussion

In this section we want to discuss possible generalizations of theorem 1 to the case of arbitrary p > 1.

For the existence of solutions u of (1) with k prescribed extrema at blow up time we have focused on solutions in the strong unstable manifold of the trivial steady state of (3) in the regime 1 < p < p_{k−1} = 1 + 2/k. The reason for this is the fact that the eigenvector ϕ_{k−1} corresponds to an unstable eigenvalue λ_{k−1} > 0 for p < p_{k−1}. As p is increased through the critical value p_{k−1} a Pitchfork bifurcation occurs near zero. This means that two additional, nontrivial steady states of (21) are born near zero for p ≈ p_k (see [5, 13] for details on Pitchfork bifurcations). Since we know by the results of Yanagida et al [27] that there do not exist equilibria with k − 1 sign changes if p < p_{k−1}, the branch of steady states has to be directed to the right (see also figure 1). Every point on the bifurcation branch corresponds to a nontrivial equilibria of (21).

As we increase p through p_{k−1} the trivial steady state becomes stable. Hence, by exchange of stability, the additional steady state of one branch, which we call ψ(p) from now on, is born unstable. ψ(p) possesses exactly k − 1 sign changes for p ≈ p_{k−1}. Moreover, the unstable eigenvalues and eigenfunctions of the linarization L(p) of (21) at ψ(p) are close to the corresponding ones for L. In particular, in the case p > p_{k−1} there exists an eigenvalue λ̃_{k−1} of L(p) close to λ_{k−1}, which is unstable. The corresponding eigenvector again possesses exactly k local extrema. We can therefore proceed completely analogous to characterize all solutions v(s, ·) of (21) in the unstable manifold of ψ(p) for p > p_{k−1} as in theorem 1. Of course, one basic ingredient in the proof is again the fact that all solutions in the unstable manifold of ψ(p) blow up in finite time. This is still true if p is sufficiently close to p_{k−1}.

To summarize, these remarks show why in (a slightly modified version of) theorem 1 also provides the existence of solutions u(t, ·) on −1 < t < T which blow up as t ↘ −1 if m is even. In order to extend theorem 1 to arbitrary p > 1, however, one has to understand the global nature of the bifurcation branches that bifurcate from the p_{k−1}, k ≥ 1. We have depicted three possibilities in figure 1. In any case a branch bifurcating from p_{k−1} can never enter the region p < p_{k−1} again. Indeed, the amount of zeros of the steady state ψ(p) can at most decrease along the branch. We actually expect that the amount of zeros is constant. However, zeros of ψ(p) could ”vanish” through infinity as we move along the branch.

The desired situation is depicted in figure 1, a): The branch is globally parametrized over the p-axis and no (secondary) bifurcations occur. However, saddle node bifurcations (as in b)) may appear and the branch may even be confined only to a bounded region p_{k−1} � p < M for some M > 0 (see figure 1, c)). But even in case a) one has to show that solutions in the unstable manifold of ψ(b) blow up in finite time also for large p > p_{k−1}.

a) b) c) ‖v‖

p_k p_k p_k p

Figure 1: Three possible bifurcation branches.

6 Appendix: Continuity of the blow up map

In this section we want to show that the blow up map Γ depends continuously on the initial data u_0 ∈ S^{m−1}_{ζ,+} . We closely follow the proof in [28]. Let us start by considering a solution u of (14) with blow up time T and a ∈ R. We define E_a(u) by

E_a(u) = T^{2/(p−1)+1/2} ∫ R { 1 2 u^2_x − 1 p + 1

|u|^{p+1} } exp ( − (x − a)^2 4T ) dx + 1 2(p − 1)

T^{2/(p−1)−1/2} ∫ R u^2 exp ( − (x − a)^2 4T ) dx and state the following result, see theorem 2.1 and 3.5 in [22]:

Lemma 12 Let u be a solution of (14) with initial value u_0 and blow up time T .

a) For any η > 0, there exists σ > 0 such that if E_a(u_0) < σ, then a is not a blow up point of u and

|u(t, a)| � η(T − t)^{−1/(p−1)}, in [T/2, T ).

b) Let 0 < c_1 < c_2 be fixed and c_1 � T � c_2. Then there exists δ > 0, such that if

|u(t, a)| � δ(T − t)^{−1/(p−1)}, in [a − r, a + r] × [T/2, T )

for some r > 0, then

|u(t, a)| � M, in [a − r/2, a + r/2] × [T/2, T ),

where M = M(c_1, c_2, δ) > 0.

