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Beyond the odd-number limitation of time-delayed feedback
control

B. Fiedler, V. Flunkert, M. Georgi, P. Hovel, and E. Scholl!

1.1
Introduction

The stabilization of unstable states is a central issue in applied nonlinear sci-
ence. Starting with the work of Ott, Grebogi and Yorke [1], a variety of meth-
ods have been developed in order to stabilize unstable periodic orbits (UPOs)
embedded in a chaotic attractor by employing tiny control forces [2—4]. A par-
ticularly simple and efficient scheme is time-delayed feedback as suggested
by Pyragas [5], which uses the difference z(t) — z(t — 7) of a signal z at a time
t and a delayed time t — 7. It is an attempt to stabilize periodic orbits of (min-
imal) period T by a feedback control which involves a time delay T = nT, for
suitable positive integer 7. A linear feedback example is

z(t) = f(A,z(t)) + Blz(t — T) — z(t)] (1.1)

where Z(t) = f(A,z(t)) describes a d-dimensional nonlinear dynamical sys-
tem with bifurcation parameter A and an unstable orbit of (minimal) period
T. B is a suitably chosen constant feedback control matrix. Typical choices are
multiples of the identity or of rotations, or matrices of low rank. More gen-
eral nonlinear feedbacks are conceivable, of course. The main point, however,
is that the Pyragas choice 7p = nT of the delay time eliminates the feedback
term on the orbit, and thus recovers the original T-periodic solution z(t). In
this sense the method is noninvasive.

Although time-delayed feedback control has been widely used with great
success in real world problems in physics, chemistry, biology, and medicine,
e.g. [6-18], see Chapters ......... of this volume, severe limitations are imposed
by the common belief that certain orbits cannot be stabilized for any strength
of the control force. In fact, it has been contended that periodic orbits with an
odd number of real Floquet multipliers greater than unity cannot be stabilized
by the Pyragas method [19-24], even if the simple scheme (1.1) is extended
by multiple delays in form of an infinite series [25]. To circumvent this re-
striction more complicated control schemes, like an oscillating feedback [26],
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1 Beyond the odd-number limitation of time-delayed feedback control

half-period delays for special, symmetric orbits [27], or the introduction of an
additional, unstable degree of freedom [24,28], have been proposed. In this
article, we claim, and show by example, that the general limitation for orbits
with an odd number of real unstable Floquet multipliers greater than unity
does not hold: stabilization may be possible for suitable choices of B [29]. Our
example consists of an unstable periodic orbit generated by a subcritical Hopf
bifurcation. In particular, this refutes the theorem in [20].

1.2
Mechanism of stabilization

Consider the normal form of a subcritical Hopf bifurcation, extended by a
time-delayed feedback term

2(8) = [A+i+ (14 i) |2(0)P) 2() + blz(t = 7) — 2(1)] (1.2)

with z € C and real parameters A and 7. Here the Hopf frequency is normal-
ized to unity. The feedback matrix B is represented by multiplication with a
complex number b = bg +ib; = boe'P with real by, by, B, and positive by. Note
that the nonlinearity f(A,z(t)) = [A 4+ i+ (1 +i7)|z(#)|?] z(t) commutes with
complex rotations. Therefore exp(i®)z(t) solves (1.2), for any fixed ¢, when-
ever z(t) does. In particular, nonresonant Hopf bifurcations from the trivial
solution z = 0 at simple imaginary eigenvalues # = iw # 0 produce rotat-
ing wave solutions z(t) = z(0)exp (i%*t) with period T = 27/w even in
the nonlinear case and with delay terms. This follows from uniqueness of the
emanating Hopf branches.

