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Abstract

The aim of the present paper is to examine the effect of a quasi-periodic gravitational
modulation on the onset of convective instability in Hele-Shaw cell. The quasi-periodic
modulation considered here consists in a modulation having two incommensurate frequen-
cies. This study is an extension of a previous work by Aniss et al. [10] in which only a
periodic gravitational modulation was considered. We have shown that for Pr = O(1) or
Pr >> 1, the gravitational modulation has no effect on the convective threshold as ex-
pected. However, for Pr = O(ǫ2), it turns out that a modulation with two incommensurate
frequencies has a stabilizing or a destabilizing effect strongly depending on the frequencies
ratio.

1 Introduction

Several works have been devoted to analyzing the effect of periodic modulation on the stability of
the motionless state of a heated liquid layer. This periodic modulation concerns either gravity or
temperatures imposed on the horizontal planes of a liquid layer. The gravitational modulation,
which can be realized by vertically oscillating horizontal liquid layer and its frontiers, acts on the
entire volume of the liquid and has stabilizing or destabilizing effect depending on the amplitude
and frequency of vibrations [1–10, 13]. This effect was analyzed for a liquid layer heated from
below or from above (stable or unstable equilibrium configurations). Here the onset of convection
presents a competition between harmonic and subharmonic modes; see for instance [3,8,9,12–16].
A similar modulation to the gravitational one can be realized in a horizontal ferromagnetic liquid
layer heated from above and submitted to a time-periodic external magnetic field instead of
vertical vibrations [11, 12]. The other type of modulation [14–25], in which the temperatures
is oscillating at the boundaries, is mainly concentrated in a boundary layer whose thickness
decreases with increasing frequency of modulation. Note that this modulation is similar to
the gravitational one for low modulation frequencies. In the out of-phase oscillations case, the
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modulation presents a stabilizing effect. Nevertheless, the case corresponding to the in-phase
oscillations shows a stabilizing effect for low frequencies and a destabilizing effect at high ones [4].
In contrast to the standard periodic modulation, the effect of a quasi-periodic gravitational
modulation on the stability of a heated liquid layer with infinite extension in the horizontal
directions was studied recently [26]. The present work focuses attention on the influence of
a quasi-periodic gravitational modulation on the convective instability threshold in the case
of a Hele-Shaw geometrical configuration. Here, we consider a Newtonian fluid layer confined
in a horizontal Hele-Shaw cell and submitted to vertical quasi-periodic oscillations having two
incommensurate frequencies. This motion can be realized, for instance, by using a coupled system
of two blocks and two springs attached to a horizontal wall and oscillating vertically. One of
the two blocks corresponds to the physical system under consideration. Neglecting frictions, the
solutions of the linear system involve a quasi-periodic motion of two incommensurate frequencies.
Following [11], a dimensional and an asymptotic analysis allow us to distinguish between two
linear formulations. Each one of these formulations depends on the order of magnitude of the
Prandtl number. The first formulation corresponds to Pr = O(1) or Pr ≫ 1 while the second
one corresponds to Pr = O(ǫ2), where ǫ designates the aspect ratio of the cell. Therefore, we
determine the stability criterion for these two asymptotic cases. In the first formulation, we have
obtained, as expected, the same criterion of stability that the one of the unmodulated case. In
contrast to the first asymptotic formulation, the governing system of equations corresponding
to the second formulation is reduced to a damped quasi-periodic Mathieu equation. In this
case, the Floquet theory cannot be applied to determine a stability criterion. However, following
Rand et al. [27,28], we investigate the convective quasi-periodic parametric instability occurring
in the second formulation and we determine the instability criterion in function of the problem
parameters.

2 Formulation

Consider a Newtonian fluid confined in a horizontal Hele-Shaw cell of infinite extent in the x
direction; see Figure 1. Denote by d the height of the cell, e the distance between the vertical
planes and ǫ = e/d the aspect ratio of the cell; the values y = ±e/2 and z = 0, d, correspond to
the boundaries of the cell. We assume that the fluid confined in the cell is bounded vertically
by two thermally insulating walls and horizontally by two perfect heat conducting plates having
respectively constant temperatures T1 and T2 (T1 > T2 or T1 < T2). Suppose that the Hele-
Shaw cell is submitted to an oscillatory motion according to the law of displacement, z =
[b1cos(ω1t)+b2cos(ω2t)]k, where ω1 and ω2 are two dimensional incommensurate frequencies. The
parameters b1 and b2 are the amplitudes of motion and k is the unit vector upward. Therefore,
the fluid layer is submitted to two volumic forces: the gravitational force field ρg and the quasi-
periodic one −ρ[b1ω

