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Abstract. Based on an analytic semigroup setting, we first consider
semilinear reaction—diffusion equations with spatially quasiperiodic co-
efficients in the nonlinearity, rapidly varying on spatial scale €. Under
periodic boundary conditions, we derive quantitative homogenization
estimates of order €” on strong Sobolev spaces H? in the triangle

0 <y <min(c —n/2,2—0).

Here n denotes spatial dimension. The estimates measure the distance
to a solution of the homogenized equation with the same initial con-
dition, on bounded time intervals. The same estimates hold for C*
convergence of local stable and unstable manifolds of hyperbolic equi-
libria. As a second example, we apply our abstract semigroup result
to homogenization of the Navier—Stokes equations with spatially rapidly
varying quasiperiodic forces in space dimensions 2 and 3. In both exam-
ples, a Diophantine condition on the spatial frequencies is crucial to our
homogenization results. Our Diophantine condition is satisfied for sets
of frequency vectors of full Lebesgue measure. In the companion pa-
per [7], based on L? methods, these results are extended to quantitative
homogenization of global attractors in near-gradient reaction—diffusion
systems.

1. INTRODUCTION

This paper investigates the behavior of solutions u® and of local invariant
manifolds, for example for scalar reaction diffusion equations

uj = Au® + ff(x,wx/e,u®), u(t=0)=mug (1.1)
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in the limit € \, 0. The Navier—Stokes system in spatial dimensions n = 2, 3,
as treated in Section 5, will provide a more advanced example. For simplicity,
we consider (1.1) under periodic boundary conditions

z€T"=R"/2xZ" (1.2)

in dimensions n = 1,2,3. Our main interest is the rapid spatial oscillations
in the variable y = wax/e. We assume these rapid oscillations to be quasiperi-
odic; more specifically

fil00) xT" x TV xR =R, (e,2,y,u) = f(z,y,u) (1.3)

for any fixed ¢ > 0, and w is an N X n frequency matrix with rationally
independent entries. Note however that we represent x € T™ by compo-
nents in [0,27), when evaluating y. As a side effect, this produces spatial
discontinuities in (1.1).

An obvious candidate for a homogenized version of equation (1.1) is the
formally spatially averaged equation

uf = Au® + fO(x,u?), where (1.4)

Pl = @0 [y dy, (15)

Naively we might expect the local solutions of (1.1) to converge in a suitable
weak, or even strong sense:

ut (t) — u’(t), 0<t<T(uo) (1.6)

with u” solving the homogenized equation (1.4), (1.5) under the same initial
values and boundary conditions. Not surprisingly this expectation proves
to be correct. See [3], [24] for a background on homogenization results,
in particular for the periodic case w = id. Quantitative homogenization,
however, aims at determining a specific rate of convergence. Theorem 1.1
below asserts that

luf () = w*(t) | e < O, (1.7)

where n/2 < o < 2 specifies spatial regularity in terms of the fractional
Sobolev spaces H?, and ~ is suitably chosen below.

Being interested in quantitative strong convergence not only of individual
trajectories but also of global attractors, in the dissipative case, we are also
providing fractional order homogenization estimates of type (1.7) for (local)
stable and unstable manifolds. In fact the global attractor of the infinite-
dimensional gradient dynamical system (1.1), consists entirely of equilibria,



QUANTITATIVE HOMOGENIZATION OF ANALYTIC SEMIGROUPS 1379

which we may assume to be hyperbolic, and of intersections of their sta-
ble and unstable manifolds. See [4], [8], [12], [18], and [21] for a general
background on global attractors for dissipative systems.

We now proceed to prepare and precisely state our results on fractional
homogenization for the scalar reaction diffusion case; see Theorems 1.1 and
1.2 below. We assume f to be polynomial in u with for simplicity of presen-
tation smooth coefficients

d
fs(m,y,u) = Z afn(xay)um
m=0

am 2 [0,60) x T" x TN — R smoothly, (1.8)
(&2, y) — ay,(2,y).

For precise smoothness requirements on the coefficients a,, see Section 4, in
particular (4.10), (4.12)—(4.14). Note that f€ and (1.1), (1.4) are dissipative,
if d is odd and aj; < 0; in particular, regular solutions then exist for all
positive times.

As the homogenized nonlinearity fO(z,u) at e = 0 we define

d
Pl = 3 a @, ) =0 [ d@nd (19)

N
m=0 T

as introduced in (1.5). For our results on local stable and unstable manifolds
we also assume that (1.1) possesses a trivial equilibrium u = 0, for all €, and
the linearization A of the homogenized equation (1.4) at u = 0 is hyperbolic:

as(z,y) =0, and 0 ¢ (spec A), where Au= Au+af(z)u. (1.10)

In addition, we require a Diophantine condition for the columns w,, ¢ =

1,...,n, of the frequency matrix w = (w1, ...,wy,) of the rapid spatial oscil-
lations:
min | kTw, | > kTN (1.11)
o=1,...n

for some ¢, > 0 and all k € Z" \ {0}. Such Diophantine conditions are
ubiquitous in modern dynamical systems, and in particular in the small de-
nominator problems of KAM-theory in celestial mechanics and Hamiltonian
systems; see for example [14] and [1] and the references there. We recall
that Diophantine conditions (1.11) hold for a set of frequencies w, of full
Lebesgue measure in RV"; see for example [5].
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As a final ingredient, we recall how fractional Sobolev spaces H?(1T") C
L?(T™) measure spatial regularity. Let o > 0 and let

u(z) = Z ujeiij (1.12)
JEL™
denote the Fourier series of u € L?(T™). Then H?(T™) consists of those
u € L? for which the H’ norm

lullge ==Y (1457 | u; P (1.13)
Jer
is finite. Here we abbreviate j2 = jTj. Note that H° coincides with the
classical Sobolev spaces, for ¢ € N. Also note that H? — C° for o > n/2,
by Sobolev embedding.

Theorem 1.1. Let assumptions (1.8) on the nonlinearity f hold and fix
a frequency matriz w satisfying the Diophantine condition (1.11). Choose
an initial condition ug € H?(T"), where § < o < 2 and in particular the
dimension n is restricted to values n = 1,2,3. Choose o, in the triangle

0<’y<min(a—g,2—a). (1.14)

Denote by uf(t) and u®(t) the solutions of (1.1) and of the homogenized
equation (1.4), respectively, with the same initial condition ug(zx) at time
t = 0. Let u®(t) exist for 0 <t < T. Then there exists eg > 0 and a constant
C, all depending on the data, on ug, and on N,c,v,0, and v, such that the
following fractional estimate holds, uniformly for 0 < e <eg and 0 <t <T':

| 6 (t) = uwO(t) [| oy < CE7. (1.15)

We remark that by (1.14) the optimal fractional rate v of convergence
towards the homogenized solutions allowed by our theorem is achieved for
the choice

o=1+n/4 (1.16)
In fact the limiting fractional rate of convergence v* = v*(n) allowed by our
result is then given by
0<7<~n) ::1—%. (1.17)
We repeat that for any fixed Diophantine constant ¥ > 0 and some ¢ =
¢(w) > 0, the Diophantine condition (1.11) is satisfied for almost every choice
of columns w, € RY of the frequency matrix w, in the Lebesgue sense. In
other words, each column w, € RY can be chosen from a set of full Lebesgue
measure in RV,
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Going beyond mere initial value problems, we consider (local) stable and
unstable manifolds next. Summarizing loosely, we strongly recommend [9]
and [22] for a technical background. The unstable manifold W* of a hyper-
bolic equilibrium, say v = 0, of (1.1) consists of those ug € H?(T™) which
possess an associated solution u®(t), defined for all negative times, such that

tlil_n u®(t) = 0. (1.18)

These ug form W, a finite-dimensional C'! manifold immersed in H? (T™).
The local unstable manifold, an embedded submanifold of a §-neighborhood
of u = 0, consists of those ug for which the solution u®(¢) stays near u = 0 for
all negative times. By hyperbolicity of u = 0 we have in particular uy € W*".
Similarly, the local stable manifold W2 is given by wg in a d-neighborhood
of u = 0, for which the forward solution u°(t),t > 0 stays near v = 0. In
particular, the forward solution is global and
: g

tl}inoou (t) =0, (1.19)
by hyperbolicity of u = 0. The dimension of W/ is infinite, with codimension
given by dim W}.