Transforming Eq. (1.2) to amplitude and phase variables 7,6 using z(t) =
r()e®), we obtain at b = 0

ro= (/\4—72)7 (1.3)
0 = 14912 (1.4)

An unstable periodic orbit (UPO) with r = \/—A and period T = 27t/ (1 — yA)
exists for A < 0. This is the orbit we will stabilize. We will call it the Pyragas
orbit. At A = 0 a subcritical Hopf bifurcation occurs, and the steady state z = 0
loses its stability. The Pyragas control method chooses delays as tp = nT. This
defines the local Pyragas curve in the (A, T)-plane for any n € IN

_ 2mn
S 1—9A

Tp(A) =2mn(l+yA+...) (1.5)

which emanates from the Hopf bifurcation points A = 0, T = 27n.
Under further nondegeneracy conditions, the Hopf point A = 0, T = nT
(n € Np) continues to a Hopf bifurcation curve 757 (A) for A < 0. We determine



1.2 Mechanism of stabilization

this Hopf curve next. It is characterized by purely imaginary eigenvalues =
iw of the transcendental characteristic equation

H=A+i+b(e 1" —1) (1.6)

which results from the linearization at the steady state z = 0 of the delayed
system (1.2). Separating Eq. (1.6) into real and imaginary parts

0 = A+bglcos(f— wt) — cos B (1.7)
w—1 = bylsin(f—wT) — sinf] (1.8)

and using the trigonometric identity
[cos(B — wT)]? + [sin(B — wT)> =1 (1.9)

to eliminate w(A) from Egs. (1.7),(1.8) yields an explicit expression for the mul-
tivalued Hopf curve 15 (A) for given control amplitude by and phase f:

+ arccos (bocobsﬁ) + B +2mn
TH = 2 . (1.10)
1—bysinpF /A(2bycos p— A) + b3 sin? B

Note that 1y is not defined in case of B = 0 and A < 0. Thus complex b
is a necessary condition for the existence of the Hopf curve in the subcriti-
cal regime A < 0. Figure 1.1 displays the family of Hopf curves n = 0,1, ...
(solid), Eq. (1.10), and the Pyragas curve n = 1 (dashed), Eq. (1.5), in the (A, 7)
plane. In Fig. 1.1(b) the domains of instability of the trivial steady state z = 0,
bounded by the Hopf curves, are marked by light grey shading. The dimen-
sions of the unstable manifold of z = 0 are given in parentheses along the
T-axis in Fig. 1.1(b). By construction, the delay T becomes a multiple of the
minimal period T of the bifurcating Pyragas orbits along the Pyragas curve
T = Tp(A) = nT, and the time-delayed feedback term vanishes on these pe-
riodic orbits. The inset of Fig. 1.2 displays the Hopf and Pyragas curves for
different values of the feedback by. These choices of by are displayed as full
circles in the main figure, which shows the domain of control in the plane of
the complex feedback gain b. For by > b§'" (a) the Pyragas curve runs partly
inside the Hopf curve. With decreasing magnitude of by the Hopf curves pull
back to the right in the (A, T)-plane until the Pyragas curves lies fully outside
the instability regime of the trivial steady state (c). At the critical feedback
value (b) Pyragas and Hopf curve are tangent at (A = 0,7 = 27). Standard
exchange of stability results [30], which hold verbatim for delay equations,
then assert that the bifurcating branch of periodic solutions locally inherits
linear asymptotic (in)stability from the trivial steady state, i.e., it consists of
stable periodic orbits on the Pyragas curve 7p(A) inside the shaded domains

3
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Fig. 1.1 Pyragas (dashed) and Hopf (solid) curves in the (A, 7)-plane:
(a) Hopf bifurcation curves n = 0, ..., 10, (b) Hopf bifurcation curves

n = 0,1 in an enlarged scale. Light grey shading marks the domains of
unstable z = 0 and numbers in parentheses denote the dimension of the
unstable manifold of z =0 (y = —10, by = 0.3 and g = 71/4).
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Fig. 1.2 Change of Hopf curves with varying control amplitude by. The
main figures shows the complex plane of control gain b. The three
values marked by full circles correspond to the insets (a), (b), (c),

where the Hopf (solid) and Pyragas (dashed) curves are displayed
for B = % and three different choices of by: (@) by = 0.04 > bf{”,

