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ABSTRACT. This paper continues the study of fundamental properties of elementary func-
tions on the Sierpinski gasket (SG) related to the Laplacian defined by Kigami: harmonic
functions, multiharmonic functions, and eigenfunctions of the Laplacian. We describe the
possible point singularities of such functions, and we use the description at certain periodic
points to motivate the definition of local derivatives at these points. We study the global
behavior of eigenfunctions on all generic infinite blow-ups of SG, and construct eigenfunc-
tions that decay at infinity in certain directions. We study the asymptotic behavior of normal
derivatives of Dirichlet eigenfunctions at boundary points, and give experimental evidence for
the behavior of the normal derivatives of the heat kernel at boundary points.

¢1. Introduction.

In this paper we continue the study of fundamental properties of elementary functions
on the Sierpinski gasket (SG). In [NSTY], which we will refer to as part I, the growth
properties of monomials, analogous to 2™ /n! on the unit interval, were described, and this
information was used to give a theory of power series and analytic functions on SG. Recall
that SG is the unique nonempty compact set in the plane satisfying

2
(1.1) K = JFK,
1=0

where Fix = %:1: + %qi and qo, q1,q2 are the vertices of an equilateral triangle considered
the boundary of K with a self-similar and symmetric energy form £(u,v), measure p and
Laplacian A as described in [Kil,2]. (See also [S2].)

The self-similar properties are

2
(1.2) E(u, v) = g;g(uoﬂ,voﬂ),
1 2
_ —1
and
(1.4) A(uo F;) = %(Au) o Fj,

or more generally

(1.5) £ (u, v) = (g)m S E(uo FuyvoFy),

lw|=m

1 —1
(16) :u:?)_m Z MOFw )

lw|=m
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and
1
(1.7) A(uo Fy) = 5—m(Au)on,
where w = (wy,ws, ... ,w,,) denotes a word of length |w| = m in the digits (0, 1,2) and

F, =F, F,, - F,, . The Laplacian may be defined by the weak formulation © € dom A
and Au = f if u € dom &, f is continuous, and

(1.8) —&(u,v) = /fvd,u for all v € domg &,

where the subscript 0 indicates that the function vanishes on the boundary. There are also

local derivatives defined at the boundary points. At gy, the normal derivative is defined
by

(19) Onatan) = Jim_(3)" [2utan) ~ w00 - P 12

m—00

and the tangential derivative by
(1.10) Oru(go) = lim 5™ |u(F'q) - u(Fy'g)),

with similar definitions at ¢; and ¢2 by cyclic permutation of the indices. These local
derivatives exist if u € dom A. Then (1.8) extends to the Gauss-Green formula

(1.11) /v Audp = —E(u,v) + Zv(qi)ﬁnu(qi)

1=0

for all v € dom &, u € dom A.

The space of harmonic functions on K, solutions of Au = 0, is 3-dimensional, each
harmonic function being determined by its 3 boundary values. More generally, a function
is called multiharmonic if A¥+1y = 0 for some k > 0. These are the analogs of polynomials
on the unit interval. In part I, a family of multiharmonic functions, analogous to the
monomials z"/n! on the unit interval, was described and studied. Choose a boundary

point, say qo. Then the functions Pj(g) for k =1,2,3 and j > 0 satisfy AjHPj(,S) =0 and

are characterized by the conditions
AMP},S)(qo) = Om;jOk1,
(1.12) On AP (q0) = Omjdia,
8TAij(£)(QO) = OrnjOk3-
These functions are related by the identity

(1.13) APY)

_ pO
(G+Dk — ij )
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If Ry denotes the reflection symmetry of K that fixes gy and interchanges ¢; and g2, then

Pj(? ) and P}S ) are symmetric while Pj(g ) is skew-symmetric with respect to Ry. The decay
properties of these functions near gy are described by the following scaling identities:

PO (Fyra) = 57m P (),

m 3 " —Jim
(1.14) PO = (3) 5,

P (Fg) = 50T PR (a),

In section 4 of this paper, we will see that if we consider solutions of A/t'y = 0 in
K \ qo with possible singularity at gg, then we add another family Pj(g). These functions
are skew-symmetric with respect to Ry and satisfy (1.13) and the scaling identity

(1.15) P (Fga) = 3™ - 579 P (2).

We observe from (1.15) that while ngf) has a pole at qg, all the other P}? functions are
continuous, and in fact vanish at gg. This is reminiscent of the terms in expansions that
hold for solution of ordinary differential equations in a neighborhood of a regular singular
(0)
j4

point. We also have experimental evidence for the asymptotic behavior of P, as j —

J
0o, namely that lim <—5)\(()5)> Pj(ff) exists and equals an eigenfunction with eigenvalue
j—00
5)\(()5) ~ 279.4291373.... (The notation is from [GRS].) This is similar to the asymptotic
]?ehavior of Pj(g ) established in part I, while Pj(? ) and Pj(?? ) have superexponential decay in
j-

We are also interested in functions with point singularities at other types of points. We
begin by considering just harmonic functions. In section 2, we show that if the singularity
occurs at a junction point the space of harmonic functions is 7-dimensional, while at a
generic point it is 6-dimensional. We are also able to localize singularities and describe the
space of harmonic functions with a finite number of singularities.

In section 3, we specialize to the case of harmonic functions with a singularity at a
periodic point z, meaning that z is the fixed-point of F, for some finite word w of length

m. (So z has the address w,w,w,....) We describe a specific basis {Pé,j)}k for
=1,2,....,6

this space, characterized by the scaling identities
(1.16) Pyi) o (Fu)" = op By,

for certain constants o;. When k = 1,2, 3, these functions are globally harmonic (have
removable singularities) with typically 1 = o1 > o2 > 03. (There is at least one exception,

when w = (1,2,3), where o2 and o3 are complex conjugate pairs with |os| = |o3| < 1.)

The remaining functions PO(;) for k = 4,5,6 have true singularities at z, although Péi)

is continuous since o4 = (%)m < 1, while Po(g) and Po(g) have poles since 1 < o5 < 0g.

In fact Péz) is closely related to the Green’s function at the point z. Using information
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derived from these functions we define local derivatives 05 f(2) and 05 f(z) analogous to
the normal and tangential derivatives (1.9) and (1.10) at a boundary point, and show that

these derivatives exist if f € dom A. We also identify APéz) for k = 4,5, 6 as “distributions

supported at the point z,” with APO(E) a multiple of §, APO(E ) a multiple of 929, and APO(g )
a multiple of 030,.

It is natural to try to extend the family {Pé,’i)} of harmonic functions to a family {Pj(z) }

of monomials with

(1.17) AP =P, on K\ {z}
and
(1.18) P o (Fu)" = (57™ay)" P

To keep the complexity manageable we restrict attention to the case w = (0, 1) in section 5.
The idea is to construct Pj(,'z) first on the complement of the level m cell C' containing z.
We split K \ C into a finite union of cells and use the bases of monomials from part I

on each cell. We then use (1.18) to extend Pj(;) to K \ {z}. In the process we require
certain matching conditions, and this leads to a complicated set of linear equations with
the number of equations equal to the number of free parameters in the construction. It is
not clear how to obtain a proof of existence and uniqueness for these equations, but in the
case w = (0,1) we were able to write a program to solve these equations numerically.