Section 2 below can also be read as a rather complete technical exposition
proving existence and fractional-order convergence of local stable/unstable
manifolds for € Y\ 0.

For gradient systems, like (1.1), the unstable manifold is globally embed-
ded. Consider the dissipative case, where the polynomial nonlinearity f¢ has
odd degree d in u and the highest-order coefficients aj(x,y) are uniformly
negative. Moreover, assume all equilibria to be hyperbolic. Then the global
attractor A. of (1.1) consists of the (finite) union of all unstable manifolds.
The global attractor is defined here as the maximal compact invariant set
or, equivalently, as the smallest set attracting all bounded sets. Upper semi-
continuity of the global attractor is known for regular perturbation families
A.. Lower semicontinuity holds, provided the stable and unstable manifolds
intersect transversely. See [4], [8], and [18]. Fractional estimates for A.,
in the context of quantitative homogenization, are our main motivation for
investigating the convergence behavior of stable and unstable manifolds in
Theorem 1.2 below. For further results in this direction see also the com-
panion paper [7].

Theorem 1.2. Let f satisfy (1.8) and hyperbolicity assumption (1.10) at the
trivial e-independent equilibrium v = 0. Again fix Diophantine frequencies
w satisfying (1.11) and choose o, in the triangle (1.14).
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Then there exists an e-independent § neighborhood of u = 0 in the Sobolev
space H(T™) and local stable and unstable C* manifolds W2, W* of equation
(1.1) in this neighborhood, which for € \, 0 converge with fractional order
€7 to the corresponding local stable and unstable manifolds Wi, W' of the
formally homogenized equation (1.4). Convergence of these manifolds in fact
occurs in the topology of C' manifolds, that is, in the topology of uniform
convergence of both the manifolds and their tangent spaces.

More precisely, these manifolds are given as graphs of functions w:, w¥
over the tangent spaces of W, W3' at u =0, locally. The differences wi —wy
and w¥—wy, measured in the topology of H? (T™), converge to zero uniformly
with fractal order €7, together with their first derivatives. See Theorem 2.1
and Corollaries 2.2,2.3, and 2.5 below.

We remark that fractional-order convergence of unstable manifolds, as
established in Theorem 1.2, was a crucial ingredient to an abstract result
on fractional-order convergence of global attractors of gradient systems in
pioneering work by Hale and Raugel, [10]. See also the recent survey [18].
Going beyond our fractional homogenization estimate (1.15) of Theorem 1.1,
which holds for bounded times only, an estimate

[lus(t) — Uo(t)HHo'(Tn) < Cele? (1.20)

was required to hold, uniformly for large ¢ > 0. In our companion paper [7] we
in fact derive such an estimate for near-gradient reaction—diffusion systems
and establish fractional-order homogenization results for global attractors in
L?(),dim Q2 = 3, under Dirichlet boundary conditions.

The remaining sections are organized as follows. In Section 2 we rephrase
our motivating example (1.1), (1.4) in the language of analytic semigroups

u = Au+ F*(u) (1.21)

with not necessarily self-adjoint infinitesimal generator A on a Banach space
X. The crucial convergence assumption is phrased in terms of norms || - ||«
and || - ||_p in spaces X® and X 7 as

1F=(u) = FO(u)ll- < A(l|ulla) - €7 (1.22)

see (2.14), (2.42) and (2.49). The fractional-power spaces X® are domains
of definition of fractional powers (—Ag)®, where Ag = A — \g - id is a shifted
infinitesimal generator. Passing to negative exponents —3 provides a regu-
larization of the rapid spatial oscillation, which lends itself to quantitative
homogenization. Under the abstract assumption (1.22), we prove the stable
and unstable manifold theorems which our proof of Theorem 1.2 is based on;
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see Theorem 2.1 and Corollaries 2.2, 2.3, and 2.5. In Corollary 2.4 we indi-
cate the simplifications and modifications for preparing a proof of Theorem
1.1.

Section 3 is devoted to a careful analysis of the convergence properties for
e \\ 0 of functions b°(x) := B(x,wx/¢). For suitable B(z,y), periodic in z,y
with zero y average, sufficiently smooth in y and of regularity X in x, with
X := L2(T™), we prove an estimate

16115 < C=> (1.23)

in Proposition 3.1. This proposition forms a bridge between the abstract
semigroup results of Section 2 and our specific example (1.1), (1.4).

In Section 4, we cross this bridge and return to our original example. Using
estimates like (1.23), we prove estimates like (1.22), for v := 23. Translating
H?(T") = X°/2 a := 0/2, the technical constraints for o and £ yield the
crucial €7 convergence in the H?(7"™) norm of Theorems 1.1 and 1.2, under
the triangle condition

0 <~y <min(c —n/2, 2—o0) (1.24)

as stated in (1.14) above.

In Section 5, finally, we return to the case of the Navier—Stokes system
with spatially rapidly oscillating quasiperiodic external forces. In Theorem
5.1 and Corollary 5.3 we present quantitative homogenization results based
on the abstract semigroup results of Theorem 2.1 and Corollary 2.4.

Acknowledgment. This work was supported by several visits of the second
author to Berlin under an Alexander von Humboldt award, from which the
first author benefitted enormously. We are grateful to Jorg Schmeling for
helpful discussions on Diophantine approximation. For careful and efficient
typesetting of numerous versions, both authors are indebted to Regina Lohr.
This work was also supported by the Deutsche Forschungsgemeinschaft and
by the Russian Foundation for Fundamental Sciences.

2. INVARIANT MANIFOLDS

In this section we prove an abstract invariant-manifold theorem which
is adapted to the specific homogenization problem (1.1), (1.4) above. We
work in an analytic semigroup setting, largely following [9]. In particular,
we use Perron’s method to construct the local stable manifold W of a fixed,
uniformly hyperbolic equilibrium v = 0. The results for local unstable man-
ifolds W} are completely analogous and will be stated briefly along with
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the considerably simpler issue of convergence of solutions of initial value
problems.

The analytic semigroup setting for our specific homogenization problem
(1.1), (1.4) will be

u = Au+ F*(u) (2.1)
with assumptions on the nonlinearity F*(u) detailed below. The generator
A of the analytic semigroup exp(At), t > 0, on a Banach space X is assumed
to be sectorial and independent of €.