(b)by = 0.025 ~ by and (c) by = 0.01 < b§'™. (A = —0.005, 7 = —10)

for small |A|. We stress that an unstable trivial steady state is not a sufficient
condition for stabilization of the Pyragas orbit. In fact, the stabilized Pyragas
orbit can become unstable again if A < 0 is further decreased, for instance in
a torus bifurcation. However, there exists an interval for values of A in our
example for which the exchange of stability holds. More precisely, for small
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|A| unstable periodic orbits possess a single Floquet multiplier u = exp(AT)
with 1 < p < o0), near unity, which is simple. All other nontrivial Floquet
multipliers lie strictly inside the complex unit circle. In particular, the (strong)
unstable dimension of these periodic orbits is odd, here 1, and their unstable
manifold is two-dimensional. This is shown in Fig. 1.3 panel (a) top, which
depicts solutions A of the characteristic equation of the periodic solution on
the Pyragas curve (see Appendix). The largest real part is positive for by = 0.

0 e
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©
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Fig. 1.3 (a) top: Real part of Floquet exponents A of the periodic orbit
vs feedback amplitude by. bottom: Real part of eigenvalue 7 of steady
state vs. feedback amplitude by. (b): blow-up of (a)

(c) periods and (d) radii of the periodic orbits vs. by. The solid and
dashed curves correspond to stable and unstable periodic orbits, re-
spectively. Parameters in all panels: A = —0.005, v = —10, T = 2L

T—yA
B=nm/4

Thus the periodic orbit is unstable. As the amplitude of the feedback gain
increases, the largest real part of the eigenvalue becomes smaller and eventu-
ally changes sign at TC. Hence the periodic orbit is stabilized. Note that an
infinite number of Floquet exponents are created by the control scheme; their
real parts tend to —oo in the limit by — 0, and some of them may cross over
to positive real parts for larger by (dashed line in Fig. 1.3(a)), terminating the
stability of the periodic orbit.

Panel (a) bottom illustrates the stability of the steady state by displaying
the largest real part of the eigenvalues 7. The interesting region of the top
and bottom panel where the periodic orbit becomes stable and the fixed point
loses stability is magnified in panel (b).
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Fig. 1.4 Floquet multipliers u = exp(At) in the complex plane with
the feedback amplitude by € [0,0.3]. Arrows indicate the direction of
increasing by. Same parameters as in figure 1.3

Figure 1.4 shows the behavior of the Floquet multipliers 1 = exp(AT) of
the Pyragas orbit in the complex plane with the increasing amplitude of the
feedback gain by as a parameter (marked by arrows). There is an isolated real
multiplier crossing the unit circle at 4 = 1, in contrast to the result stated
in [20]. This is caused by a transcritical bifurcation in which the Pyragas orbit
collides with a delay-induced stable periodic orbit. In panel (c) and (d) of
figure 1.3 the periods and radii of all circular periodic orbits (r = const) are
plotted versus the feedback strength by. For small by only the initial (unstable)
Pyragas orbit (T and r independent of by) and the steady state r = 0 (stable)
exist. With increasing by a pair of unstable/stable periodic orbits is created in
a saddle-node (SN) bifurcation. The stable one of the two orbits (solid) then
exchanges stability with the Pyragas orbit in a transcritical bifurcation (TC),
and finally ends in a subcritical Hopf bifurcation (subH), where the steady
state ¥ = 0 becomes unstable. The Pyragas orbit continues as a stable periodic
orbit for larger by. Except at TC, the delay-induced orbit has a period T # T
(See Fig. 1.3c). Note that the respective exchanges of stability of the Pyragas
orbit (TC) and the steady state (subH) occur at slightly different values of by.
This is also corroborated by Fig. 1.3(b). The mechanism of stabilization of the
Pyragas orbit by a transcritical bifurcation relies upon the possible existence of
such delay-induced periodic orbits with T # 7, which was overlooked, e.g.,
in [20]. Technically, the proof of the odd-number limitation theorem in [20]
fails because the trivial Floquet multiplier # = 1 (Goldstone mode of periodic
orbit) was neglected there; F(1) in equation (14) in [20] is thus zero and not
less than zero, as assumed [31]. At TC, where a second Floquet multiplier
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crosses the unit circle, this results in a Floquet multiplier 4 = 1 of algebraic
multiplicity two.