Another important class of elementary functions are the eigenfunctions of the Laplacian,
(1.19) —Au = Au.
Global solutions to (1.19) are described by the method of spectral decimation [F5]. (See

also [T1] and [DSV].) To each A there exists a sequence {\,,} for m > mg (called the
“generation of birth”) such that

(1.20) A= lim g5m/\m
and
(1.21) Am = Am41(D — Amg1)  for m > my.

Then u|y,, is a discrete eigenfunction on I',, with eigenvalue A, for m > mgy. Moreover
Am does not equal any of the exceptional values 2, 5,6 for m > mg, while A,,, is one of the
exceptional values unless mg = 1. The case mg = 1 is called generic. Note that we can
solve (1.21),

5+ emV2b — 4\,

(1.22) Amg1 = ;
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for €, = £1, and we must have ¢,, = —1 for all but a finite number of m’s in order that
the limit in (1.20) exists. We can also solve the discrete eigenvalue equation to extend the
values of u from V,,,_1 to V,,. This is a local extension algorithm, so that if jw| =m — 1
we have

2
(2 - Am)(5 - )‘m)

(1'23) U(FwFOQ1) - [U(quo> + U(qul)} + U(FwQ2)

and similar identities at F, F1q2 and F,, F>qq, so the values of u on the boundary of a cell
of level m are obtained from the values of u on the boundary of the cell of level m — 1
containing it by multiplying by a certain 3 x 3 matrix. (The matrix depends on A,, and
the position of the cells.) By inverting the matrix we can similarly expand outward from
the small cell to the large cell. Note that \,, # 2,5 is required for (1.23) to be meaningful,
and \,, # 6 is required for the matrix to be invertible.

In section 6, we show how to modify the method of spectral decimation to describe all
solutions of the eigenvalue equation (1.19) allowing a singularity at a boundary point, for
generic eigenvalues. Allowing the singularity increases the dimension of solutions from 3
to 4, so we just need to describe one additional eigenfunction. We show that it is skew-
symmetric with respect to Ry and has a pole with the same rate of growth as Pég). In
principle there should be a 6-dimensional space of solutions to (1.19) with a singularity
at a nonjunction point. For the periodic point z discussed in section 5, we can use power
series

oo
ST(-NPY fork=1,2,....6
i=0

J

to give a basis, provided |A| is small enough and the growth rates suggested in section 5
are valid. Nevertheless, it would still be desirable to give a spectral decimation description
in this case.

In part I there is a description of the solutions to the eigenvalue equation (1.19) on
the infinite blow-up J;—, Fy "K of SG. However, this is only one of uncountably many
distinct infinite blow-ups of SG. For any infinite word w, one can form the blow-up

o0
SG,, = U FujllFJ; .- -FJ;K (increasing union),
n=0

and words that differ for all but a finite number of places yield distinct blow-ups. The one
studied in part I is characterized as having a boundary point. If the word w omits one
digit, say 2, then the blow-up has a bottom line. It is easy to extend the method of spectral
decimation to all infinite blow-ups, allowing the index m to range over all integers, and
allowing mg = —oo. (These will be the generic ones.) As in part I, we will be interested in
picking out specific eigenfunctions with different boundedness and asymptotic behaviors
“at infinity.”

In section 7, we study the case of generic eigenvalues. We show that in the case that the
blow-up has a bottom line, there exists an eigenfunction that is constant along this line.
This is closely related to the observation in [DSV] that certain Dirichlet eigenfunctions are
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constant along the “inner triangle” in SG, and may be explained by symmetry considera-
tions as mentioned in [ASST]|. For a blow-up in which all digits occur in any large enough
segment, we are able to construct a basis of eigenfunctions where each eigenfunction goes
to infinity in one “direction,” and goes to zero in the other two directions. For this we need
to assume not only that the eigenvalue is generic, but also that it is non-Julia, meaning
that the discrete eigenvalues A\; do not belong to the Julia set J of the polynomial z(5— z).
This consideration is equivalent to saying |\;| goes to infinity as j — —oc.

In section 8, we study some of the eigenvalues omitted in section 7. For nongeneric A,
many cases are described in [T1] since they contribute to the L? spectrum of the blow-up.
We are able to give a complete description, including the case when some \,, = 2 not
considered in [T1]. When \,, € J the situation is more subtle. The fixed point 4 € J
seems to be special. If \,, = 4 then all eigenfunctions are bounded. We conjecture that
if A\, € J but A\, # 4 (for all m < myg) then there are no bounded eigenfunctions (for
a blow-up with no boundary point). We are able to prove that there are no bounded
eigenfunctions if \,, = 3 & v/3. (This is the two-cycle in J.)

To put these matters in context, we should consider what happens in the theory of
Riemannian manifolds without boundary. The L? spectral resolution of the Laplacian
typically gives rise to many bounded eigenfunctions, and we can obtain more by taking a
suitable closure. Are there any more bounded eigenfunctions? The answer depends a lot
on the particular manifold. (In general, the answer is unknown.) For Euclidean space, the
answer is no. For hyperbolic space, the answer is yes, and in fact there is a whole analytic
family of them. So the case of SG,, seems to fall in between these extremes.

In section 9, we study normal derivatives at the boundary for Dirichlet eigenfunctions

and heat kernels. For comparison, note that on the unit interval the functions {% sin 7 x}

form an orthonormal basis of Dirichlet eigenfunctions with eigenvalue (75)? and normal
derivatives —7j/v/2 and (—1)7*175/v/2 at 0 and 1, so that |9,u| = cV/\ exactly. On SG
we are able to compute the normal derivatives of all normalized Dirichlet eigenfunctions
using spectral decimation and some results about inner products from [OSS]. The answer
is given in terms of infinite products involving the sequence {\,,} given by (1.20) and
(1.21). Using this we are able to prove the upper bound

(1.24) |0u] < VA,

but this is far from the entire story. For most eigenvalues, the normal derivatives are
actually much smaller than the bound in (1.24). By looking at graphs of the ratio d,u/v/A
versus A we see that there is a very rich self-similar structure to the data. Also, there is
a large space of joint Dirichlet-Neumann eigenfunctions for which the normal derivatives
are zero.

We are also interested in normal derivatives of the Dirichlet heat kernel

(1.25) pelz,y) =Y e Nlu(x)u;(y),

where {u;} denotes an orthonormal basis of Dirichlet eigenfunctions with eigenvalues {\,}.
In particular, we want to take normal derivatives with respect to both variables at the same
boundary point (say o), so

(1.26) OnOnpe(q0,q0) = Y _ e " (Onu;(q0))°.
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This quantity plays an important role in analysis on the product space SG x SG developd
in [S6]. Sharp estimates for the heat kernel and its time derivatives are known (see [Bal,
[Ki2] and references there), but nothing is known about (1.26). Certain estimates were
conjectured in [S6], namely

(1.27) On0npt(qo, qo) < ct—108(25/3)/ 1085 for 0 < ¢ < 1.