With the help of this lemma, we can prove that blow up occurs only on a bounded interval, which is uniform with respect to the initial value v^∗ ∈ S^{m−1}_{ζ,+} .

Lemma 13 Let v(s, ·) = v(s, ·, v^∗) the solution solution of (16) subject to the initial condition v^∗ ∈ S^{m−1}_{ζ,+} with blow up time T = T (v^∗). Then for any γ > 0 there exists an α > 0, such that

|v(s, y)| < γ, in [(−∞, −α] ∪ [α, ∞)] × [0, T (v^∗))

for any v^∗ ∈ S^{m−1}_{ζ,+} .

Proof In order to apply lemma 12, we look at the function

u(t, x) := (t + 1)^{−1/(p−1)}v(s, y), where y = x(t + 1)^{−1/2} and s = ln(t + 1). Since v^∗ ∈ S^{m−1}_{ζ,+} ⊂ H^2_ρ , we conclude u(0, ·) = v^∗ ∈ H^2_ρ , u solves

u_t = u_{xx} + |u|^{p−1}u

and blows up at some time t = T̃ . We consider E_a(v^∗), which satisfies

E_a(v^∗) = T̃^{2/(p−1)+1/2} ∫ R { 1 2 (v^∗)^2_x − 1 p + 1

|v^∗|^{p+1} } exp ( − (x − a)^2 4T ) dx + 1 2(p − 1)

T̃^{2/(p−1)−1/2} ∫ R (v^∗)^2 exp ( − (x − a)^2 4T ) dx � K_1 · exp ( − (M − a)^2 4T̃ )

for some K_1 > 0 and M > 0 large enough. Moreover, M can be chosen independent of v^∗ ∈ S^{m−1}_{ζ,+} and a ∈ R. Indeed, on account of v^∗ ∈ H^2_ρ ∩ S^{m−1}_{ζ,+} or even v^∗ ∈ H^3_ρ the functions v^∗, (v^∗)_x decay exponentially for y → ±∞; uniformly with respect to v^∗ ∈ S^{m−1}_{ζ,+} , since S^{m−1}_{ζ,+} is compact. Note also the embedding theorems for the weighted Sobolev spaces H^k_ρ , see lemma 2.1 of [19] or [20], which state that H^1_ρ (R, R) → L^{∞,ρ1/2} (R, R), where ‖ψ‖_{∞,ρ} = ess sup_y ρ(y)^{1/2}|ψ(y)|. We conclude that lim_{a→∞} E_a(v^∗) = 0

uniformly in v^∗ ∈ S^{m−1}_{ζ,+} . An analogous statement holds for a → −∞. Without loss of generality we restrict to the case a > 0. By Lemma 12 there are positive constants b, M_1 with

|u(t, x)| � M_1, in [b, ∞) × [T/2, T )

uniformly with respect to v^∗ ∈ S^{m−1}_{ζ,+} . From parabolic regularity theory there is M_2 > 0 such that

|u_t(t, x)| � M_2, in [2b, ∞) × [T/2, T ) (42)

for all v^∗. Let us now choose a positve constant r with 2rM_2 < ε/4. For any v^∗ ∈ S^{m−1}_{ζ,+} there are constants C = C(r, v^∗), K = K(r) and a neighborhood U(v^∗) ⊂ S^{m−1}_{ζ,+} of v^∗ such that

|T (v^∗) − T (v)| < r and |u^v(t, x)| � C exp(−Kx^2), in R × [0, T (v^∗) − r) for any v ∈ U. Taking a constant d = d(r, v^∗) > 2b with