Fractional powers of A and their domains of definition will be an es-
sential tool of our quantitative result. See [9], [19], or [17] for a technical
background. We briefly digress to remind the reader of the basic defini-
tions. Since A is sectorial, we may fix \g > 1 + Re(specA). Decomposing
A = Ap+ Ao - id, we have Re(spec(—Ap)) > 1. Integrating along a suitably
oriented complex sector I' of opening angle less than +7/2 centered around
the negative real axis, we may thus define the fractional powers

(= Ag)™ = QLM /F(—)\)a()\ — Ag) "t d (2.2)

for a < 0. Convergence holds by the resolvent estimate for Ag. We take
principal values for the root (—A)®. In particular,

(—Ag) ™1 (—Ag) 2 = (—Ag) (1) (2.3)
for aq, s > 0. Extensions to positive . can be defined via
« —a\—1
(—Ap)* = ((—40)™%) . (2.4)
All these fractional powers (—A)“® are closable with maximal domains of
definition
X*:=D((-A0)™%), ack (2.5)
With the norm
[ella:= [[(=A0) ullx (2.6)

the completion spaces X* become Banach spaces, isometrically isomorphic
to X = X0 with isomorphism (—Ag)®. Also note the embeddings

xecx« (2.7)

for & > o/. The special case a = 1 reproduces A = A!, X! = D(A), and
a = —1 indeed provides the inverse of A. More generally, (2.3) extends to
real a1, ap on X1z,

The use of Banach spaces X ~# with norms || - || _s, for suitable 0 < 3 < 1,
will be crucial for our quantitative analysis of homogenization. In specific
function spaces like X = L?(T") these spaces can be described in terms of
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distributions or in terms of weighted I2-spaces of Fourier coefficients. In our
abstract, more general situation, the above abstract definition by completion
spaces is just as viable. For example, (—Ag)? extends canonically to a closed,
densely defined operator on the completion space X ~# with domain X dense
in X7, all with respect to the topology of || - ||_s of course. Similarly the
analytic semigroup exp(Aot), generated by Ag on X, extends to X 5.
Although we do not require Ag to be self-adjoint or normal, in our specific
example (1.1) we will choose Ay = A —id to be the shifted Laplacian with
periodic boundary conditions on X = L?(T"). In terms of Fourier coefficients

u(z) = Z uj exp(ij’ x) (2.8)
JEL™
the norms || - || associated to X = L?(T™) then take the explicit form

_ 1/2
lulla = (32 (1 2%, ) (2.9)
jewr
where we abbreviate j7j = j2. For example X' = H?(T"), X/? = HY{(T™),
and H?(T") = X°/? for o € R. More generally, for X = LP(Q2) and a > 0 we
note the Sobolev embeddings X < W*4(Q) for k —n/q < 2a—n/p, ¢ > p
and the Holder embeddings X «— C*?(Q) for k + 19 < 2a — n/p, when
) C R" is a smooth domain.
In the abstract setting (2.1) we require regularity and continuous depen-
dence for the nonlinearities
Fo. XY — X7 (2.10)
and for suitable choices
a,B>0, a+pB<l. (2.11)

In specific examples, it is precisely the weaker norm of X # which will
provide us with the Holder estimates of F with respect to e, as required
below. Indeed the isometric isomorphism (—Ag)~™? : X7 — X allows us to
formulate all assumptions on F' in terms of

(—Ag)PFe: X — X. (2.12)
The regularizing properties of (—Ag)~? will then homogenize rapid spatial
oscillations of nonlinearities of the type

(F*(uw)(z) :== f(e,z,x/e,u(x)), fore>0
(FO(uw)(@) := (f(0,2,,u(2))), fore=0

in our specific examples.

(2.13)
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Abstractly, our assumptions on the nonlinearities F° are the following,
uniformly for 0 < e < ¢q :

F<(0) = 0;
1FE(u1) — Fo(u2)ll—p < 1~ lur — ualla ; (2.14)
12 (u) = FO(u)ll-p < A(J[ulla) - €

uniformly for all w,u;,us € X, 0 < & < gg, suitable positive constants
1,7, and a nondecreasing function A > 0. The uniform global Lipschitz
constant n will be required to be small — an assumption to be achieved
by suitable local cut-off. This cut-off is the standard approach to proving
local invariant manifold theorems; see for example [22]. Although we do not
require differentiability of FY, strictly speaking, the Lipschitz assumption
will in practice be achieved by subsuming the linearization of F* at u = 0
into the fixed generator A. See also Corollary 2.5 below for differentiability
issues. The Holder rate of convergence v will be related to the regularization

3 by
v=26<2(1—-a) (2.15)

in the specific quasiperiodic example of Section 1.

Uniform hyperbolicity of the equilibrium w = 0 can be expressed in terms
of the e-independent generator A on our Hilbert space X, for small enough
Lipschitz constants n of the nonlinearity. Assuming the spectrum of A to
have nonzero real part, we have spectral projections Py onto subspaces X4+
of X associated with the positive/negative part of spec(A). We decompose

idyo =Pp +P-, X¥=XYoXY, u=(up,u_) (2.16)

accordingly, for all real o’. Indeed all spaces X o are densely embedded into
each other, so that the projections Py are well-defined on each of them. Also
note that the norms of these projections are independent of o/ € R, since
Py commute with A and all (—A4g)®".

We are now ready to state and prove the invariant manifold result of this
section.

Theorem 2.1. Let assumptions (2.10), (2.11), (2.14) and hyperbolicity as-
sumption (2.16) hold. For small-enough perturbations 0 < & < €9 and small
enough Lipschitz constants 0 < n < ng, the semilinear semigroup (2.1) then
possesses a unique stable manifold W2 of the trivial hyperbolic equilibrium
u = 0.
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In terms of the spectral projections Py of the linearization A, the manifold
WZ is given globally as the graph of a function

wi: X — X§ =X, (2.17)

with small Lipschitz constant ' proportional to n. As usual, W2 = graph
(w?) is the set of all initial conditions u® € X such that there exists a
uniformly bounded global forward solution u(t) € X%, t > 0, through u(0) =
u® which satisfies

Jim[fu(t)lla =0. (2.18)

The manifolds W are uniformly close to W§ of order 0(e7) : there exist
constants C > 0, ' > 0 such that the fractional convergence estimate

lwi(u-) = wi(u) o < Ch(y'[lu-]|a)e” (2.19)

holds, uniformly for 0 < ¢ < g9 and u— € X%. Here 7 is the reqularized
Holder exponent with respect to €, as was specified in assumption (2.14).

Our proof below is only a slight adaptation of standard Perron-type proofs
of invariant (or inertial) manifold theorems for analytic semigroups as de-
tailed, for example, in [9], [2], [22] [6]. Typically, such theorems are formu-
lated for the case 8 = 0, which does not lend itself to our goal of quantitative
spatial homogenization for equations like (1.1), when we choose X = L?(Q).
Before giving a detailed proof, for the convenience of the reader we sketch
the underlying idea, which is just a simple regularization by the fractional
operator (—Ag)~".

Indeed, the original semigroup equation (2.1) transforms into

iy = At + F°(@) (2.20)
under the regularization
= (—=Ag)Pu, F(a) := (=Ag)PF((—Ap) a). (2.21)

0
We consider (2.20) as an equation on the space X. Assumptions (2.14) then
translate into

] _F(0) = 0
17 (i) = F=(2)|x < n-|lax — di2] xa (2:22)
12 (@) = FP(@)|x < h(llalla) - &7,

where 0 < @ = a+ ( < 1, by assumption (2.11) above. Except for the
slightly unusual fractional dependence on €7, this is the standard setting
for an invariant manifold theorem on X, X% The central importance of
this fractional dependence for our quantitative averaging result, however,
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motivates us to give a detailed proof from scratch, rather than backtracking
tou € X.

Proof. We begin with an outline of the proof. Following Perron’s approach
to invariant manifolds, we solve the following fixed point problem:

+oo
wilt)= [ AP (), () dr
t , (2.23)
w(t) = M0 4 / AP FE (), u (7)) dr-
0
Abbreviating u(t) = (uy(t),u_(t)), and writing ® = ®(e,u®,u(-)) for the
right-hand side of (2.23) as a function of time ¢, we have to solve

u(-) = ®(e,u’ , u()) (2.24)

for u(-) = u(;e,u%) € BC([0,00), X%) =: X% by Banach’s fixed-point
theorem. By the variation-of-constants formula (2.23), the graph of

wi(u?) := uy (0;¢,u’) (2.25)

will be an invariant manifold under the analytic semigroup (2.20). Stan-
dard hyperbolicity estimates identify graph(w?) as the stable manifold W2
of the origin. With the fixed point u(-) € X of (2.24) depending Lipschitz
continuously on u? and O(g7) on ¢, the same is true of w? and W2.