Here we give strong experimental evidence that (1.27) holds. It is important to note that
the estimate (1.24) is not adequate to prove (1.27). In fact, our evidence suggests that
tloe(25/3)/ 10859, 5,.p,(qo, qo) behaves asymptotically like a periodic function of log1/t as
t — 0. This suggests that a similar statement will hold for the on diagonal heat kernel
pe(z, x) (with a different exponent of ¢).

Taken together, the results of this paper and part I give us a reasonably detailed un-
derstanding of some elementary special functions on SG. On the other hand, this is not
enough. Because of the negative results in [BST], we cannot compose any of these func-
tions with a nonlinear real-valued function and stay within dom A. For example, here is
a challenging problem that apparently cannot be solved using just these elementary func-
tions: find the analog on SG to the famous theorem of Borel that there exist C'*° functions
on the line with any prescribed Taylor expansion. A solution to this problem might pave
the way for a full-fledged theory of distributions on SG.

§2. Harmonic functions with point singularity.

A harmonic function on K is defined to be a continuous function h satfisfying the
discrete harmonic condition

(2.1) Aph(z) =0 forallze Vi \Vy forall k and m with m > k.

The boundary points are treated exceptionally, since if we tried to impose (2.1) at boundary
points (this is equivalent to imposing Neumann boundary conditions) the only harmonic
functions would be the constants. On the other hand, the requirement that h be continuous
at boundary points is a condition of a different nature than the continuity on K\ Vy. Indeed,
the discrete harmonic condition (2.1) already implies that h is continuous on V, \ V; and
extends continuously to K \ V. (One should delete the cases of (2.1) that involve values
on Vp.) But it has been known since [DSV] that there exist functions that are unbounded
in a neighborhood of points in V that are otherwise harmonic. These are the prototypes
of the functions we study in this section.

We begin with a more general situation. Let €2 be any open subset of K, and let
S = K \ Q be its closed complement (the singularity set).

Definition 2.1. A function h on 2 is said to be harmonic on €2 if h is continuous on 2
and h satisfies (2.1) at every point x € V;, NQ\ Vp for all m large enough that U,,(x) C Q.
Recall that U,,(z) is the standard neighborhood consisting of the two cells of level m
having x as boundary point. Since 2 is open, we have U,,(x) C ) for all large enough m.

The results of [DSV] as elaborated in [KSS] says that if Q = K \ {¢go} then the space of
harmonic functions €2 is 4-dimensional, with a basis hi, ho, hs, hs, and hq, hs, hg span the
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3-dimensional space of harmonic functions of K. The functions h; and hs are even with
respect to Rg, with A1 = 1 and hs having boundary values ha(qo) = 0, ha(q1) = h2(g2) = 1.
The functions hs and hy are odd with respect to Ry, with h3 having boundary values
hs(go) = 0, hs(q1) = —hs(g2) = 1, while hy satisfies

h4(F6nq1) = —h4(F(’)”q2) = 3m.

Note that h4 just barely fails to be integrable on K. The functions h; are all harmonic on
F1 K U F,K and are uniquely determined by their boundary values at the four boundary
points (q1, g2, Foq1, Fogz). The most important property of these functions is the scaling
identity

1

(2.2) hi(Fy'z) = oi"hj(z) for oy =1,00 = _,03 = 5104 = 3.

ol w

It is useful to be able to localize the definition. Suppose €2 is an open subset of any
cell F, K. Then a continuous function h on §2 is harmonic on 2 in F,, K if (2.1) holds for
x €V NQ\ F,Vp provided U,,(z) C €. It is easy to see that this is equivalent to saying
that h o F; ! is harmonic on F;'Q in K.

Our first result is a simple extension theorem.

Theorem 2.2. Suppose S s closed in F, K and S s disjoint from the boundary F,,Vj.

Then any harmonic function on F, K\ S in F,K extends uniquely to a harmonic function
on K\ S.

%(a+b+c+d)

FIGURE 2.1

Proof. 1t clearly suffices to prove this for Fy K. So let h be harmonic on Fy K \ S. By
hypothesis Fq; and Fyge are disjoint from S, so the values h(Fypq1) = ¢ and h(Fpge) = d
are specified. If we choose values h(q1) = a and h(gz) = b then this will determine a
unique harmonic function on F; K U F5 K, and the extension will be harmonic on K \ S if
and only if the normal derivatives satisfy the matching conditions at Fyqy and Foga. (See
Figure 2.1.) This gives us two linear equations in a and b, so we can reasonably expect a
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unique solution. Note that h(Fig2) = 1(a + b+ ¢+ d), so the normal derivative at Foq;
with respect to the F1 K cell is 3 (2¢ — a — 2t2tetd) and similarly the normal derivative

at Fyqe with respect to the Fyh K cell is g (Zd —b— W), and by inspection these are

linearly independent in the (a,b) variables. Q.E.D.

It is not difficult to see that even if S intersects F,,Vj, the extension is still possible,
but the uniqueness fails.

We may use this extension theorem to localize the description of harmonic functions
with singularities. The following is a typical application.

Corollary 2.3. Let {z1,z2,... ,xNn} be any finite set of distinct nonjunction points in
K. Then any harmonic function in K \ {x1,22,... ,xnx} may be written 22]21 Up for u,
harmonic in K \ {z,}, and moreover u,, is unique modulo global harmonic functions.

Proof. Since the points x; are not junction points, we can find cells F,,(;) K containing z;
but no other zy (k # j). Let h be the harmonic function on K \ {z1,z2,...,z,}. Then
h restricted to Fy,q)K is harmonic on Fy,q)K \ {z1}. We take u; to be the extension
to a harmonic function on K \ {z1}. Then h — u; vanishes on F,, 1)K so it is harmonic
on K\ {z2,z3,... ,zn}. Then for uy we take the harmonic extension of h — u; from
Fy)K\{z2} to K\{x2}. Thus h—u; —usy is harmonic on K\ {z3,z4,... ,2n}. Continuing
in this way we obtain existence. To show uniqueness assume »  wu,, and »_ u!, are two such
representations, with u, and uj, both harmonic in K\{z, }. Then up—up =3, (u;,—un)
is both harmonic in K\ {z;} and K\ {z1,z2,... ,Zk,... ,zn}, hence is a global harmonic
function. Q.E.D.

This localization is also valid if we allow junction point singularities, as we will see later.

Theorem 2.4. Let g be any nonboundary junction point. Then the space of harmonic
functions on K \ {xo} is 7-dimensional.