C exp(−Kx^2) < ε/4 for x � d

we get |u^v(t, x)| � ε/2, in [d, ∞) × [0, T (v)) for any v ∈ U by (42). Since S^{m−1}_{ζ,+} is compact, we can find α > 0 such that

|u^v(t, x)| � ε/2, in [α, ∞) × [0, T (v))

for all v ∈ S^{m−1}_{ζ,+} . This proves the lemma. □

With this preparations we can now proceed to prove the continuity of Γ. We first consider the case b = 1 in equation (21) and study the dependence of Γ(v^∗) = Γ(v^∗, 1) on v^∗ ∈ S^{m−1}_{ζ,+} . For readability, we will suppress the dependence of b in the following sections.

6.1 Dropping time less than the blow up time

We first consider the case that s^{v∗} < T (v^∗). That is, some extrema of the solution v(s, ·) collapse at some point before the blow up time T = T (v^∗). Let us start with a result that implies the continuous dependence of the location ξ_j(s) of the j-th extremum of v(s, ·) with respect to the initial value.

Remark We want to point out that throughout this section we make use of the fact that the nonlinearity f(v) = |v|^{p−1}v defines a local Lipschitz-map when regarded as a map from Y^α to H^1_ρ . Hence, there exists a flow in the space Y^α which can be proved by setting up a variation of constants formula in the space Y^α, see [14, 29]. In particular, solutions depend continuously on initial conditions in the space Y^α.

Lemma 14 Consider v^∗ ∈ S^{m−1}_{ζ,+} and suppose that s^{v∗} < T (v^∗). Let {v_n} be a sequence in S^{m−1}_{ζ,+} satisfying v_n → v^∗ as n → ∞. Then for each s ∈ (0, s^{v∗} ), v^{vn}_y (s, ·) has exactly m zeros for every large n >> 0 and the j-th zero ξ^{vn}_j (s) of v^{vn}_y (s, ·) satisfies ξ^{vn}_j (s) → ξ^{v∗}_j (s) for n → ∞.

Proof Let s ∈ (0, s^{v∗} ) be fixed. Then v^{v∗}_{yy} (s, ξ^{v∗}_j (s)) ≠ 0 by theorem 3. Indeed, theorem 18 of Angenent holds for u(t, x) and some suitable function q ∈ BC^1 (note that our nonlinearity f is C^1 when considered as map from R to R), where u(t, x) is defined by the transformation (15). By differentiating we see that theorem 18 is also applicable to ũ(t, x) := u_x(t, x). Now observe that v_y(y, s) = 0 if and only if u_x(t, x) = 0, where the variables y, s are defined after (15). Theorem 18, C) therefore shows that u_{xx}(t, x) ≠ 0 (since s < s^{v∗} ), if (t, x) corresponds to (s, ξ^{v∗}_j (s)) via the transformation after (15). Hence, v_{yy}(s, ξ^{v∗}_j (s)) ≠ 0. Thus

v^{v∗}_y (s, ξ^{v∗}_j (s) − γ) · v^{v∗}_y (s, ξ^{v∗}_j (s) + γ) < 0, j = 1, 2, . . . , m

for small γ > 0. By continuity of v^{v∗}_y (s, ·) with respect to v^∗_y ∈ S^{m−1}_{ζ,+} in the space Y^α → H^2_ρ we have

v^{vn}_y (s, ξ^{v∗}_j (s) − γ) · v^{vn}_y (s, ξ^{v∗}_j (s) + γ) < 0, j = 1, 2, . . . , m for large n > 0. Therefore, every function v^{vn}_y (s, ·) has at least one zero in (ξ^{v∗}_j (s) − γ, ξ^{v∗}_j (s) + γ) for every j. Since z(v^{vn}_y (s, ·)) = μ(v^{vn} (s, ·)) � m we have proved the lemma, since γ > 0 was arbitrary. □

Lemma 15 Suppose that s^{v∗} < T (v^∗). If v_n → v^∗ in S^{m−1}_{ζ,+} as n → ∞, then s^{vn} < T (v_n) for sufficiently large n and s^{vn} → s^{v∗} for n → ∞.