The proof is based on hyperbolicity estimates of the linear analytic semi-
group exp(At). Specifically, for any o/ > —3’ there exist positive constants
M, 9 such that

e Py||ar—pr < Me%* for s <0

AP || g < Ms™ (0005 for s > 0. (2.26)

Here | - ||lo—p denotes the operator norm from X to X ~#". We have also
used (—Ag) P Py = Pi(—Ap)™?, so that the norms of Py on X7 are
independent of 3. These estimates follow from standard linear semigroup
estimates on the linearly invariant subspaces X¢ and the fact that exp(As)
commutes with all fractional powers (—Ag)®. Note that A is boundedly
invertible on the unstable eigenspace X ; hence all the spaces Xj"r/ = X
coincide.
For the fixed point map ¢ we now show that

Be,ul, ) XY — x“ (2.27)

is a contraction for all 0 < ¢ < gg, all ¥ € X% and sufficiently small
Lipschitz constant 7. Since exp(A-)u’ € X%, by exponential decay on X<,
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and
®(£,0,0) =0, (2.28)
and since, by assumption (2.14), F¢(0) = 0, the range of the map ® is then
automatically contained in A'*.
We estimate contraction only for the u_ component ®_ of & = (&4, P_),
the X estimate being even more innocent. For any ¢ > 0, and any pair
u'(+) = (v (-),u’(+)) € X* we have

12— (e, ul,u?())(t) — D—(e,ul,u' (-))(t)l|a
= H/ AP (F(uP(r)) — Fi(u!(7))) drlla
0

S/ e P (F*(u*(7)) = F*(u!(7))) [l dT
0 (2.29)
S/O XD P_ |, —gl|F*(w* () = F*(u!(7))l|—p dr

t
= M/ (t—7) D0 dr - sup [[uP (1) — ul (7)]|a
0 7>0

< k- |Ju? = ut| ya.

Here we have used the linear semigroup estimate (2.26) for o/ = o, ' = .
The integrals are finite because 0 < a + 3 < 1, by assumption (2.11). Our
contraction constant s is given explicitly by

k=MD — (a4 3)9etP1y (2.30)

in terms of Euler’s gamma function I'. We repeat that the estimate for
the difference of the ®; components proceeds analogously to (2.29) and is
omitted. Combining both estimates, we see that for small-enough Lipschitz
constants n > 0 we obviously obtain a contraction rate x < 1, and hence a
fixed point u(-) = u(;e,u’) of ®, as has been promised in (2.24) above.
The Lipschitz constant 1’ of wé(u%) = u(0,e,u%) can be estimated from
the fixed point equation (2.24). With the abbreviation @ = u(-;e,a°), we

obtain

@ — ullxe = [|@(e, a2, @) — @(e, ul, u)|xo

< SgEHeXP(At)P*(ﬂ(l —u(l)Ha + I€||’L~L—UHX@. (2'31)
t>

Inserting the linear semigroup estimate (2.26) with @/ = —3 = « then proves
the Lipschitz estimate

lwe (@) = wi(w?)]la < & — ullxe <082 —u |, (2.32)
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with ' := M/(1 — k). In other words, the fixed point of ® depends on
Lipschitz parameters as ® itself does.

Dependence on € can be estimated analogously. Abbreviating the fixed
point u(-;¢,u’) € X by uf, we immediately see

lwg (u?) — wi(u?)la < [[u® —u”|lxa
1 (2.33)
< o ul,u’) - @0, ul, u) v
Indeed, the term (1 — x)~! arises from the contraction estimate, if we use
the fixed-point properties of u®, u® and insert the terms +®(e, u’ , u°) in the
resulting difference.
As in (2.29), we estimate the difference of the X components ®_ to be

1
(e, w) (1) — (0,40, u’) ()]
t
<M / (t — 7)) =D gy sup || F* (u0(7)) — FO(u®(r))]—s
1—& 0 >0
< Ch(|u]|xe)e” < Ch(y - 4 [la) - 7. (2.34)

Here we have used assumption (2.14) to estimate the e-dependence of F€,
and the Lipschitz estimate (2.32) with @ = 0 at 2° = 0, to estimate ||u®|| ya.
Our constant C' is given explicitly as

C = (1_MH)1“(1 — (a4 )+t (2.35)

with contraction x < 1 as in (2.30). This proves the Hélder estimate (2.19).

It remains only to prove that the manifold W7 = graph(w?) is invariant
under the semiflow (2.1) and is characterized by the convergence property
(2.18), ||u(t)||o — O for t — +o00. Convergence of the integrals (2.23) and the
variation-of-constants formula for the Lipschitz function £ imply that the
fixed point t — u®(t) is a strong solution of the differential equation (2.1) in
BCY([0,00), X“) satisfying u® (0) = u®. Conversely, any uniformly bounded
strong solution u(t) of (2.1) in BC*([0, 00), X ) satisfies the integral equation
(2.23) and therefore coincides with a fixed point u®(-) of (2.23) with

u® = P_u(0). (2.36)

In other words, W¢ consists of all initial conditions u(0) = (u,u’) € X«

such that the solution u(t) € X of (2.8) remains bounded for all ¢ > 0. This
characterization of W also proves forward time invariance. Moreover, W/
trivially contains all solutions such that lim ||u(t)|lo = 0 for ¢ — +o0.
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It remains to show, conversely, that
lim ||[u®(¢)|lo =0 (2.37)
for ¢ — +oo and any fixed point u® of (2.23). By forward invariance of
w? = graph(wf) and Lipschitz continuity (2.32) of w we have
[us (8)[la = [lwi(u (£) — wZ(0)|] < 7'[[us (t)]]a, (2.38)
and therefore
[ (®)lla < (1+7)[[u ()] (2.39)

For any 0 < § < 9, we can therefore estimate
s (e fla < Me™ = Jug ||
t
+ M/ (t _ 7—)_(O¢+5)€_(19—5)(t—7)d7_ 77(1 + 77/) sup Hug_('r)e&—”a (2‘40)
0 0<7<t

< Mg llo + & sup_ [[uZ (7)e"7|q
0<7<t

For Lipschitz constants 19 > 0 and decay rates § > 0 small enough such that
k' can be chosen to lie in (k, 1), we immediately obtain the uniform bound

Ml
sup |]ui(7')e5THa < M.

0<T<00 B (241)

In view of (2.38), this shows exponential decay of ||u®(t)||o and completes
the proof of Theorem 2.1. O

Corollary 2.2. Let assumptions (2.10), (2.11), (2.14), and hyperbolicity as-
sumption (2.16) of Theorem 2.1 hold, but strengthen (2.14) by the additional
differentiability requirements F° € C1(X®, X=8) with

[ DuF* ()]0, <1

| Dy Fe (1) — Dy FO(u)] (2.42)

a—p < h([lulla)e”

forallu € X% 0 < e < eg, suitable positive constants n,y, and a nondecreas-
ing function h > 0. For small enough Lipschitz constants 0 < n < ng and
small enough perturbations 0 < € < g, the stable manifold W$ = graph(w?)
constructed in Theorem 2.1 is then continuously differentiable with uniform

bounds
1Dy wi(u-)|laa <7

[1Du_wZ(u-) = Du_wi(u-)la.a < Ch('[lu[la)e”.

As before, 0 is proportional to 1.