01 FiFa0y Fi0o FyFi0, o

FIGURE 2.2
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Proof. By Theorem 2.2 it suffices to prove this for a level 1 junction point, say zog = Fiqs =
F5q1. Let H denote the space of harmonic functions on K \ {Fjq2}. We also consider the
Sspace F()K U FlFoK @) F1F1K U FQF()K U FQFQK (that is K with the interior of FlFQK @)
F>Fy K deleted) as a fractafold with boundary {qo, g1, g2, F1 F2qo, F1 Foq1, FoF1qo, FoF1g2}.
See Figure 2.2. Let H; denote the 7-dimensional space of harmonic functions on this
fractafold. Clearly, restriction maps H to H;. To complete the proof we need to show
that this is invertible, and we do this by exhibiting an explicit, unique extension from
H, to H. Let h € Hy. Because the functions in H are unrestricted at F}gs, we simply
have to extend the function h restricted to FiFoK U F1F1 K to a function harmonic on
F1 K\ {Fig2}, and also the function h restricted to Fy Fo K UF> F5 K to a function harmonic
on Fo K\ {F»q }, with no compatibility requirement on the two extensions. Of course, both
extension problems are localized versions of the extension from Fy K UF;K to K\{qo}, and
this has a unique solution that can be given explicitly by the basis hi, ho, h3, hy described

above. Q.E.D.
0 0
3/50 3/50 1/5 /5
0 9/50 0 0 R 0
h, hy
—2/3 0

FIGURE 2.3
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The 7-dimensional space for K \ {Fi1q2} splits into a 4-dimensional space symmetric
with respect to Ry and a 3-dimensional skew-symmetric space. In addition to hq, ho
(symmetric) and hs (skew-symmetric) which generate global harmonic functions, we can
complete a basis with ha (continuous symmetric), hs (bounded, discontinuous at Fjgs,
skew-symmetric), hg (unbounded, symmetric) and h; (unbounded, skew-symmetric) as
shown in Figure 2.3.

Another way to describe H is in terms of restrictions to F1 K \ {Fig2} and FoK \
{F2q1}. Each of these restriction spaces is 4-dimensional, which means there must be a
1-dimensional space of obstructions to extending to FyK. But in fact we know that hy
does not extend to a neighborhood of go, and in fact the 8-dimensional space generated by
hi, ha, hs, hy, ha, hs, he, by gives the space of harmonic functions on K \ {qo, F1¢2}.

Theorem 2.5. Let g be any nonjunction point. Then the space of harmonic functions

on K\ {zo} is 6-dimensional, with each such function determined uniquely by the values
of h(gq;) and O,h(q;), j =0,1,2.

Proof. Let (wj,ws,...) denote the infinite word uniquely representing zp, so
xog € Fy, Fy, -+ Fy K for all m. Let F,, denote the fractafold obtained by deleting
the interior of F, Fy, - Fy, K from K, where m is large enough that the sequence
(w1, wa, ... ,wy) is not constant. Then F,,, has 6 boundary points, ¢; and Fy, Fy,, - - - Fuy,, q;
for  =0,1,2. Let H,, denote the 6-dimensional space of harmonic functions on F,,. We
claim that the data {h(q;),0nh(q;)} = {a;,n;} for j = 0,1,2 uniquely determine h € H,,.

8y

1
— (a+aytar+ay)
FIGURE 2.4

First we show that {a;, n;} uniquely determines {h(Fy, q;), Onh(Fuw,q;)} = {a,n}}. For
simplicity assume wq = 0. Then {ag,no} = {ag,n{}. For h to be harmonic at Figzs = Foq
we must have

1
(2.3) h(Fig2) = Z(Ch +az +aj + ay)
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(see Figure 2.4). By the definition of normal derivative we have

1
s = 2a1 —ay — Z(al +ag + a) + ah)

(2.4)

3 1
2 = 2a2 — ajy — Z(Cu +az +ay + ay)

and the matching conditions for normal derivatives at Fyq; and Fyqo yield

3

—gn'l =2a] —ay — Z(al +as +aj + ab)
(2.5)
3
—gnlz = 2a5 — as — Z<a1 + as + aj + ab).

More precisely, any h € H,, satisfies (2.4) and (2.5), and conversely, if (2.4) and (2.5) hold,
there exists a harmonic function on F} K U Fo K satisfying {h(q;), 0nh(q;)} = {a;,n;} for
j=1,2 and {h(F;q), 0nh(Fjqo)} = {aj,n’;}. But it is easy to see that the equations (2.4)
and (2.5) allow a unique solution for primed variables in terms of unprimed variables, and
vice versa.

By iterating the above argument we see that for f € H,, the initial data uniquely
determines the data {h(Fy, Fu, - Fu,,qj), Onh(Fu, Fuw, - -+ Fu,,q;)}, and vice versa, and
in fact there exists f € H,, with any initial data. Now if h € H then its restriction to F,,
is in H,,, and conversely, if the restriction of h to F,, is in H,, for all m, then h € H. This
allows us to construct a function in H from any initial data by successively defining it on
Fm, so H is at least 6-dimensional. But if the initial data is zero, then A must vanish on
all F,,, hence h is zero, so H is exactly 6-dimensional. Q.E.D.

Theorem 2.6. Given distinct points {x1,x2,... ,xn}, let N = Ny + Ny + N3 where Ny
is the number of boundary points (N1 < 3), Na is the number of nonboundary junction
points, and N3 is the number of nonjunction points. The space of harmonic functions on
K\ {z1,22,... ,xn} has dimension 3 + Ny + 4N + 3Ns.

Proof. For each sufficiently large m, let F,, denote the fractafold obtained from K by
removing a level m neighborhood of each z; as follows: (i) if ; is a boundary point (say
x; = ¢;) remove the interior of FJ"K and also the point g;; (ii) if z; is a nonboundary
junction point, remove Uy, (z;); (iii) if ; is a nonjunction point determined by the infinite
word (w1, ws, ... ), remove the interior of F,, F, -+ F,, K.

Let H,, denote the space of harmonic functions on F,,,. Note that once m is large enough
that the deleted neighborhoods have disjoint closures (not containing any boundary points
in cases (ii) and (iii)), the boundary of F,,, consists of exactly 3 + Nj +4N3 + 3N3 points,
so this is the dimension of H,,. Reasoning as before, each function in H,, has a unique
extension to a function in H,,,1, and any function in H restricted to F,, yields a function
in H,,. The rest of the argument is the same as before. Q.E.D.
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§3. Harmonic functions with singularity at a periodic point.

Let w denote a word of finite length m. A periodic point z is a point with address
(w,w,w,...), or equivalently, the fixed-point of F,,. We would like describe in detail the

6-dimensional space of functions harmonic on K \ {z}. We want to find a basis {Po(z) },

k=1,2,...,6, characterized by the scaling identity
(3.1) P o (F,)" = o} Py}

for specific factors or. For k = 1,2,3, these functions will be globally harmonic, while
for k = 4,5,6 they will have nonremovable singularities. According to Theorem 2.5, the
values {h(g;)} and {0,h(g;)} uniquely determine a harmonic function on K \ {z}. We
need to understand the linear transformation that describes the mapping h — h o F, in
these coordinates.

We begin by considering just the 3-dimensional space H of global harmonic functions.
Then we know

Inh(qo) h(qo) 2 -1 -1
(3.2) n=Da, wheren=|0h(qx) |;a=|h(qx) | andD=| -1 2 -1
Inh(g2) h(g2) -1 -1 2
Let a; = h(Fy,q;) and )y = 8,h(Fyu,q;) = 30n(ho Fy,)(g;). Then
a = Ay,a
3.3
(3.3) n' = §DAw1a,
3
1 5 0 0
where A; are the harmonic extension matrices, Ag = R 2 2 1], etc. More generally,
2 1 2
by iteration
a=(Ay, Aw, Ay )a
3.4 m
(3.4) 5 (g) D(Aw, Aw. - Au)a,

where a; = h(F,q;) and n = 0,,h(F,q;).
If a(®) is an eigenvector for the matrix A, A, _ ---A,, with eigenvalue oy, then h
will satisfy (3.1). Let o1 = 1, 03, 03 denote the eigenvalues of this matrix. (o corresponds

1
to the eigenvector | 1 |.) Since det A, Aw,, | Aw, = (%)m, we have o903 = (%)m,
1

and also

1 m 3 m
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The strict inequalities in (3.5) of course require that not all w; are equal. Typically, these
will be two distinct real eigenvalues, so we may order them, o1 > o9 > 03. There is at least

m
one case w = (0,1,2), when oy and o3 are complex conjugate pairs, with |o3| = (?)