On account of lemma 14 the set of zeros of v^{vn}_y (s^{vn} − δ, ·) consists of m points for every large n >> 0. This shows that s^{vn} � s^{v∗} − δ which implies lim inf n→∞ s^{vn} � s^{v∗}

and we have to show that lim sup n→∞ s^{vn} � s^{v∗} . (43)

Assume first that exactly k zeros of v^{v∗}_y (s, ·) reduce to one point at (s, y) = (s^{v∗} , y_∗) and no zero escapes to infinity, i.e., lim_{s→sv∗} ξ^{v∗}_j (s) = y_∗, j = i, . . . , i + k − 1

for some k � 2 and some 1 � i < m − 1. Then two different cases may occur I) k is even or II) k is odd.

Let us only prove I), since II) can be proven analogously. If k is even, we can assume that v^{v∗}_y (s^{v∗} , y) > 0 for y near y_∗ and y ≠ y_∗. Then for every δ_1 > 0 there exists γ > 0, such that v^{v∗}_y (s, y) > 0, y ∈ S, and ξ^{v∗}_i (s), . . . , ξ^{v∗}_{i+k−1}(s) ∈ (y_∗ − γ_1, y_∗ + γ_1) for s ∈ [s^{v∗} − δ_1, s^{v∗} ), where we have set

S = ({y_∗ ± γ_1} × [s^{v∗} − δ_1, s^{v∗} + δ_1]) ∪ ([y_∗ − γ_1, y_∗ + γ_1] × {s^{v∗} + δ_1}). By continuity of the solution v with respect to the initial value v^∗ in the space Y^α, we have v^{vn}_y (s, y) > 0, y ∈ S, if n is large so that v^{vn}_y (s^{v∗} + δ_1, y) has no zero in [y_∗ − γ_1, y_∗ + γ_1]. By lemma 14, v^{vn}_y (s^{v∗} − δ_1, y) has exactly k zeros in (y_∗ − γ_1, y_∗ + γ_1) if n is large enough. Therefore z(v^{vn}_y (s^{v∗} − δ_1, y)) > z(v^{vn}_y (s^{v∗} + δ_1, y)), so that s^{vn} � s^{v∗} + δ_1. This proves (43), since δ_1 > 0 can be made arbitrarily small.

Let us now consider the case that one extremum location ξ^{v∗}_j (s) of v^{v∗} (s, ·) converges to infinity as s ↗ s^{v∗} for one j = 1, . . . , m. Then for any N > 0 there exists a δ_2 > 0 such that

ξ^{v∗}_j (s) > N, s � s^{v∗} − δ_2. (44)

Indeed, since s^{v∗} < T (v^∗) the zero set of v^{v∗}_y (s, ·) for s � s^{v∗} near s^{v∗} contains at most m points which implies that the extremum location ξ_j(s) cannot accumulate at some point y_∗ ∈ R (and therefore the limes inferior and superior coincide). On account of lemma 14 we conclude that

ξ^{vn}_j (s) > N, s > s^{v∗} − δ_2 (45)

if n >> 0 is large enough. Now choose a sequence {s_N }_{N∈N} with s_N ↗ s^{v∗} , such that (44) holds for s = s_N . For each N we then choose n = n(N) large enough such that ξ^{vn}_j (s_N ) > N. Note that n(N) → ∞ as n → ∞. This implies that ξ^{vn}_j (s_N ) → ∞, as N → ∞,

which shows that lim sup s^{vn} � s^{v∗} and everything is proved. □

Let us now prove continuity of Γ in the case s^{v∗} < T (v^∗).

Lemma 16 Suppose that s^{v∗} < T (v^∗) and that v_n → v^∗ in S^{m−1}_{ζ,+} as n → ∞. Then Γ(v_n) → Γ(v^∗).