1.3
Conditions on the feedback gain

Next we analyse the conditions under which stabilization of the subcritical
periodic orbit is possible. From Fig. 1.1(b) it is evident that the Pyragas curve
must lie inside the yellow region, i.e., the Pyragas and Hopf curves emanating
from the point (A, 7) = (0,27) must locally satisfy the inequality t(A) <
Tp(A) for A < 0. More generally, let us investigate the eigenvalue crossings
of the Hopf eigenvalues 1 = iw along the T-axis of Fig. 1.1. In particular we
derive conditions for the unstable dimensions of the trivial steady state near
the Hopf bifurcation point A = 0 in our model equation (1.2). On the T-axis
(A = 0), the characteristic equation (1.6) for # = iw is reduced to

n=i+b(e " -1), (1.11)
and we obtain two series of Hopf points given by
0<t} = 2mn (1.12)
2B+ 2nn
B
= —— =0,1,2,...). 1.1
0< T—2bysing =012 (113

The corresponding Hopf frequencies are w4 = 1 and w? = 1 —2bysinp,
respectively. Note that series A consists of all Pyragas points, since 7, =
nT = %dif. In the series B the integers n have to be chosen such that the delay
78 > 0. The case bysin B = 1/2, only, corresponds to w? = 0 and does not
occur for finite delays 7.

We evaluate the crossing directions of the critical Hopf eigenvalues next,
along the positive T-axis and for both series. Abbreviating a%17 by 7; the
crossing direction is given by sign(Re 7). Implicit differentiation of (1.11)
with respect to T at 7 = iw implies

sign(Re 77¢) = —sign(w) sign(sin(wt — B)). (1.14)

We are interested specifically in the Pyragas-Hopf points of series A (marked
by dots in Fig. 1.1) where T = 7! = 27tnand w = w” = 1. Indeed sign(Re7;) =
sign(sin B) > 0 holds, provided we assume 0 < § < 7, i.e.,, by > 0 for the
feedback gain. This condition alone, however, is not sufficient to guarantee
stability of the steady state for T < 2n7r. We also have to consider the crossing
direction sign(Re ;) along series B, w? = 1 — 2bysin B, wBtf = 28 +27n,
for 0 < B < 7. Equation (1.14) now implies sign(Re #;) = sign((2bgsin p —
1) sin B) = sign(2bysin f —1).
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To compensate for the destabilization of z = 0 upon each crossing of any
point T/' = 27tn, we must require stabilization (sign(Re ;) < 0) at each
point T2 of series B. If by > 1/2, this requires 0 < B < arcsin (1/(2bg)) or
7 —arcsin (1/(2by)) < B < 7. The distance between two successive points 772
and 78, is 271/w® > 271. Therefore, there is at most one 7/ between any two
successive Hopf points of series A. Stabilization requires exactly one such 77,
specifically: 7 | < T2 | < 7/t forallk = 1,2,...,n. This condition is satisfied
if, and only if,

0<B<Br, (1.15)

where 0 < B;; < 7 is the unique solution of the transcendental equation
1
E,BZ + 2nbysin B, = 1. (1.16)

This holds because the condition T]i 1 < T]f;_l < T,f first fails when Tf_l = T,f.
Equation (1.15) represents a necessary but not yet sufficient condition that the
Pyragas choice Tp = nT for the delay time will stabilize the periodic orbit.

To evaluate the remaining condition, Ty < Tp near (A, 7) = (0,27), we
expand the exponential in the characteristic equation (1.6) for wt ~ 27n, and
obtain the approximate Hopf curve for small |A|:

ty(A) ~ 27t — bll(27mbR +1)A. (1.17)

Recalling (1.5), the Pyragas stabilization condition 7 (A) < Tp(A) is therefore
satisfied for A < 0 if, and only if,

1 1

Equation(1.18) defines a domain in the plane of the complex feedback gain
b = bg + ib; = bye'P bounded from below (for ¢ < 0 < by) by the straight line