It does not appear that a multiplicity 2 eigenspace (or even generalized eigenspace) ever
occurs. In the typical case, we will define Péz) for £k = 1,2,3 by taking initial values
a = a®. Note that P{?) = 1, while PZ)(2) = P{2(z)
faster for Pég ),

Next we examine what happens when we allow a singularity at z. This means (3.2) is no
longer valid. It is convenient to define a perturbation vector N to measure the deviation

of n from Da:

= 0, but the rate of vanishing is

(3.6) n = Da+ N.

5

Similarly, n’ = $Da’ + N’ and n = (%)m Da + N. We need to find the analog of (3.3).
For simplicity set w; = 0. That means z € FyK, so h is harmonic in 1K U F3 K, so
h(Fig2) = (a1 + a2 + a) + a}). Computing normal derivatives at ¢; and go using the cells
F1 K and F5K yields

5
nm=g 2a1—a'1—1(a1+a2—|—a’1+a'2)
- ]
ng = — 2a2—a'2—1(a1+a2+a'2+a’2)

This allows us to solve for a) and af in terms of a1, az, N1, N2 (using (3.6)). Of course,

ay, = ap. We may write the solution in matrix notation

3

(37) a' = A()CL + SBON
for

0 0 0

g -2 1

(3.8) By = &G

1 5)

0 S

6 6

We may also compute the normal derivatives n} and nf, using the cells F1 K and Fo K

(and taking the negative):

5[ 1 |
n'1:—§ 2a’1—a1—1(a1+a2+a'1+a’2)
- ;
n’zz—g 2a’2—a2—1(a1+a2—|—a’2+a'2)
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Using (3.7) to eliminate a} and a) and expressing the answer in terms of N and N} we
obtain

10 5
N/ = —=—N; — =N
1 3 1 3 2
5 10
N, =—-N —Ns.
2 3 1+3 2

Also, since nfy = ng we have N} = No — 2N; — 2N,. In matrix form this is simply
(3.9) N' = (AN
Iterating this argument, we obtain

(3.10) 4= (Aw, Aw, _, - Ay )a+ BN

(3-11) ]’\7 - ((AwmAwm—l "'Awl)tr)ilN

for a certain matrix B. In order to have (3.1) hold we need @ = opa and N = (g)m orN.

Of course, the eigenvalues of ((Ay, Aw,, | -+ Aw,)®)Farel, 07", 05t Write N, NO),
N©) for corresponding eigenvectors. Then for o, = (%)m, o5 = (%)m 02_1, o = (%)m 03_1,
we take N = N®*) and determine a®) by solving @ = oja and (3.10):

(3.12) (okI — Aw,, Aw,, + - Aw, ) a = BN.

We can check (using (3.5)) that oy0; # (£)™ for 4,5 < 3, so (3.12) is solvable. We thus

obtain Pé,j) for k = 4,5, 6 satisfying (3.1). Note that o4 < 1 while o5 > 1 and 06 > 1, so
Péi) has a bounded singularity (in fact lim PO(Z)(I) = 0) while Po(g) and Po(g) have poles.

Next we define local derivatives Js and J3 at the point z. We will be motivated by the
requirements

(3.13)

{@Pé%) = 0P () =0 aFy)(2) =1
0P (2) = 05P5) () =0 93P (2) = 1.
Note that N(®) is orthogonal to a!) and a(®, while N is orthogonal to a!) and a(?,

since they are left and right eigenvectors for the same matrix. We normalize them so that
NGO . q2) = N6) . 3) =1,

Definition 3.1. 9> and 03 are defined by

( 2
Daf(2) = lim 03" > N f(Fla;)
(3.14) =0

2
Oaf(2) = lim o5 >~ NV f(Fiq;)
\ ’L_O

provided the limits exist.

It is clear that (3.13) holds, and in fact it is not necessary to take the limit.
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Theorem 3.2. Let f € domA. Then O2f(2) and 05 f(z) exist.
Proof. We may write

(3.15) f(z) = hiz) + / Gz, 9)9(y)dp(y)

for h harmonic and ¢ continuous. Since 0xh(z) and 0s3h(z) exist, it suffices to show that
the local derivatives exist for the integral term in (3.15). At least formally, we expect

(3.16) 8k/G(z,y)g(y)du(y) 2/(8kG(z,y))g(y)du(y),

for k = 2,3. For every y # z, G(-,y) is harmonic in a neighborhood of z, so 9,G(z,vy)
is well defined. Moreover, it is a harmonic function of y in K \ {z}, so it must be a
linear combination of Pélz ), PO(S), .. ,Po(g). Each of these functions is integrable, because
the lower bound in (3.5) is strict, so the right side of (3.16) is well defined. For the left

side, we observe that

2
7" Y N / G(Fas,y)g(y)dia(y)
1=0
2 2
=o;" Y NP / G(Flai,y)g(y)duly) + 03" Y N G(F7qi,y)9(y)du(y)
i=0 K\F3 K i—0 FrK
2

:/ 82G (2, y)g(y)duly )+02‘”ZN}5)/ G(Fyqi,v)9(y)du(y)

K\FrK =0 e

because G(-,y) is harmonic in F}K for y € K \ F]}K. So to prove (3.16) for k = 2, we
need

2

(3.17) Jim oy N - G 9)g(y)dpu(y) = 0.
i=0 w

This is easy, since 0, < (5/v/3)™" and u(F'K) = (%)m with \/— < 1. But the same

estimate will not work for o3 in place of o5. Instead we use a Holder estimate on the

Green’s function, since 2?21 Ni(6) = 0. Note that G(F}q;,y) —G(Flq;j,y) is a sum of only
3 nm

nm terms, and each is bounded by a constant times (5) . So

2
5" SN / G(Frar,y)g(y)din(y)
i=0 By K
2

—o;" SN [ (G(F) - G u)a(0)dnty
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o3 " -nm | < =

) 3
and this goes to zero as n — oo by the strict lower bound in (3.5). So this proves (3.16)
for k = 3 also. Q.E.D.

We can define “distributions” §(*), 9,6(*) and 956(*) supported at the point z, as
bounded linear functionals on the test space (dom A)gp, the space of functions in dom A
vanishing in a neighborhood of the boundary, by

is bounded by a multiple of

(3.18) <5(Z),g0> = p(z), <6’k5(2)7<,0> = —0Okp(z) for k=23

We can also define APO(;:) for k =4,5,6 in the “distribution sense” by
(3.19) (ARG ) = / Pii) Apdp

for ¢ € (dom A)g, since PO(Z) is integrable. Since AP(E,? = 0 in K \ {z}, the distribu-
tions AP&Z) will be supported at z, so we expect to be able to identify them with linear
combinations of 6(*), 9,8(*) and 936(*).