Proof By the previous lemma we can assume that s^{vn} < T (v_n) for all n and that s^{vn} → s^{v∗} as n → ∞. We now show that the j-th component Γ_j(v^∗) is continuous. We first claim that for every y ∈ R and ε > 0 there is a M = M(y, ε) > 0, such that

|v^{vn} (s^{vn} , y) − v^{vn} (s^{vn} , x)| � M|y − x|, x ∈ B_ε(y), (46)

if n > 0 is large enough. In order to prove this claim, let us note that v^{vn} (s, ·) ∈ Y^α depends continuously on s ≈ s^{v∗} , s < T (v_n) and the initial condition v_n ∈ S^{m−1}_{ζ,+} . This proves v^{vn} (s, ·) ∈ C^1_{loc} and

|v^{vn} (s, y) − v^{vn} (s, x)| � max_{z,s̃} |v^{vn}_y (s̃, z)| · |y − x|, (47)

where the maximum is taken with respect to s̃ ∈ B_ε(s^{v∗} ), z ∈ B_ε(y). In particular, the maximum is well-defined and (46) is proved. Now consider the j-th zeros ξ^{v∗}_j (s), ξ^{vn}_j (s) of v^{v∗}_y (s, ·) and v^{vn}_y (s, ·), respectively. Assume first that k zeros of v^{v∗}_y (s, ·), say

ξ^{v∗}_i (s), . . . , ξ^{v∗}_{i+k−1}(s)

accumulate at (s, y) = (s^{v∗} , y_∗). Then we have

Γ_j(v^∗) = c, j = i + 1, . . . , i + k − 1 for some appropriate c ∈ R which coincides with the value of the extrema of v^{v∗} (s, ·) that coalesce at y^∗ for s ↗ s^{v∗} . For any γ > 0 there exists a δ > 0 with |v^{v∗}_y (s, y_∗ ± γ)| > 0, s ∈ [s^{v∗} − δ, s^{v∗} + δ] and ξ^{v∗}_i (s), . . . , ξ^{v∗}_{i+k−1}(s) ∈ (y_∗ − γ, y_∗ + γ)

for s ∈ [s^{v∗} − δ, s^{v∗} ). By lemma 14 we conclude

ξ^{vn}_i (s), . . . , ξ^{vn}_{i+k−1}(s) ∈ (y_∗ − γ, y_∗ + γ)

for s ∈ [s^{v∗} − δ, s^{vn} ) if n > 0 is large enough. Using (46), we can therefore conclude for j = i + 1, . . . , i + k − 1 that

|Γ_j(v_n) − c| � max

z∈(y_∗−γ,y_∗+γ)

|v^{vn} (s^{vn} , z) − c|

� max_z |v^{vn}_y (s^{vn} , z)| · |z − ξ_{j−1}|

� 2M · γ

if n > 0 is large. Since M only depends on y, ε and γ > 0 can be chosen arbitrarily small we have shown that Γ_j(v_n) → c for j = i + 1, . . . , i + k − 1. Let us now consider the case that Γ_j (v^∗) = c for one j = 1, . . . , m, but ξ^{v∗}_{j−1}(s) → ∞ as s ↗ s^{v∗} . From this we conclude that c = 0, see lemma 13. Then ξ^{vn}_j (s) → ∞ for s ↗ s^{vn} , n → ∞, on account of s^{vn} → s^{v∗} and lemma 14. Since v^{vn} (s, ·) ∈ Y^α depends continuously on the initial data v_n and s ≈ s^{v∗} we conclude that v^{vn} (s, ·) is small on the interval [κ, ∞) for some κ >> 0; uniformly with respect to v_n ≈ v^∗ and s ≈ s^{v∗} . Choose ε > 0; then for s close to s^{v∗} and n large enough we have

|Γ_j(v_n)| � max_{(ξj (s),∞)} |v^{vn} (s, ·)| � ε

which again proves Γ_j(v_n) → c = 0 as n → ∞. □

6.2 Dropping time equal to the blow up time

We now consider the case s^{v∗} = T (v^∗) and start by proving the following lemma.

Lemma 17 Let v^∗ ∈ S^{m−1}_{ζ,+} and suppose that s^{v∗} = T (v^∗). Let {v_n} be a sequence in S^{m−1}_{ζ,+} satisfying v_n → v^∗ as n → ∞. Then s^{vn} → s^{v∗} = T (v^∗) for n → ∞.