2
1cos(ω1t) + b2ω

2
2cos(ω2t)]k. The equilibrium of the fluid layer corresponds

to a rest state with a conductive regime. Under these assumptions, the linear system of the
governing equations, corresponding to the perturbation of the equilibrium state, is given by the
following Navier-Stokes equations in the Boussinesq approximation

∇.V = 0 (1)
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Figure 1: Hele-Shaw geometry
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ρ
∂V

∂t
= −∇P + µ∆V + ρ β

[

g + b1 ω2
1cos(ω1 t) + b2 ω2

2cos(ω2 t)
]

T k (2)

∂T

∂t
− T1 − T2

d
w = κ∆T (3)

where ρ, β, ν and κ designate respectively, the density, the coefficient of thermal dilatation,
the kinematic viscosity and the thermal diffusivity of the fluid. Here, we assume that

b1 ω2
1 = b2 ω2

2

To introduce a perturbation parameter involving only the aspect ratio of the cell, ǫ, we perform
a dimensional analysis by means of an appropriate choice of scales used in convection problems
in Hele-Shaw cell [29]. Thus, the time is scaled by d2/κ, the coordinates (x, y, z) are scaled
by (d, e, d), the velocity field V(u, v,w) is scaled by (κ/d, eκ/d2, κ/d), and the pressure and
temperature are scaled by ρνκ/e2 and (T1−T2), respectively. Hence the linear system of equations
(1)-(3) is written as

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0 (4)

ǫ2 Pr−1∂u

∂t
= −∂p

∂x
+ ǫ2△2u +

∂2u

∂y2
(5)

ǫ4 Pr−1∂v

∂t
= −∂p

∂y
+ ǫ4△2v + ǫ2 ∂2v

∂y2
(6)

ǫ2 Pr−1∂w

∂t
= −∂p

∂z
+ ǫ2△2w +

∂2w

∂y2
+ Ra[1 + α (cos(Ω1t) + cos(Ω2t))] T (7)

ǫ2 Pr−1∂T

∂t
= ǫ2w + ǫ2△2T +

∂2T

∂y2
(8)

where △2 = ∂2/∂x2+∂2/∂z2, Ra = βg△T e2d/νκ is the gravitational Rayleigh number of the cell,
Ωi = ωid

2/κ (i = 1, 2) are two dimensionless frequencies, and α = b1ω
2
1/g = b2ω

2
2/g represents

the amplitudes ratio of the acceleration of the oscillatory motion to the acceleration of gravity.
Moreover, on the vertical walls, the boundary conditions are: V = 0 and ∂T/∂y = 0 at y = ±1/2.
The boundary conditions on the horizontal plates will be discussed below.
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3 Asymptotic study and stability

In the Hele-Shaw approximation, the order of magnitude of the Prandtl number Pr in the
system of equations (4)-(8) has been discussed in [29]. In what follows, we distinguish two
different formulations depending on the order of magnitude of the Prandtl number.

3.1 Pr = O(1) or Pr ≫ 1

In this formulation, a first approximation is obtained from the system of equations (4)-(8)
by setting ǫ2 = 0. Remark that in this situation, the term ∂V/∂t disappears. Let us denote
by uo, vo, wo, po and To the solution of such approximation. From equation (6), the pressure is
independent of y. Also, from equation (8) and using the adiabatic condition, the temperature To

is also independent of y. Thus, the system (4)-(8) becomes

∂uo

∂x
+

∂vo

∂y
+

∂wo

∂z
= 0 (9)

∂2uo

∂y2
=

∂po

∂x
(10)

∂2wo

∂y2
=

∂po

∂z
− Ra[1 + α (cos(Ω1t) + cos(Ω2t))] To (11)

Integrating equations (10) and (11), we obtain uo and wo. Substituting uo and wo into the
continuity equation (9) and integrating, vo is determined. The solution vo which satisfies the
boundary condition vo = 0 at y = ±1

2
is vo = 0. At the first order (ǫ2 = 0), equations (10)

and (11) cannot be coupled to the energy equation (8). The situation corresponds to a pseudo-
singular perturbation. Therefore, the energy equation (8) is exploited at the order ǫ2 by using
the accurate expansion

w = wo + ǫ2w1, T = To + ǫ2T1 (12)

Inserting expression (12) into equation (8) and keeping only terms of order ǫ2, one obtains