Theorem 3.3. There exist nonzero constants cy, cs, cg such that

(3.20) AP =¢,;6®), AP =¢50,09, AP = ¢056).
Proof. Because Pé,’:) is integrable, we have

/Po(}z)Acpd,u: lim Pég)Agodu.
K = JK\Fr K

Because APS,’:) =0on K\ F!K we have
/ P()(Z)Agpd,u = / (Po(,'z)Agp — gpAPO(,':)) dp = Z <g08nP0(2) — Po(z)angp) .
K\FIK K\FrK OFTK

Here we have used the Gauss-Green formula (the sign change is due to the fact that the
outward normals on K \ F' K become inward normals on F” K) and the fact that ¢ and
On vanish on 0K . Thus

B ‘ . 5 mn
/ Pék)SOdM = lim {Uk (g) N (@\aFg;K)
K n—oo

5 mn
+ o ((5) Da'®) . (eloryx) — a® (an@‘aFaK))} '

(3.21)
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Next we claim that the second term on the right side of (3.21) vanishes. Consider the
difference ¢ — h, where & is harmonic on 7K with h|8FnK = ¢lornk. We have A(p— h)

Agp on F'K and (¢ — h)|3F$K = 0. Therefore
1 nm
/ hApdu| < M (—)
nK 3

for any harmonic function h on FJK. Of course, 8nﬁ|aF$K = Dﬁ|aF$K = Dylornk
Thus

> hoa(p—h)| =

OFnK

5 mn 1 nm
(§> opa™ - (Delorpi) — o™ - (duplory i) :O{UZ (5) ]

and this goes to zero by (3.5).
So in place of (3.21) we have

. 5 mn
(3.22) / Py pdp = Jim oy (g) N® - (ploryx) -
K
When k& = 5 or 6 this gives (3.20) with ¢5 = ¢ = 1 in view of (3.14). When k = 4,
1
oy (%)mn, so we have (3.20) with ¢4 = N® . [ 1 |. We know this is not zero because
1
N® is not zero and is orthogonal to a(® and a(®. Q.E.D.

Table 3.1 shows the values of o, for some choices of w. Note that for w = (0,1,2), o2
and o3 are complex conjugate pairs. Table 3.2 show the values of a9, for j =1,2,... .6
and NU) for j = 4,5,6 for the choice w = (0,1).

We also observe that we can compute the distributional Laplacian of the harmonic
functions with singularity at the junction point Fjq shown in Figure 2.3. Since 7L4 is the
Green’s function,

(3.23) Ahy = 0p,q,-

Next
<A?L5,'U>:/ hsAvdp
K

2
= Z / E5Avd,u

i=0 j=0
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w o1 () 03 04 05 06
0.1) . 7++13 7—+/13 9 7—+/13 7++13
’ 50 50 25 2 2
0.212111 0.0678889 0.36 1.697244 5.3027756
8 + /37 8 — /37 27
1.1 1 -V S Sl Sk — /37 8 + /37
(0,1,1) 125 125 125 8 +
0.112664 0.0153379 0.216 1.9172375 14.082763
5+ /2i 5—/2i 27 . .
1.2 1 = 5 2 5— /2
(0,1,2) 125 125 125 + V2 V2i
V27
|<72|=\03|=1—25 |o5| = |o6| = V27
0.0415692 0.216 5.1961524
11+ 2v10 11 — 2¢/10 81
0.1,2.1 1 — 11 —2v10 | 11+ 210
0,1,2,1) 625 625 625 V10 +
0.0277192 | 0.0074807115 | 0.1296 | 4.6754447 | 17.3245553
17 + 4/13 17 — 44/13 81
0,0.1,1 1 — 17 — 413 | 17+ 4V13
0,0,1,1) 625 625 625 Vi3 +
0.0502755 | 0.0041244718 | 0.1296 | 2.5777949 31.422205
0.001) | 1 43 + 51/61 43 — 5/61 81 43 — 561 | 43+ 561
T 1250 1250 625 2 2
0.0656409 | 0.0031590013 | 0.1296 | 1.9743758 41.025624
TABLE 3.1
L (16 5 4
A Ag= o5 10 10 5
13 6 6
1 25 + 74/13 25 — 7v/13
aM= |1 a®= | —55—15\/13 a®= | —554 1513
1 2 2
L (12 1 —71+311V13 1 —71 - 31113
aW= — [ 20 a®=—— | —662—40v13 a®= —— | —662+ 40113
81\ |- 1548 1548
1243 — 361/13 1243 + 361/13
AL 1—+13 1413
NM@) — T 7 NG — 2 N(6)— 2
5 —3++13 -3 -4/13
TABLE 3.2. w = (0,1)
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since ﬁ5 is harmonic on each F; K. But v and 0, v vanish at g; and the terms at Fyq; = Fiqo
and Fyge = Fyqq cancel, so

<Aﬁ5, U> :%5(F1Q2)anU(F1QQ) + ES(FQQ1)8nU(FQQI)
- 5nﬁ5(F1Q2)U(F1Q2) - 8n7l5(F26]1>U(F2Q1)-

Now v(F2q1) = v(Fi1g2), Onv(Faqi) = =0, v(Figa), hs(Figz) = 1, hs(Faqr) = —1, Onhs(Fige) =
3 and 0, h5(Fyq1) = —3, so

<A%5,U> = 60,v(F1q2),

which we may write as
(3.24) Ahs = —60,07, 4,

For Eg; and ﬁ7, we must interpret them as Cauchy principal integrals, since they are not
integrable functions, but do possess cancellation near the pole. Let U, = FQFl’,nilK U
F1F2m*1K denote the standard neighborhood system around Fjgs. Then

(3.25) <7Lj,v> = lim ﬁjvdu, j=26,7
is well defined for v € (dom A)g. We want to compute

(3.26) (Ahs,v) = (hy, Av) = Tim h; Avdp.

m—0o0 K\UnL

Since h; is harmonic on K \ U,, we have

(3.27) /K\Um %Avdu = BEU;L (U@nﬁj — ?Lj@,ﬂ)) :

(The sign change occurs because the normal derivatives on the boundary of U, are the
negatives of the normal derivatives on the boundary of K\ U,,.) Note that U, consists of
4 points that we group into 2 pairs, (Flem_lqo, FlFZm_lql) and (FQFlm_lqO, FQFlm_lqz),
that we treat separately. The contribution to the right side of (3.27) coming from the first
pair is

v(FlFQm_lqo)Gn?Lj(FlFQm_lqo) -l-’U(Fngn_lql)an’ﬁj(F1F2m_1q1>

(3.28) N i
0 (FYFy o) hy (FLFy Y qo) — Opv(FLES  tqu)hy (FLFy tqy).