Proof For δ > 0 small enough, the set of zeros of v^{vn}_y (T (v^∗)−δ, ·) consists of m points for large n by lemma 14, which shows s^{vn} � T (v^∗) − δ. We conclude that

lim inf n→∞ s^{vn} � T (v^∗).

Since s^{vn} � T (v_n) for all n and T (v_n) → T (v^∗) as n → ∞ we obtain lim sup_{n→∞} s^{vn} � T (v^∗), which proves the claim. □

The next two lemmas have been proved in [28] and we state them in terms of equation (21).

Lemma 18 Let v be a solution of (21) with blow up time T . If v(s, a) → ∞ (resp. −∞) as s → T , then for any M > 0 there exists a δ > 0 such that

v(s, y) � M( resp. v(s, y) � −M), in [a − δ, a + δ] × [T − δ, T ).

In particular v(y, T ) → ∞ (resp. −∞) as y → a.

The next result concerns the continuity of the blow up profile with respect to the initial data.

Lemma 19 Let v_n and v be solutions of (21), with initial data v_{0,n} and v_0 and blow up times T_n and T , respectively. Denote by B the blow up set of v. Suppose that v_{0,n} → v_0 in H^1_ρ as n → ∞. Then

a) v_n(T_n, ·) → v(T, ·) locally uniformly in R \ B as n → ∞.

b) Let {s_n} be a sequence satisfying s_n < T_n for all n and s_n → T as n → ∞. Then v_n(s_n, ·) → v(T, ·) locally uniformly in R \ B as n → ∞.

c) If a is a blow up point of v to +∞ (resp. −∞), then there is a sequence {y_n} such that y_n → a and v_n(T_n, y_n) → ∞ (resp. −∞) as n → ∞.

d) Suppose a is a blow up point of v to +∞ (resp. −∞). If s_n < T_n for all n and s_n → T as n → ∞, then for all small ε > 0,

max {v_n(s_n, y) : y ∈ [a − ε, a + ε]} → +∞ (resp. min {v_n(s_n, y) : y ∈ [a − ε, a + ε]} → +∞).

Remark This lemma is proved analogously to the case of bounded domains; see [23]. Let us note that the statements of the lemma are actually still true if we replace the convergence in H^1_ρ in the assumption by a convergence in L^∞ ∩ H^1, see proposition 2 in [24].

Finally, we can prove continuity of Γ(v^∗) in the case s^{v∗} = T (v^∗).

Lemma 20 Suppose that s^{v∗} = T (v^∗). If v_n → v^∗ as n → ∞, then Γ(v_n) → Γ(v^∗) as n → ∞.

Proof We consider four different cases. Case I)

We first consider the case that no limes superior or inferior of the extremum locations ξ^{v∗}_j (s) tends to ±∞ as s ↗ s^{v∗} = T (v^∗). Moreover, we suppose that ξ_j < ξ̄_{j−1} for some j. Let [d, e] ⊂ R be a maximal interval such that

v^{v∗} (T (v^∗), y) = c in [d, e] for some constant c ∈ R and [ξ^{v∗}_j , ξ̄^{v∗}_{j−1}] ⊆ [d, e]. Indeed, such an interval exists and is well defined on account of lemma 5. Since [d, e] is bounded, for every small ε > 0 there exists K_1 > 0 such that

v^{v∗} (T (v^∗), d − ε) < c − K_1, or v^{v∗} (T (v^∗), d − ε) > c + K_1 and v^{v∗} (T (v^∗), e + ε) < c − K_1 or v^{v∗} (T (v^∗), e + ε) > c + K_1 Let B denote the blow up set of the solution v associated to the initial value v^∗. Then B ∩ [d, e] = ∅ by lemma 18 and we conclude that B ∩ [d − ε, e + ε] = ∅ for sufficiently small ε. It follows from lemma 19 (a) that