∂To

∂t
= wo + △2To +

∂2T1

∂y2
(13)

in which T1 must also verify the adiabatic condition on the vertical walls: ∂T1

∂y
= 0 at y =

±1
2
. In contrast to the original system (4)-(8), which needs six boundary conditions at the

horizontal walls, the system to the first-order (10)-(11) and (13), resulting from the Hele-Shaw
approximation, requires only the relevant four boundary conditions

wo = To = 0 at z = ±1

2
(14)
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To perform a stability analysis, we seek the solution of systems (10)-(11), (13) and (14) in term
of normal modes as

uo = π g(t) (y2 − 1

4
) sin(πz)eiqx

wo = iq g(t) (y2 − 1

4
) cos(πz) eiqx (15)

To = iq f(t) cos(πz) eiqx

where q denotes the wave number, f(t) and g(t) designate, respectively, the amplitudes of the
temperature and the velocity field. Using the above assumptions, the system (10)-(11), (13) and
(14) is reduced to the differential equation

ḟ +
h

12
[Ro − Ra(1 + α(cos(Ω1t) + cos(Ω2t)))]f = 0 (16)

where h = λ
(λ+1)

, λ = q2

π2 and Ro = 12π2 (λ+1)2

λ
; Ro is the Rayleigh number corresponding to the

marginal stability of the unmodulated case [30]. The solution of equation (16) is given by

f(t) = foe
− h

12
[(Ro−Ra)t−(αRa)(

sin(Ω1 t)
Ω1

+
sin(Ω2t)

Ω2
)]

(17)

where f o is an arbitrary constant depending on the initial conditions. If the fluid layer is heated
from below (i.e Ra > o), we can see from equation (17) that the stability criterion is (Ra < Ro).
This criterion is the same that the one corresponding to the unmodulated case: Rac = 48π2 and
qc = π [30]. Nevertheless, at the onset of convection, the amplitudes of temperature and velocity
field are quasi-periodic. These amplitudes are given by

f (t) = fo e−2π2Fr1Ω1(sin(Ω1t)+
sin(Ω2t)

ω
)

g(t) = −12π2f o[1 + Fr1 Ω2
1 (cos(Ω1t) + cos(Ω2t)] e−2π2Fr1[sin(Ω1t)+

sin(Ω2t)
ω

]

where ω = Ω2/Ω1 and Fr1 = (κ/d)2

g d
b1
d

represents a sort of Froude number. In this case, the
quasi-periodic excitation has neither a stabilizing nor a destabilizing one. On the other hand,
if the fluid layer is heated from above (i.e Ra < 0), the rest state of the fluid layer cannot be
destabilized. We can conclude in this first formulation that if the fluid has a Prandtl number
Pr = O(1) or Pr >> 1, the oscillation of the cell cannot generate convective quasi-periodic
parametric instabilities. The physical reason is related to the large friction at the vertical walls
which leads to the suppression of inertial effects. Quite the same situation takes place in the case
of a porous media when the Darcy law is assumed for the resistance force.

3.2 Pr = O(ǫ2)

In this formulation the term ∂V/∂t remains in equations (5) and (7) after making the Hele-
Shaw approximation (ǫ2 = 0). Hence, setting Pr = ǫ2Pr∗ where Pr∗ = O(1), system (4)-(8)
becomes

∂uo

∂x
+

∂vo

∂y
+

∂wo

∂z
= 0 (18)
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Pr∗−1∂uo

∂t
= −∂po

∂x
+

∂2uo

∂y2
(19)

Pr∗−1∂wo

∂t
= −∂po

∂z
+

∂2wo

∂y2
+ Ra[1 + α (cos(Ω1t) + cos(Ω2t))] To (20)

∂To

∂t
= wo + △2To +

∂2T1

∂y2
(21)

where po = po(x, z) and To = To(x, z). As previously, the energy equation (21) is obtained at the
order ǫ2, in which the term T1 verifies the adiabatic conditions on the vertical walls: ∂T1/∂y = 0
at y = ±1