(2.43)



1392 BERNOLD FIEDLER AND MARK I. VISHIK

Proof. Differentiating the fixed point form (2.23), (2.24) with respect to
u? , the estimates of the proof of Theorem 2.1 apply. O

Corollary 2.3. Theorem 2.1 and Corollary 2.2 hold, likewise, for the unsta-
ble manifold W = graph(w!), which is characterized to consist of all solu-
tions u(t) of (2.1) which are defined for all t <0 and satisfy lim ||u(t)|o =0
fort — —oo0.

Proof. The Perron fixed-point formulation for the unstable manifold
we (u}) = u(05e,u) (2.44)
analogous to (2.23)—(2.25) is given by

ut(t) = eAtuS]r + / AT PR (uy (1), u_ (1)) dr
. 0 (2.45)
u_(t) = / A PR (uy (1), u_ (7)) dr

—0oQ
on the space u = (uy,u_) € BCY((—o0,0],X*). The proof then proceeds
analogously to the proofs of Theorem 2.1 and Corollary 2.2 above. O

Corollary 2.4. Let assumptions (2.10), (2.11), and (2.14) hold with the
following modifications: we do not require F(0) = 0 and we drop the as-
sumption that the local Lipschitz constant i is small.

Then for any ug € X< and for any time T = T(ug) > 0 not exceeding the
mazximal time of existence for e = 0, there exists g > 0, and a constant C' >
0 such that the solutions u(t),u’(t) of (2.1) satisfy the fractional estimate

() = (1)l < CE7 (2.46)

uniformly for 0 <t < T(ug). As before, v is the regqularized Hélder exponent
with respect to €, as was specified in assumption (2.14).

Proof. The proof is similar to, but simpler than, the invariant manifold
proofs given above. The fixed point form for mild and strong solutions of
(2.1) is

t
ue(t) = eMug + / AT FE(uf (1)) dr, (2.47)
0

by the variation-of-constants formula. The proof then proceeds as before,
replacing the contraction constant x in (2.30) by

T
M
— M —(a+8) 7. — 7771”1—(0&5). 2.4
K= /0 T dr —(as7) (2.48)
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Here we have assumed the semigroup exp(At) to be bounded by M, without
loss of generality. Indeed we may shift the spectrum of A by subtracting
a multiple of identity, adding this multiple to the nonlinearity F', instead.
Clearly x < 1 becomes a contraction for small 7" > 0. Time stepping with
respect to T then proves the corollary. ]

Conversely, Corollary 2.4 is a viable approach to proving invariant mani-
fold theorems. We chose to prove the slightly more involved invariant man-
ifold theorem directly, to avoid excessive hand waving.

We conclude this section by describing the necessary cut-off modifications
for local C! versions of the invariant manifold results stated in Corollaries
2.2 and 2.3. Specifically, we replace assumptions (2.14) and (2.42) as follows.
Let F* € C1(X®, X—%) be such that

FE(0)=0, D,F°0)=0
|E(u) = FO(w)lla, s < Ce” (2.49)
| DuFe (1) — DyFO(u)||a,_p < CEY
for 0 < e < g, all |Jul]|lo < dp and suitable positive constants C,~. We also
fix a smooth scalar cut-off function y € C*°([0,00), [0, 1]), identically 1 for
arguments in [0, 1] and identically 0 for arguments above 2. Then x defines
a cut-off F¢ of F* via
F*(u) := x([ulla/6) - F*(u). (2.50)
Finally, we require differentiability of the norm || - ||, on X®. This holds, for
example, for spaces X based on LP spaces X with 1 < p < 00, 2a0 > n/p.

Corollary 2.5. Consider the cut-off F* of a nonlinearity F= satisfying
(2.49) and (2.50) above. Then for any n > 0 there exists § > 0 and g9 > 0
such that the cut-off nonlinearity F¢ satisfies assumptions (2.14) and (2.42),
globally for all ug € X% and all 0 < e < gg. In particular, Corollaries 2.2
and 2.3 hold true for F=, giving rise to local stable and unstable manifolds
of the trivial equilibrium u =0 of (2.1) with the original nonlinearity F©.

Proof. We have to prove (2.14) and (2.42) for prescribed small n > 0
and all u € X®. Since F¢(u) = 0 for ||ul|, > 29, it is sufficient to consider
||ulla < 2. We only address the derivative estimates in (2.42), the remaining
claims being obvious. In other words, we have to prove that

IDuF=(u)la,-5 <1 (2.51)
IDuF=(4) — DyF°(u) a5 < C7 (2.52)
for ||ullo < 26 and suitably chosen 0.
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We prove (2.51) first. By the product rule,
DuF*(u) = X (|[ulla/8) - 6~ Dullulla - F=(u) + x(|[ulla/6) - DuF*(u). (2.53)

The second term is small, for § small and 0 < € < ¢¢. Indeed, x is bounded
and

IDuF=(u)la,—p < | DuF*(w) = DuF°(u)l|—p + [|DuF°(u) — DuF(0)]| -5
< Ce” +o(1) (2.54)

is arbitrarily small for €y, small enough. Here we have used assumption
(2.49).

The first term in (2.53) features uniformly bounded x’ and Dy ||ula, for
|u|la < 26. Concerning the X~ norm of the remaining factor 61 F¢(u), we
use F(0) = 0 and estimate

G F(u)]|—p = 67| F=(u) = F(0)]|5

<6125 sup ||DuF(u)|a—s, (2.55)
lufla <25

which is small by the above uniform estimate (2.54). This proves estimate
(2.51).

To prove (2.52), we expand D, F©(u) and D, F°(0) as in (2.53) above. By
assumption (2.49) and boundedness of x, x’, Dy||u||q it is then sufficient to
estimate

0 e (u) = FO(u)]| - = 67| (F° (w) = F#(0)) = (F°(u) = F(0))]| 5

1
=571 / (DuF=(0u) — D F°(6u)) df - u_g (2.56)
0
1
= / | Dy F=(01) — Dy FO(0u)||a—5 d6 - 6 |ul|o < 2CE7.
0

This proves (2.52), for generic constants C, and the corollary. [l

3. DIOPHANTINE ESTIMATES

The crucial assumptions for the construction of local invariant manifolds,
in the preceding section, are the estimates (2.14), (2.42) and (2.49) in the
fractional power spaces X® and X# introduced in (2.5) and (2.6). As
a bridge to our motivating example (1.1), (1.4), we now provide related
estimates for sufficiently smooth functions b°(z) := B(x,wx/e) which are
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quasiperiodic in the rescaled variable z /e and satisfy a Diophantine condition
for the frequency matrix w. Specifically, we assume

B:T"xTN =R, (z,y)+— B(z,y) (3.1)
is 2m-periodic in each component of & € R™ and y € RY. In Fourier series,
B(z,y) = Y Bj(y)exp(ij"x), Bj(y)= > Bjrexp(ik’y).  (3.2)
jeLN kezn
For regularity we assume
. 1/2
1Bllas = (D0 (L4220 + KV 1Bul) <00 (33)

jERT
kerN

where we abbreviate j2 = j7j and k> = kTk. Thinking of y-averages as
having been subtracted, we require zero y-average

2m)™N [nB(z,y)dy =0, forall z, alias

BjO =0, foralljeZ". (34)

For the N x n frequency matrix w we use the notation w = (wy,...,wy) with
columns w, € RN,
The main result of this section is

Proposition 3.1. Let B : T" x TN — R satisfy assumptions (3.2)(3.4)
above. Assume the frequency matricz w satisfies the Diophantine condition

min (kT w,| > c|k|~V-D-Y (3.5)
o=1,....n
for some ¢, > 0 and all k € Z¥\{0}. Fiz o, 3, and s such that
0<p<1/2; fB<a—-n/4; s>2(N-1+9)3+ N/2. (3.6)
Then b (z) := B(z,wz/¢), for 0 < z, < 27, satisfies
1(=40) 76| 2 () < CBlla.s €27, (3.7)

where Ag+id = A denotes the Laplacian (with periodic boundary conditions)
on the standard n-torus T™ = R"™/27xZ"™. The constant C = C(n,N,c,,
a, 3,8) is independent of B and e > 0.