v^{vn} (T (v_n), d − ε) < c −

K_1 2 or v^{vn} (T (v_n), d − ε) > c +

K_1 2 and v^{vn} (T (v_n), e + ε) < c −

K_1 2 or v^{vn} (T (v_n), e + ε) > c +

K_1 2 if n is large enough. Since on account of lemma 19 the values of v^{vn} (s, ·) are arbitrarily close to c on [d, e] if n > 0 is large enough, it follows by the mean value theorem that for every fixed s < T , which is close to T , there exists an n_0 > 0 and at least one point y^s_n ∈ [d − ε, d] and one point z^s_n ∈ [e, e + ε], such that |v^{vn}_y (s, y^s_n)| ≠ 0, |v^{vn}_y (s, z^s_n)| ≠ 0 for every n > n_0. Note that we have used that for fixed s < T (v^∗) we have s < T (v_n) if n is large enough. Hence by lemma 14 we conclude ξ^{vn}_{j−1}(s), ξ^{vn}_j (s) ∈ (d − ε, e + ε) in [T (v^∗) − δ, s^{vn} ) when n is large. Finally this shows ξ^{vn}_{j−1}, ξ^{vn}_j ∈ (c − ε, d + ε) in the case s^{vn} < T (v_n) and [ξ^{vn}_j , ξ̄^{vn}_{j−1}] ⊂ (c − ε, d + ε)

if s^{vn} = T (v_n). Now it follows from lemma 19 that Γ_j(v_n) → Γ_j(v^∗) as n → ∞.

Case II) If in the same case ξ̄^{v∗}_{j−1} > ξ^{v∗}_j at least one of the locations ξ^{v∗}_i (s), i = j − 1, j, tends to ±∞ for s ↗ T (v^∗) we can proceed exactly the same way. Note that if ξ^{v∗}_{j−1}(s) → ∞ as s → T (v^∗) we actually conclude that Γ_j(v^∗) = 0, no matter whether ξ_j(s) stays bounded as s → T (v^∗) or not. Indeed, the blow up profile v(T (v^∗), ·) is constant on [ξ^{v∗}_j , ξ̄^{v∗}_{j−1}] by lemma 5 and lemma 13 actually implies that the constant is zero.

Case III) If ξ^{v∗}_j = ξ̄^{v∗}_{j−1} =: ξ two things can happen: Either ξ belongs to the blow up set B of v^{v∗} (s, ·) or not. If ξ does belong to B an application of lemma 19, d) implies that Γ_j (v_n) → Γ_j(v^∗), as n → ∞.

If on the other hand ξ /∈ B, the same argumentation as in case I) applies and proves continuity of Γ_j .

Case IV) The case ξ̄^{v∗}_{j−1} < ξ^{v∗}_j is now straightforward and we omit it. □

References

[1] S. Angenent The zero set of a solution of a parabolic equation, J. Reine Angew. Math. 390, pp. 79 − 96, 1988

[2] J. Bebernes, D. Eberly A description of self similar blowup for dimensions n � 3, Ann. Inst. H. Poincaré Analyse Nonlinéaire 5, pp. 1 − 22, 1988

[3] M. Berger, R. Kohn A rescaling algorithm for the numerical calculation of blowing up solutions, Comm. Pure Appl. Math. 41, pp. 841 − 863, 1988

[4] X.Y. Chen, H. Matano Convergence, asymptotic periodicity, and finitepoint blow up in one-dimensional semilinear heat equations, Journ. Diff. Eq. 78, pp. 160 − 190, 1989

[5] C. Chicone Ordinary Differential Equations with Applications, Springer Verlag, 1999

[6] B. Fiedler, H. Matano Global dynamics of blow-up profiles in onedimensional reaction diffusion equations, J. Dyn. Diff. Eqs., in press, 2007.