2
. The solution of the system (18)-(21) can be sought in forms (15). Using (18) we

find that vo = 0 and then, after substituting expressions (15) into (19)-(21) and averaging with
respect to y, we obtain the quasi-periodic differential equation

d2f

dt2
+ 2p

df

dt
+ h Pr∗ [Ro − Ra(1 + α(cos(Ω1t) + cos(Ω2t)))]f = 0 (22)

where 2p = π2 + q2 + 12Pr∗. Now we shall to analyze the stability of the equilibrium state using
the amplitude equation of temperature (22). The change of variable τ = Ω1t reduces equation
(22) to the quasi-periodic Mathieu equation studied by Rand et al. [27, 28]

d2f

dt2
+ 2µ

df

dt
+ [δ + ǫ(1 + α(cos(τ) + cos(ωτ)))]f = 0 (23)

where µ = p/Ω1, δ = h Pr* (R0 − Ra)/Ω2
1, ǫ = −h Pr* Ra Fr, ω = Ω2/Ω1. As noticed before,

the Floquet theory cannot be used to determine solutions of equation (23). Following Rand et

al. [27, 28], we use the harmonic balance method to determine the marginal stability curves by
means of expansion

f(t) =
∞
∑

n=0

∞
∑

m=−∞

[

Anmcos

(

n + mω

2
t

)

+ Bnmsin

(

n + mω

2
t

)]

(24)

Approximate results are obtained by a truncation of the infinite sums in equation (24) and then
replaced by sums from 0 to N for n and from −N to N for m respectively. In the case, N = 1
(n = 0, 1; m = −1, 0, 1), equations (23) and (24) allow us to obtain two homogenous algebraic
systems in Anm and Bnm which verify: A−n,−m = An,m and B−n,−m = −Bn,m. The first system
in Anm is in the form























































(

δ − ω2

4

)

A0,1 + µωB0,1 +
ǫ

2
A0,1 = 0

δA0,0 = 0
(

δ − (1 − ω)2

4

)

A1,−1 + µ(1 − ω)B1,−1 + ǫA1,1 = 0
(

δ − 1

4
+

ǫ

2

)

A1,0 + µB1,0 = 0
(

δ − (1 + ω)2

4

)

A1,1 + µ(1 + ω)B1,1 + ǫA1,−1 = 0
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The second system in Bnm is given by














































(

δ − ω2

4
− ǫ

2

)

B0,1 − µωA0,1 = 0
(

δ − (1 − ω)2

4

)

B1,−1 − µ(1 − ω)A1,−1 = 0
(

δ − 1

4
− ǫ

2

)

B1,0 − µA1,0 = 0
(

δ − (1 + ω)2

4

)

B1,1 − µ(1 + ω)A1,1 = 0

Coupling these two systems, we obtain the following system in An,m













a11 0 0 0 0
0 a22 0 0 0
0 0 a33 0 a35

0 0 0 a44 0
0 0 a53 0 a55

























A0,0

A0,1

A1,−1

A1,0

A1,1













= 0 (25)

where

a11 = δ, a22 = −

ǫ2

2
−
(

δ − ω2

4

)2

− µ2ω2

ω2

4
− δ +

ǫ

2

a33 =

(

δ − (1 − ω)2

4

)2

+ µ2 (1 − ω)2

δ − (1 − ω)2

4

, a35 = ǫ

a53 = ǫ, a44 =

(

δ − 1
4

)2 − ǫ2

4
+ µ2

δ − 1

4
− ǫ

2

a55 =

(

δ − (1 + ω)2

4

)2

+ µ2 (1 + ω)2

δ − (1 + ω)2

4

The system (25) have non-trivial solution if its determinant vanishes. For each N , the dimension
of this system is 2N2 + 2N + 1. For the case N = 4 considered in the current paper, the
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corresponding system dimension is equal to 41. Nevertheless, the analysis is facilitated by putting
the system in upper triangular form. We show in Fig.2 in the plane (δ, ω) when ǫ = 0.1 and
µ = 0, the stability chart as obtained by Rand et al. [27, 28].
In this analysis, the vanishing determinant can be given formally in the form F (Ra, q, Pr∗, Fr1,
Ω1, ω) = 0 in which all parameters of the physical problem are taken into account. The marginal
stability curves, Ra(q), are determined numerically by fixing the dimensionless frequency, Ω1, the
frequency ratio, ω, the effective Prandtl number, Pr∗ and the Froude number, Fr1. Hereafter,
we focus attention on the curves corresponding to the critical Rayleigh number, Rac, and wave
numbers, qc, versus the dimensionless frequency Ω1.

Figure 3 illustrates the results of the case where the fluid layer is heated from below and for
values of frequencies ratio, ω =

√
2, effective Prandtl number, Pr∗ = 1, and Froude number,

Fr1 = 1.6 10−4. We see that near Ω1 ∼ 0, the critical Rayleigh and wave numbers tend, respec-
tively, to the values of the unmodulated case, namely Rac = 48π2 and qc = π. Here, it turns out
that the effect of modulation is stabilizing for all values of Ω1. Furthermore, the critical Rayleigh
number reaches the asymptotic value Rac = 1178 for high frequencies. The evolution of the
critical wave number gives rise to two jump phenomena when crossing Ω1 = 314 and Ω1 = 360.