When j = 6, we have ﬁG(Flem_lqO) = —716(F1F2m_1q1) =371 and anﬁ6(F1F2m_1q0) =
—Ophe(FLF)" tq1) = — (2) 5™, so (3.28) becomes

5 — m— Lom m— m—
— (§> 5™ |:U(F1F2m Y90) — v(F1 F} 1q1)} — §3 [0nU(F1F2 Y40) — Opv(F1 Fy 16]1)].
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Of course, lim,, o0 5" [V(FLF3" q0) — v(FLFy" 'q1)] = Orv(Fiq2) by definition. But also

im0 3™ [0nv(F1Fy" ' qo) — Onv(F1EFY" 'q1)] = 207v(Fig). A similar analysis of the

terms coming from the second pair produces the tangential derivative with respect to the
other cell F5 K. Thus we have

(3.29) A’flfﬁ - CG(aTszth - 8TéFle)'

(This is actually symmetric with respect to Ry because of the definition of the two tan-
gential derivatives is skew-symmetric.) A similar analysis yields

(3.30) Ahz = ¢7(0r0p,q, + 01dr,q,)-

4. Monomials with boundary point singularity.

In part I, we described a monomial basis {Pj(,g)}, j=0,1,..., k=1,2,3, for the space
of polynomials, “centered” at the point qo. In this section, we will describe another class

of monomials, {Pj(g)}, 7 =0,1,... that completes a basis for polynomials with singularity

at qo. We take Pég) = hy4 described in section 2, and then we want

(0) _ p(0)
(4.1) APy =P,

Go1a on K\ {go} for j > 1.

We may interpret (4.1) either as saying
(0) _ (0)
(4.2) £ (Pj4 ,v) = —/P(j1)4vdu
for all v € dom £ vanishing at ¢1,¢2 and in a neighborhood of ¢qg, or as
(4.3 POy =— [ Glz,y) PV ., (y)du(y) + h(z)
3) ja (@ (@, )P4 (W)duly) + h(z

for h harmonic on K \ {¢o}. We note that although Po(g) is not integrable, the product
G(x,y)PO(g)(y) is integrable because G(x,y) vanishes as y approaches qg, so (4.3) exists

as an ordinary integral. Of course, (4.1) does not uniquely determine Pj(ff) for y > 1. To
obtain uniqueness, we adjoin the scaling identity

0 m 3\™ o
(4.4) PY o F; :<5—]) Py,

Note that it suffices to have (4.4) hold for m = 1, and then the general case follows by
iteration.
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Theorem 4.1. There exists a unique solution to (4.1) and (4.4).

Proof. We give an argument that allows us to effectively compute Pj(g). The idea is to find

the restriction to F> K. Because Pj(ff) is skew-symmetric, this determines Pj(g) on [ K by
odd reflection, and in fact (4.1) will continue to hold on Fy K U F5K if it holds on F5K.
Since this is an inductive argument, we begin with

(4.5) PY o Fy =byPy + coP3).

We know such an identity must hold because Pég)(Fqu) = 0 by the skew-symmetry, and
Pég) o F5 is harmonic. Of course, we find by = —4, ¢¢ = —2, because we know Pég)

explicitly. Next, we write
1 1
(4.6) Pl(g) oly = 3b0P1(;) + ECoPS) + blP(S) + clPO(;),

since this is the most general solution of

1
A(PYoF,) = Py

that vanishes at ¢;. Iterating this argument, we arrive at the representation

J
©) N sk (3 pD) M
(4.7) P o By =35 (0B, + P )
k=0

as the most general solution to (4.1) in F5K that vanishes at Fbq.

Next, we want to see how (4.4) inductively determines the coefficients. Note that (4.4)
yields an extension from Fy K U Fo K to FoF1 K U FyFo K. We need to check the matching
conditions, both for the value and normal derivatives at Faqy = Fpge (the conditions will
be the same at Fyqy = Fyq1 by skew-symmetry), as these will be necessary and sufficient
for (4.1) to hold on F1 K U Fo K U FoF1 K U FyoFs K. Once we have solved this extension
problem, we can inductively use (4.4) to extend Pj(g) to (Fy)"F1 K U (Fy)"F>K, and the
matching conditions will be the same.

The matching condition Pj(g) o Fy(qo) = Pj(g) o Fy(q2), using (4.4) says

3
PJ(E) (e} FQ(QQ).

(0) _
(4.8) Pj4 o Fyqo = 5

Using the data from Part I, this becomes

i i
> 5 I (bkBik — crvi—k) =3 Y B T (b + cvion),

k=0 k=0



24 NITSAN BEN-GAL, ABBY SHAW-KRAUSS, ROBERT STRICHARTZ, CLINT YOUNG

which may be rewritten as

1 | 1 ‘
(49) (L =357)b; + 5(1+3.5 )¢

7j—1
=3 [(5" 7 =3.5" ) bk — (577 + 3557 cpyi] -
k=0
The matching condition for normal derivatives is
0 (P 0 F2) (a0) + 0u (P 0 Fo) (a2) = 0.
But ' .
9, (p;? 0 FO) (2) = 3570, P (g2) = 579, (Pﬁ) o F2> (2)
by (4.4). Thus we obtain
J

(4.10) Y 55 [(bkanp(gﬂm(qo) + ck(‘?nP((jllk)g(QO))
k=0

451 (bkanp((ﬁm(qz) + ckanp(g.ljk)S(qz))] = 0.

Using data from Part I, this becomes

(11) S (L+5"9) b4 (151 g

7j—1
= Z 5h=d [— (1 + 51_j) bkozj_k +3 (1 — 51_j) cknj_kﬂ} .
k=0

It is clear from inspection that (4.9) and (4.11) may be uniquely solved for b; and ¢; in
terms of b, and ¢ for k < j, since

1 15y L 3 5. L35
2(1+5 )2(1+3.5 ) 2(1 5 )2(1 3.577) #0.

This shows that (4.1) and (4.4) have a unique solution. Q.E.D.
The values of b; and c¢; for small values of j are displayed in Table 4.1. The data shows

that both constants behave asymptotically like (—5)\(()5)>_j, where 5)\(()5) ~ 279.4291373

is the eigenvalue generated by A, = 5 and all ¢,,, = —1. The computations were done in
rational arithmetic to avoid the possibility of instability in the algorithm. In Tables 4.2, 4.3

and 4.4, we display the values of Pj(ff) at the points Fsqo, q2, FoFyq1, FoFoge and FyFhq.