We repeat that the set of frequencies w, satisfying the Diophantine con-
dition (3.5) is a set of full Lebesgue measure in RV"; see [5]. The proof of
Proposition 3.1 will be prepared by Lemmas 3.2-3.4. We first consider the
special case where B(z,y) = By(y) is independent of x and b°(x) = By(wzx/e)
is just a rescaled quasiperiodic function.
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Lemma 3.2. If B(x,y) = By(y) is independent of x, then Proposition 3.1
holds for any B € (0,1/2], with

1/2
1Bllas = 1Bollms = ( 2 (1 + K2 (Boxl?) . (3.8)

kezZN

We prepare for the proof of Lemma 3.2 with an elementary estimate.
Lemma 3.3. Let p,n € R and p > 1. Then
L+ 0P+ (n=n)?) > (14 (1/2)*)P(1 + min(n?, (g —1)*)).  (3.9)

Proof. Fix p and 7. Since the quotient ((1 4+ 72)/(1 4+ (1/2)?))'/? is a
monotone function of p € [1,00), it is sufficient to prove (3.9) for the extreme
cases p =1 and p = .

The case p = oo is trivial. The case p = 1 follows from the fact that

(1/2)* < max(n?, (n—n)?),
as is to be expected for the arithmetic mean u/2 of n and p — n. This proves
Lemma 3.3. U
Proof of Lemma 3.2. We expand
B(x,y Z Bok(y) exp(ik"y).
kezZN

Recall the y-average Bgp = 0, by assumption (3.4). Restricting attention to
a single Fourier term, we will prove an estimate

1(=A0) ™ exp(e ™ ikTw) |72y < CO(1+ k)N, (3.10)

uniformly in k& € Z¥ \ {0} and &€ > 0. Summing over k will then prove the
lemma.

To prove (3.10), we first compute the j-th Fourier coefficient 62’;[5 ,JEL,
of the fractional power. Since —Ay = —A +id acts on the j-th Fourier mode
of T™ as multiplication by 1 + j2, we obtain

ei "= ((—Ag) P exp(etikTw )} = (14 5%) P (exp(e ik w))}

=(1 —|—j2)ﬁ(27r)"/ exp(i(—j1 + klw/e)x) dx (3.11)

n

sinmw(—7j Ty
= T (R i /),

Here j, denote the components of j € Z", and w, € RY is the p-th column
of the N x n frequency matrix w.
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We abbreviate p, := k7w, /e and use sin? 7z < 7222 /(1 + 2?) to estimate

n
ey 712 < H »— i) (3.12)
Using (3.12) and summing over j € Z", we obtain an estimate of the L?-norm
I(—Ao) P exp(e ik w) |72 = > lef; ) (3.13)
jer

for 0 < B < 1/2 as follows. We regroup the factors in (3.12) and apply
Holder’s inequality with p = 1/23, p’ = 1/(1 — 23) to obtain

(= A) P exp(e ik w-)||2, <

Z (H(l +j,3)%(1 + (ko — jp)2)>_26< H(l + (pp — jp)z)) o <

jezr  p=1 p=1
(3.14)

(3 M0+ @0ty ) (3 T+ =ity )™

Jezr p=1 JEL" p=1

(1-28)n

A majorant sum for the second factor is in fact given by C; with

Cy=max Y (14 (uo — jo)*) ' < . (3.15)
Ho€ER 4
Jo€EZL
Note that the sum is convergent, because it runs over the one-dimensional
“lattice” jo € Z, only. Also, the estimate is uniform with respect to pp € R,
by continuous dependence and 1-periodicity in pg.
The first factor in (3.14) will provide the £2% estimate. We apply Lemma

3.3 and (3.9), with p = n, p = p,, and 1 = j,, and obtain

S L0427+ ()

JEZ™ p=1

< Z H 1+ (1,/2)?) )+ min(jga (o — 3p)°))
JEL™ p=1
=TT (D (/2?71 + minGiR, (1 — G0)?)™)  (316)

p=1  jo€Z
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(1;[ 2/1tp) )Un 11 Gﬁ%(lij& * 1~|—(,uj—j0)2>)

p=1

<= (24/%) _ —01 . (Zn:(kTwp)z)Ez_

IN

Here C) is the same constant as in (3.15), and we have restored kTw), /e for
- Combining estimates (3.14)—(3.16) with the Diophantine condition (3.5)
for k € ZV \ {0} we obtain

n 23
I(A0) P exp(e K gy < O3 (K 2)
p=1
< O|k|MN-149)5 48 (3.17)
with generic constants C' > 0.
We sum over k € ZN \ {0} next. By Fourier expansion of B(z,y) =
Bo(y) = 3. Bor exp(ikTy) and b°(z) = By(x/¢), we have
1(=A0) PVl oy < > |Bokl - [[(—A0) ¥ exp(e™ ik w:)|| ¢y
keZN\{0}
<O [Bog| - (14 [k[?)2N 0260 (3.18)
k

< 0( X 1Bl 1+ !k\2)8)1/2<2(1 + \k|2)2(N*1+19)ﬁ75>1/252ﬂ
k k

for generic constants C, by Cauchy—Schwarz. The first factor equals || Bo|| -
The second sum is bounded because we have assumed sufficient B-regularity
in Proposition 3.1:

s>2(N—-1+9)+ N/2. (3.19)
This proves the lemma. ([l

We have now proved Proposition 3.1 for the special case B(z,y) = Bo(y).
Next we aim at the special case

B(z,y) = e;(x)B;(y), (3.20)
where we abbreviate e;(z) = exp(ij’ z) and j € Z™ \ {0} is fixed.
Lemma 3.4. Let B(z,y) = ej(x

)
)Bj(y) consist of only the j-th Fourier
component, jEZ". As before, let b5(z) := B(z,wz/e). Then Proposition 3.1
holds for any 0 < B < 1/2, with

1(=40) b5l L2y < Cllejlgll Byl €*° (3.21)
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and || Bj|| gs as defined in (3.8). The constant C' does not depend on j or e.

Proof. Using the special case 7 = 0 of Lemma 3.2, we obtain
1(=A0) b5l L2rmy = [1(=A0) =7 (e5(-) Bj(e ™ w))l z2(am)
= [[(=A0)e;(-)(=A0)" (= A0) " Bj(e ™ w) | L2y
< [[1(—40)e;(=A0) 7| - (=A0) " Bj(e™ w) |l L2 (rm) (3:22)
< [II(=40)~7e;(=A0)’ Il - C| B = €*°.
It is therefore sufficient to estimate the L? operator norm of the operator
(—Ao)Pe;j(—Ao)? by Cllej||p; note that e; denotes the multiplication oper-

ator here.
Let o(z) =, con omexp(im?z) € XP. We have to prove an estimate

1(—40)e;(—A0) ¢l r2(m) < Cllejllg el 2 (am)- (3.23)

This is sufficient because X is dense in X = L2(T™). It is elementary to see
that

1+ (m—j)°
= < 3.24
O<tmi = Trmdyas ) = (3.24)
holds for all m,j € Z". Therefore,
1(=40)~7e;(—A0) @l L2(rm) (3.25)
= (W +m) P+ m =)D png) e
= I{(1+ 50 ms) e (3.26)

< 2°(1+ 77N (pm—s)mlle = 2°llejlls - llll -
This proves (3.23) and the lemma.