Figure 4 shows the evolution of the critical Rayleigh number as a function of Ω1 for Pr∗ = 1,
Fr1 = 1.6 10−4 and for different values of the irrational ratio of frequencies, ω. In contrast to
the curves corresponding to ω = 1/

√
2,
√

2,
√

3,
√

5,
√

11,
√

17 and ω =
√

37 where we are always
in the presence of a stabilizing effect, the curve corresponding to ω = 1√

37
gives rise to either a

stabilizing or destabilizing effect. For a fixed frequency Ω1, the critical Rayleigh number Rac in-
creases with increasing ω. Also, at high frequencies, the asymptotic values of the critical Rayleigh
number increases with increasing ω. These results suggest that the onset of convection is well
controlled by varying the frequencies ratio. Note that for values of Ω1 ≤ 360 approximatively, ω
has no significant effect on the variation of the critical Rayleigh number.

We illustrate in Fig.5 the dependance of the critical Rayleigh number, Rac,on the effective Prandtl
number, Pr∗, for Ω1 = 100, Fr1 = 1.6 10−4 and for different values of the irrational frequencies
ratio. It can be seen from Fig.5 that the largest critical Rayleigh number, corresponding to the
maximum of stabilization, increases with decreasing ω and then the stabilizing effect decreases
with the frequency ratio. The Prandtl number corresponding to the largest value of Rac in-
creases weakly from Pr∗ = 9.3 for ω =

√
37 to Pr∗ = 11.2 for ω =

√
5 and decreases to the

value Pr∗ = 7.4 for ω = 1/
√

2. However, for high values of Prandtl number, the critical Rayleigh
number for all the profiles tends, as expected, to the value of the unmodulated case Rac = 48π2.
Indeed, in this situation the inertial term Pr−1 ∂

∂t
disappears from equations (19)-(20).

In Fig.6, we present the results corresponding to the case of a fluid layer heated from above for
Pr∗ = 1, Fr1 = 1.6 10−4 and for the values ω = 1/

√
37, ω =

√
2 and ω =

√
37. This stable

configuration is potentially unstable at high frequencies, Ω1, than with the small ones. Indeed,
for each frequency ratio ω, as Ω1 tends to zero, the critical Rayleigh number increases to high
values (stable equilibrium configuration) and decreases with increasing Ω1 to reach an asymptotic
value. We notice that, as in the case of heating from below, the asymptotic critical Rayleigh
number decreases with decreasing ω. The evolution of the critical wave number qc for ω =

√
2
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gives rise to two jump phenomena when crossing Ω1 = 296 and Ω2 = 448.

4 Conclusion

In this work we have studied the effect of a vertical quasi-periodic oscillation on the onset of
convection in a Hele-Shaw cell. We have considered the case of a heating from below and the case
of a heating from above. Two formulations depending on the order of magnitude of the Prandtl
number have been discussed. In the first formulation, Pr = O(1) or Pr ≫ 1, we have obtained, as
expected, the same criterion of stability that the one of the unmodulated case. In the second for-
mulation, Pr = O(ǫ2), the governing system of equations is reduced to a damped quasi-periodic
Mathieu equation. In this situation, using the harmonic balance method and Hill’s determi-
nants, we have determined the onset of convection characterized by a quasi-periodic regime. It
was shown that a modulation with two incommensurate frequencies produces a stabilizing or a
destabilizing effect strongly depending on the ratio of the frequencies. In summary, the study
considered in the second formulation showed that the frequency ratio plays an important role in
controlling the onset of convection.
From a physical point of view, our motivation was based on the fact that the Hele-Shaw cells
are widely used to simulate two-dimensions flows in porous media [31–35]. Therefore, this linear
study can serve as model to investigate the influence of the quasi-periodic gravitational modula-
tion on the threshold of convective instability in porous medium.
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Figure 2: Stability chart of the quasi-periodic Mathieu equation in the plane(δ, ω) for N = 4,
ǫ = 0.1 and µ = 0.
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Figure 3: Heating from below - Evolution of the critical Rayleigh number, Rac, and wave number,
qc, as a function of the dimensionless frequency Ω1 for ω =

√
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Figure 4: Heating from below - Evolution of the critical Rayleigh number, Rac, as a function of
the nondimensional frequency, Ω1, for different values of the irrational frequencies ratio, ω.
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qc, as a function of the dimensionless frequency Ω1.
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