1 1
by=— (br+—|. 1.1
I _7<R+27_m) (1.19)
Equation (1.16) represents a curve by(p), i.e.,
__ 1 p
bo = 2nsin B (1 B ;> ’ (1:20)

which forms the upper boundary of a domain given by the inequality (1.15).
Thus Egs. (1.19) and (1.20) describe the boundaries of the domain of control in
the complex plane of the feedback gain b in the limit of small A. Fig.1.5 depicts

this domain of control for n = 1, i.e., a time delay T = ﬁ—”A The lower and

upper solid curves correspond to Eq. (1.19) and Eq. (1.20), respectively. The
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grayscale displays the numerical result of the largest real part, wherever < 0,
of the Floquet exponent, calculated from linearization of the amplitude and
phase equations around the periodic orbit (Appendix). Outside the shaded
areas the periodic orbit is not stabilized. With increasing |A| the domain of
stabilization shrinks, as the deviations from the linear approximation (1.17)
become larger. For sufficiently large |A| stabilization is no longer possible,
in agreement with Fig.1.1(b). Note that for real values of b, i.e,, B = 0, no
stabilization occurs at all. Hence, stabilization fails if the feedback matrix B is
a multiple of the identity matrix. Fig. 1.6 compares the control domain for the
same value of |A| for the representation in the planes of complex feedback b
(left), and amplitude by and phase § (right).

1.4
Conclusion

In conclusion, we have refuted a theorem which claims that a periodic orbit
with an odd number of real Floquet multipliers greater than unity can never be
stabilized by time-delayed feedback control. For this purpose we have anal-
ysed the generic example of the normal form of a subcritical Hopf bifurca-
tion, which is paradigmatic for a large class of nonlinear systems. We have
worked out explicit analytical conditions for stabilization of the periodic or-
bit generated by a subcritical Hopf bifurcation in terms of the amplitude and
the phase of the feedback control gain [32]. Our results underline the crucial
role of a non-vanishing phase of the control signal for stabilization of periodic
orbits violating the odd-number limitation. The feedback phase is readily ac-
cessible and can be adjusted, for instance, in laser systems, where subcritical
Hopf bifurcation scenarios are abundant and Pyragas control can be realized
via coupling to an external Fabry-Perot resonator [18]. The importance of the
feedback phase for the stabilization of steady states in lasers [18] and neural
systems [33], as well as for stabilization of periodic orbits by a time-delayed
feedback control scheme using spatio-temporal filtering [34], has been noted
recently. Here, we have shown that the odd-number limitation does not hold
in general, which opens up fundamental questions as well as a wide range of
applications. The result will not only be important for practical applications in
physical sciences, technology, and life sciences, where one might often desire
to stabilize periodic orbits with an odd number of positive Floquet exponents,
but also for tracking of unstable orbits and bifurcation analysis using time-
delayed feedback control [35].
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Appendix: Calculation of Floquet exponents

The Floquet exponents of the Pyragas orbit can be calculated explicitly by
rewriting Eq. (1.2) in polar coordinates z = r ¢’?

o= (A+r)r+by[cos(B+0(t—T)—0)r(t—1)—cos(B)r] (1.21)

6 = 1492 +bylsin(B+6(t— 1) —6) =7 — sin(B)] (1.22)

and linearizing around the periodic orbit according to r(t) = ry + ér(t) and
0(t) = Qt 4 00(t), with rg = v/—A and QO = 1 — A (see Eq. (1.3)). This yields

5r(t) . —2A — by cos B boro sin B 5r(t)
< y ) B |: 2')/7’0 - b() Soil’l‘Br()_l —Ob(()]COS,B :| < (t) > (123)

50(t)
bocosp  —bgrosin or(t—1)
+ { bosinpry!  bycosp } < 56(t —7) ) (124)

With the ansatz
or(t) '\ _
( 56(t) ) = u exp(At), (1.25)
where u is a two-dimensional vector, one obtains the autonomous linear equa-
tion

—2A+bgcosB (e AT —1)— A —bgrosinf (e AT —1)

291+ bory 'sinB (67T —1)  bycosf(eAT—1) — A u=0. (1.26)

11
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The condition of vanishing determinant then gives the transcendental charac-

teristic equation

0 =

—borgsin B (e AT —1) (Z'yro +bory tsinB (e AT — 1))

(—ZA +hycosB(e AT —1) — A) (bo cos (e AT —1) — A)(1.27)

(1.28)

for the Floquet exponents A which can be solved numerically.
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