Proof of Proposition 3.1. In view of Lemma 3.4 it remains only to
consider the Fourier decomposition

B(z,y) = ) Bj(y)e;(x). (3.27)
JEL™
With the notation b;(x) := Bj(x/e)e;(x), estimate (3.21) implies
1(=A0) 70 Nl 2(my < D I(=A0) 5l z2(amy < C* Y~ (llejllg - 1B ar+)
JELn J

<Y (4777 (4 7)1 B ae)) (3.28)
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<0 (0 +220-0) (4 2B 5) 7 < CllBlla e
J

Here we have again used generic constants C, the Cauchy—Schwarz inequal-
ity, and summability of (1 + j2)205=®) for a > 3 + n/4. This completes the
proof of Proposition 3.1. g

4. EXAMPLE: PROOF OF THEOREMS 1.1 AND 1.2

In this section we prove Theorems 1.1, 1.2 on quantitative homogenization
for the reaction—diffusion equation

up = Au+ f(z,wz /e, u). (4.1)

In view of Theorem 2.1 and Corollaries 2.2-2.5 on fractional homogenization
of invariant manifolds, it remains only to check assumptions (2.49) for

(F=(u) () = f(z,wa/e,u(@)) — fil(z,0)u(z). (4.2)

Here we have subtracted the linearization f0(z,0) at u = 0 of the spatial y
average fO(x,u) of f¢(z,y,u) overy € TV at ¢ = 0. We recall f°(x,0) = 0, by
assumption (1.10). Moreover, the linearization f0(x,0) = af(z) is subsumed
in the sectorial operator A; see (1.10) again. With the obvious notation
FO(u) == fOx,u) — f%(z,0)u we therefore have achieved F°(0) = 0 and
D,F°(0) = 0, as has been anticipated in (2.13) and (2.14).

Specifically, we have to show F* € C1(X® X~%) and local fractional
order convergence of F¢(u), D, F¢(u), for € \, 0. Since f¢ is polynomial in
u, the necessary fractional estimates are completely analogous for F*(u) and
D, F*(u). We therefore address only the estimate

1F= () = FO(u)]| 5 < Ce7, (4.3)

for 0 < e < gp and |Jullo < 2dp.

Because f¢(z,y,u) are smooth functions, polynomial in u, and because
X < C%T™) is an algebra for v > 7> we obviously have F*© € CHX™, X9,
for all 3 > 0 and

a>n/4. (4.4)
In view of assumption (2.11), a+/5 < 1, this limits our example to dimensions
n < 3. (4.5)

To prove (4.3) we choose

0<28=n<~%n)=1-n/4, g<a<1—ﬁ. (4.6)
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Inserting (4.2) into (4.3), we estimate

1F=(u) = FO(u)l|l-p = [/ wmu) = fO(u)ll-p (4.7)
<D a5 e w) —ap () - w g = D b (-5
m=1 m=1

if we define by, (z) := By, (z,wz/c), where

Bn(2,y) := (a5, (2, y) — ap, () )u™ (). (4.8)

Invoking the fractional-order homogenization estimate (3.7) of Proposition
3.1, we only have to show that

|Bmlla,s < C (4.9)
is uniformly bounded for ||u||o < 2dg, our choice (4.6) of «, and some
s>2(N—-1+9)8+ N/2. (4.10)

Recalling the definition (3.3) of || B|a,s, we choose s to be an even integer,
Ap := A, —id and observe

1Binlla,s = Il(=40)* (=Ay +id)** B (2, y) | L2 (1 ) (4.11)

Since a;, are assumed to be smooth, all y-derivatives of B,,, take the same
form as (4.8):

with smooth coefficients ay, ,. of zero y-average, 7 = 0,...,s. It is therefore
sufficient to show bounds

[[(=A0)* (@5, (@, y)u™ (@) L2(7n) < C, (4.13)
uniformly in y. Such a bound follows because all a7, . are smooth, u € X,

and X is an algebra for a > n/4; see [16]. As was pointed out in our dis-
cussion of smoothness assumption (1.8), estimates (4.10), (4.12), and (4.13)
specify the smoothness assumptions on the coefficients a5, (x, y). Specifically
the required x smoothness is

1(=Ao)*ar, ;- (z, y) | 2(rny < C (4.14)

form=0,...,d, 0<e<ey, 7=0,...,8.
By Corollary 2.4 and Proposition 3.1, this proves Theorem 1.1. By Corol-
laries 2.2, 2.3, 2.5 and Proposition 3.1, this also proves Theorem 1.2.
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5. EXAMPLE: THE NAVIER-STOKES EQUATION

In this section we apply our main abstract result, Theorem 2.1, to derive
a quantitative homogenization result for invariant manifolds of the incom-
pressible Navier—Stokes equation, both in dimensions 2 and 3. Specifically

we consider the system
u = vAu—(u-)u+b(x) = [7,0°(x)dx+ p (5.1)
0 = v -u )

for u € R, n = 2 or 3, with periodic boundary conditions x € T" =
R™/27Z"™. We require the usual mean velocity condition

/nudac:() (5.2)

which eliminates uniform drift. The time-independent external force b°(z) —
S b° also satisfies (5.2), to eliminate mean acceleration. As in Section 2,
we assume

b°(x) = B(z,wzx/¢) (5.3)

to be quasiperiodic, due to periodicity of B in the rescaled variable y = wx /e
with N xn frequency matrix w = (w1, .. .,wy,). For regularity of B we assume
|Bllg /2,5 < C (5.4)

to be bounded, where the respective regularities o,s’ in the slow, rapid
variables z,y will be chosen below. See (3.3) for our definition of the norm
| - |la,s- Following Proposition 3.1, (3.5), we also assume the Diophantine
condition

min |k w,| > ¢fk|~N-D-? (5.5)

o=1,...,n
for some ¢, > 0 and all & € ZV \ {0}.
The formally homogenized Navier—Stokes equation, for € = 0, reads

ut:yAu—(u-v)u+b0(1:)—/ v+ p

0=(v-u) (5.6)

with the spatial average

O(z) := (2m)~ N T . .
W)= Cn) ™ [ By (57)
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For b° = 0, the dynamics of (5.6) are given by a globally attracting trivial
equilibrium u = U = 0. Existence and smoothness problems about equi-
libria of the stationary Navier—Stokes equation are studied in [11], [13], and
[20], for example.

We assume that for the forcing term b°(x)— Jrn b0 there exists a hyperbolic
equilibrium U%(z) of the averaged system (5.6), and U’ € H?(T"). For
rectangle domains (n = 2) with large aspect ratio and periodic boundary
conditions, equilibria with arbitrarily high unstable dimension do in fact
exist; see [15], [23], and [4].

For a more precise formulation, it is useful to rewrite the Navier—Stokes
system (5.1) as an abstract semigroup amenable to the setting of Section 2.
See for example [9] for a background. We first orthogonally decompose

X:LQ(T”)H{/nudaz:O}:Hs@Hp (5.8)

into the L? closures H, of divergence-free velocity fields and H,, of gradient
velocity fields. Let P denote a projection onto H,. Since the Laplacian com-
mutes with this decomposition, we only have to solve the projected system

up = vAu — P(u-7)u + P(bE - / bedx> (5.9)

for u € Hy. We abbreviate A := vA|g,, N(u) := —P(u-V)u, ¢¢ = P(b° —
Jzn b°dx) and rewrite (5.9) as an abstract equation

ur = Au+ N(u) + ¢°. (5.10)

The self-adjoint invertible Stokes operator A possesses compact resolvent and
defines the scale X', a € R, of fractional power spaces as outlined in Section
2; for example X0 = H,. As before || - ||, denote the associated graph norms,
which can be identified with the restriction to H, of the Fourier norms used
in Section 1:

n

lulla = [[ull oamy, X* = HZ*, (5.11)
We summarize our assumptions next. We consider the incompressible Navier
—Stokes system (5.1) on z € T™, for n = 2 or 3, and with rapid quasiperiodic
forcing b° as in (5.3). Assume the Diophantine frequency condition (5.5)
holds. Concerning the (formally) homogenized system (5.6), (5.7), we as-
sume existence of a hyperbolic smooth equilibrium solution u = U%(z). In
other words, the imaginary axis belongs to the resolvent set of the (compact)
resolvent of the linearization of (5.6), (5.7) at U°. We now choose real values
0,7 in the triangle

0<7<min(0—g,2—0), (5.12)
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as in Theorem 1.1 and (1.14). Finally, as in assumption (4.10) of Section 4,
let

s >2(N—-1+9)3+ N/2 (5.13)

be the smoothness required for the quasiperiodic dependence of the external
forces b°; see (5.3) and (5.4).