[7] B. Fiedler, H. Matano Continuity of blow-up profiles in one-dimensional nonlinear heat equations, in preparation

[8] M. Fila, H. Matano, P. Polacik Existence of L^1-connections between Equilibria of a Semilinear Parabolic Equation, J. of Dyn. and Diff. Eq. 14, No.3, pp. 463 − 491, 2002

[9] A. Friedmann Blow up of solutions of nonlinear parabolic equations, Nonlinear Diffusion Equations and their Equilibrium States, Vol. 1, W. H. Ni et al. eds, Springer Verlag, New York, pp. 301 − 318, 1988

[10] Y. Giga, R. Kohn, Asymptotically self similar blowup of semilinear heat equations, Communications on Pure and Applied Mathematics 38, pp. 297 − 319, 1985

[11] Y. Giga, R. Kohn, Characterising blowup using similarity variables, Indiana Univ. Math. J. 36, pp. 1 − 40, 1987

[12] J. Hale, Asymptotic behaviour of dissipative systems, Mathematical Surveys and monographs 25, American Mathematical Society, 1988

[13] P. Hartmann, Ordinary Differential Equations, Birkhuser, 1982

[14] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes 840, Springer Verlag, 1981

[15] M.A. Herrero, J.J.L. Velázquez Blow up behaviour of one-dimensional semilinear parabolic equations, Ann. Inst. H. Poincaré (C), Analyse non lin., 10 no. 2, 1993

[16] M.A. Herrero, J.J.L. Velázquez Flat blow up in one-dimensional semilinear heat equations, Diff. Int. Eq. 5, 1992, pp. 973 − 997

[17] M.A. Herrero, J.J.L. Velázquez Generic Behaviour of One-Dimensional Blow up Patterns, Ann. d. sc. norm. sup. di Pisa cl. di sc. Sér. 4, 19 no. 3, pp. 381 − 450, 1992

[18] C. Kammerer, F. Merle, H. Zaag Stability of the blow-up profile of nonlinear heat equations from the dynamical systems point of view, Math. Ann. 317, pp. 347 − 387, 2000

[19] O. Kavian, Remarks on the large time behaviour of a nonlinear diffusion equation, Annal. Inst. Henri Poincaré - Analyse non lin. 4, pp. 423 − 452, 1987

[20] O. Kavian, M. Escobedo Variational problems related to self-similar solutions of the heat equation, Non-linear Analysis 11, pp. 1103 − 1133, 1987

[21] R. Kohn, S. Filippas Refined Asymptotics for the Blowup of u_t −△u = u^p, Communications on Pure and Applied Mathematics XLV, pp. 821 − 869, 1992

[22] R. Kohn, Y. Giga Nondegeneracy of blowup for semilinear heat equations, Communications on Pure Applied Mathematics XLV, pp. 845−884, 1989

[23] F. Merle, Solutions of a nonlinear heat equation with arbitrarily given blow-up points, Communications on Pure and Applied Mathematics XLV, pp. 263 − 300, 1992

[24] F. Merle, H. Zaag A Liouville Theorem for Vector-valued Nonlinear Heat Equations and Applications, Math. Annalen 316, pp. 103 − 137, 2000

[25] F. Merle, H. Matano On Nonexistence of Type II Blowup for a Supercritical Nonlinear Heat Equation, Comm. on Pure and Applied Math. LVII, pp. 1494 − 1541, 2004

[26] B. Sandstede, A. Scheel, D. Peterhof Exponential dichotomies for solitarywave solutions of semilinear elliptic equations on infinite cylinders, J. Diff. Eq. 140, pp. 266-308, 1997

[27] N. Mizoguchi, E. Yanagida Critical exponents for the blow-up of solutions with sign changes in a semilinear parabolic equation, Math. Ann. 301, pp. 663 − 657, 1997

[28] N. Mizoguchi, E. Yanagida Critical exponents for the blow-up of solutions with sign changes in a semilinear parabolic equation, II, Journ. of Diff. Eq. 145, pp. 295 − 331, 1998

[29] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Applied Mathematical Sciences 44, Springer Verlag, 1983

[30] M. Shub, Global Stability of Dynamical Systems, Springer Verlag, 1983

[31] A. Vanderbauwhede, G. Iooss Center Manifold Theory in Infinite Dimensions, Dynamics Reported I, 1991

[32] A. Vanderbauwhede Center manifolds, normal forms and elementary bifurcations, Dynamics Reported 2, 1989