Theorem 5.1. Let assumptions (5.3)—(5.5), (5.12), and (5.13) hold, as sum-
marized above. Let U° denote a hyperbolic equilibrium of the homogenized
Navier—Stokes system (5.2), (5.6), (5.7), in dimension n =2 or 3.

Then there exist C and €y > 0 such that for all 0 < &€ < g9 the Navier-
Stokes system (5.1) possesses an equilibrium U € HZ with

|US — U ge < CE. (5.14)

Moreover, U¢ is hyperbolic with the same unstable dimension as U, and the
local stable and unstable manifolds W2 and W¥ of class C' converge in H?
to their homogenized counterparts Wi, W' with that same fractional order
eY. See Theorem 2.1 and Corollaries 2.2,2.3, and 2.5 for a complete technical
formulation.

We prepare for the proof of Theorem 5.1 with a technical observation for
the quadratic nonlinearity N(u) = P(u - /)u.

Lemma 5.2. Let ¥ < a <1 withn =2 or 3. Then the quadratic term

N:X* — X%:=X=H/(T"
u +— N(u) (5.15)

is twice continuously differentiable with constant second derivative. In par-
ticular

IN'(w)[lap < C - [u]la (5.16)

holds for the operator norm || - ||a0 from X® to X° = X.
At the hyperbolic equilibrium U of the homogenized Navier—Stokes system
(5.6), (5.7), the linearization

Ag=A+N'U%: X xo! (5.17)

1s bounded with bounded inverse.

Proof of Lemma 5.2. Since a > 1/2 we have the continuous embedding
X «— HI(T™). Since a > n/4, we also have X — CO(T") — L>(T™").
Therefore the map (uj,u2) — P(uy - /)uz is bounded and bilinear from
X% x X% to X = H,. This proves claims (5.15) and (5.16).
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The remaining claim (5.17) holds for @« = 1, by our hyperbolicity as-
sumption. Moreover, (5.17) holds for any «, by definition, if we replace the
linearization Ag = A+ N'(U°) by the unperturbed invertible Stokes operator
A itself. The perturbation N'(U°) : X* — X < X! is bounded and, in
fact, compact for n/4 < a < 1. Therefore Ag in (5.17) is bounded and, in
fact, Fredholm of Fredholm index zero. To show bounded invertibility of Ag
in (5.17), not only for @ = 1 but likewise for n/4 < a < 1, it is therefore
sufficient to show injectivity of Ag. But injectivity of Ay for n/4 < o < 1
is clearly inherited from injectivity of Ay for a = 1, because any kernel el-
ement Agu = 0 in X< satisfies u = —A"'N'(U°)u € X'. This proves the
lemma. O

Proof of Theorem 5.1. Let o := 0 /2, := /2 so that X* = HZ and
1
a>fB+n/4, O<B<§, a+ 0 <1. (5.18)

Here we recall n = 2 or 3.
We first prove the existence of equilibria U® near U, together with a
quantitative estimate

U —U°|y_p5 < Ce?. (5.19)
We then subtract U¢ € X8 — X from the solutions u, defining
vi=u—U°. (5.20)
The corresponding semigroup equation for v reads
vy = Agv + F*°(v) (5.21)
with Ag = A+ N'(U°) and the nonlinearity
F¢(v) := N(U® +v) — N(U®) — N'(U%. (5.22)

In view of Theorem 2.1 and Corollary 2.5 we only have to check assumptions
(2.10), (2.11), (2.14), and (2.49), for F*°. Assumption (2.10) holds because
N : X® - X — X #is in fact continuously differentiable by Lemma 5.2.
Assumption (2.11), o+ 8 < 1, holds by (5.18). Obviously F¢(0) = 0, as was
required in (2.14). To complete our proof of (2.14), and (2.49), it is therefore
sufficient to show the estimates

|Fe(v) - FO)|l_p < Ce» (5.23)
|DuF?(0) = DyF°(0) a5 < <>, (5.24)
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locally for small ||v]|o, together with the 27 estimate (5.19) on the equilibria
U¢. To show estimate (5.19) we use the implicit function theorem to solve

®(U,9) =AU+ N{U)+g=0 (5.25)
for U near the given hyperbolic solution
U=U° g=4°=P°. (5.26)

By Lemma 5.2, (5.17), the map ® : X' #x X8 — X0 is twice continuously
differentiable with invertible linearization
A+N(@U%: X'F o XxP (5.27)

Indeed 1 = <land 1—f8>1—a+n/4 > n/4, by (5.18). The implicit
function theorem therefore provides a local solution U = U(g) near U° =
U(g"). Defining U¢ := U(g°), and invoking estimate (3.7) of Proposition 3.1,
we obtain

0% =0 < € " =5l (5:29
<ClPE )]s+ CIP [ (6 = 1)]-s
TTL

< OpF =8| < Ol Blla.se™.

Here C denotes generic constants and s’ is the high regularity of the quasi-
periodic dependence as required in (5.13) above. We also recall o = ¢/2, so
that || B|q,s is in fact bounded, by assumption (5.4).

Because of the continuous embedding X'=# < X induced by a+8 < 1,
this proves the quantitative homogenization estimate (5.19).

To show the local estimate (5.23), we compute

1F2(v) = FO(v)ll-p < IN(U® +v) = N(U° +0)[| -5 + [N(U") = N(U°)|| -5

<2( sw N @a-s) - 10F = Ul
lulla<IU°[la+1

<2( s IN@lao) - U = U%hp < C=2, (5.29)
Julla <01

Here we have used the 2% estimate (5.19) for U® — UY and Lemma 5.2,
(5.16). To show the local estimate (5.24), we compute

| Dy F<(v) — DvFO(U)Ha,—B = [|DyN(U* +v) — DvN(UO + U)Hoc,—ﬁ
<IN Nay—g - IUS = U0 < C*2. (5.30)

Here we have used (5.19) together with Lemma 5.2 and the fact that N” (u) =
N" is independent of u. Recalling 3 := /2, this proves Theorem 5.1. O
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Corollary 5.3. Let assumptions (5.3)—(5.5), (5.12), and (5.13) hold in di-
mension n = 2 or 3, as in Theorem 5.1. Consider any initial condition
ug € HI(T") and any finite time T(ug) > 0 such that the corresponding
solution u’(t) of the homogenized Navier—Stokes system (5.2), (5.6), (5.7)
exists for 0 <t < T(u?).

Then there exists g > 0 and a constant C' > 0 such that the solution
u®(t) of (5.1), (5.3) with the same initial condition u®(0) = ug exists for
0 <t < T(u’) and satisfies the quantitative homogenization estimate

lu(t) = w® ()|l g (2m) < C7, (5.31)
uniformly for 0 <t < T(u®) and 0 < ¢ < £q.

Proof. The proof follows from Corollary 2.4 together with the estimates
given in the proof of Theorem 5.1 as based on Lemma 5.2. g
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