Again the eigenvalue 5)\(()5) shows up in the values at F5Fyq and F5Fygs, namely
—Jj
PJ-(S)(F2FOQ1) ~ —Pﬁ;))(FzFo%) ~c (-5)\(()5)> :

The larger eigenvalues )\86) ~ 677.8606 (generated by Ao = 6 and all ¢,, = —1) and
5)\86) show up at g9, FyF5q; and Fyqo. We also observe the relationship Pj(g)(QQ) =
—2PJ-(2)(F2F2q1). At present, we have no explanation for this.
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J b; cj bj/bj_1 cj/ei—1

0 —4.0 —2.0

1 0.2666666667 —0.03555555556 —15.0 56.25000000
2 0.01517037037 —0.01512427984 17.57812500 2.350892468
3 0.0001041086130 —0.0002748737126 145.7167657 55.02264911
4 2.225528997 x 10~7 —1.244014207 x 106 467.7926604 220.9570527
5 2.669865631 x 1010 | —2.094686014 x 10~? 833.5734094 593.8905394
6 7.435735448 x 10~ | —1.972569325 x 10~ 12 3590.587172 1061.907426

7 3.340879006 x 10~16 | —6.947039102 x 10~16 222.5682353 2839.438926

8 —9.672270389 x 10—1° —1.398455022 x 10~18 | —345.4079416 496.7652867
9 3.522400164 x 10—21 3.649070802 x 10~ 21 | —274.5931734 —383.2359245
10 | —1.259441447 x 10~23 | —1.332178061 x 10~23 | —279.6795494 —273.9176472
11 4.507418377 x 10—26 4.754296157 x 10—26 —279.4152532 —280.2051066
12 | —1.613085359 x 10—28 —1.700385430 x 10~28 | —279.4283857 —279.6010877
13 5.772796277 x 10~3! 6.083557903 x 10731 | —279.4287692 —279.5050950
14 | —2.065925824 x 10733 | —2.176896188 x 10733 | —279.4290196 —279.4601753
15 7.393381122 x 1036 7.790156743 x 10—36 —279.4290988 —279.4418982
16 | —2.645887800 x 1038 —2.787830399 x 10738 | —279.4291248 —279.4343854
17 9.468904584 x 10—4! 9.976800851 x 10~4! | —279.4291332 —279.4312968
18 | —3.388660439 x 10~43 | —3.570411164 x 10~43 | —279.4291359 —279.4300262
19 1.212708337 x 10—4° 1.277750245 x 10~4% | —279.4291368 —279.4295033
20 | —4.339949475 x 10~48 —4.572714100 x 10~48 | —279.4291371 —279.4292880
21 1.553148508 x 1050 1.636448199 x 10-°0 | —279.4291372 —279.4291994
22 | —5.558291175 x 10753 | —5.856397314 x 10~°3 | —279.4291373 —279.4291629
23 1.989159481 x 102 2.095843386 x 10~°5 | —279.4291373 —279.4291478
24 | —7.118654482 x 1058 —7.500446712 x 1058 —279.4291373 —279.4291416
25 2.547570576 x 10~ 960 2.684203493 x 10~60 | —279.4291373 —279.4291391

TABLE 4.1

25
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i | PO ) 1(30})5 a0 T o, 1(}22) (¢2)
Pli=1)a(F2q0) Pli=1a(e)

0 3 1

1 —0.07333333333 —40.90909091 | —0.1222222222 —8.181818183

2 —0.002098765432 34.94117647 | —0.01748971193 6.988235294

3 —0.000009252316072 226.8367634 —0.0003855131697 45.36735267

4 —1.592196961 x 10~8 581.1037390 —3.317077001 x 10~6 116.2207478

5 —1.412709980 x 10— 11 1127.051542 —1.471572896 x 108 225.4103083

6 —7.469101008 x 10~ 15 1891.405644 —3.890156775 x 10— 11 378.2811288

7 —2.590083509 x 10— 18 2883.729803 —6.745009138 x 10~ 14 576.7459607

8 —6.289308978 x 1022 4118.232254 —8.189204398 x 10~17 823.6464509

9 —1.121385078 x 10—2° 5608.518520 —7.300684100 x 10—20 1121.703704

10 | —1.521915038 x 10—29 7368.250198 —4.954150514 x 10—23 1473.650039

11 | —1.618487611 x 1033 9403.315958 —2.634257179 x 1026 | 1880.663192

12 | —1.379087423 x 10~37 | 11735.93192 —1.122304218 x 10~29 | 2347.186384

13 | —9.634433733 x 10~%2 | 14314.15132 —3.920261122 x 10733 | 2862.830263

14 | —5.513153728 x 10—46 17475.35840 —1.121653997 x 10736 | 3495.071682

15 | —2.876372999 x 10~°0 | 19167.03338 —2.925997924 x 1040 | 3833.406674

16 | —6.533814579 x 107°5 | 44022.87460 —3.323269948 x 10~4* | 8804.574921

17 | —1.806057139 x 1058 3617.723071 —4.593040821 x 10~47 723.5446140

18 4.011288381 x 1092 | —4502.436543 5.100616939 x 10720 | —900.4873089

19 | —1.223998676 x 10~%° 3277.199935 —7.781974003 x 10753 | —655.4399870

20 3.600440326 x 10~69 | —3399.580510 1.144549156 x 107°° | —679.9161017

21 | —1.062555271 x 10~72 | —3388.473451 —1.688886120 x 107%® | —677.6946903

22 3.134970652 x 10~ 76 | —3389.362737 2.491450828 x 10~61 | —677.8725476

23 | —9.249612755 x 10780 | —3389.299352 —3.675465884 x 10764 | —677.8598705

24 2.729060127 x 10~83 | —3389.303396 5.422155315 x 107 | —677.8606791

25 | —8.051979996 x 10~87 | —3389.303163 —7.998923457 x 10~70 | —677.8606326

TABLE 4.2
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(0) ©)

i | PR (FeFoa) ];j;‘ (FoFoa) PO (R, Foge) %)4 (Falbae)

Pli—1a(FoFoq1) Pli=1)a(F2Fogz)
0 1.4 1.6
1 —0.07191111111 —19.46847960 —0.09742222222 —16.42335766
2 —0.003314396708 21.69659140 —0.006677702058 14.58918373
3 —0.00001816503087 182.4602849 —0.00007714925602 86.55562480
4 —3.063788440 x 108 592.8944255 —3.554734207 x 10~7 217.0324180
5 —3.143318796 x 10~ 11 974.6986032 —8.120323792 x 10—10 437.7576926
6 —3.807810424 x 10~15 | 8254.924605 —1.122276712 x 10~12 723.5580765
7 —4.442594124 x 10~ 17 85.71141810 —9.513367661 x 10— 16 1179.683948
8 1.383662940 x 10~ 12 | —321.0748800 —7.568099567 x 1019 1257.035214
9 —4.986994304 x 10~22 | —277.4542852 2.163804580 x 1022 —3497.589218
10 1.782124292 x 10~24 | —279.8342588 —1.880299126 x 1024 —115.0776783
11 | —6.375286834 x 10~27 | —279.5363312 6.348529025 x 10—27 —296.1787083
12 2.281164104 x 10729 | —279.4751514 —2.281749050 x 10~2° —278.2308171
13 —8.163109719 x 10732 | —279.4479289 8.163005180 x 10732 —279.5231657
14 2.921271755 x 10~34 | —279.4368482 —2.921273307 x 1034 —279.4331212
15 | —1.045430938 x 10736 | —279.4323038 1.045430919 x 1036 —279.4324575
16 3.741292262 x 10739 | —279.4304387 —3.741292264 x 1039 —279.4304334
17 | —1.338902998 x 10~41 | —279.4296725 1.338902998 x 10—41 —279.4296726
18 4.791561667 x 10~%* | —279.4293575 —4.791561667 x 10—+ —279.4293575
19 —1.714767529 x 1046 | —279.4292279 1.714767529 x 10—46 —279.4292279
20 6.136680364 x 10~49 | —279.4291746 —6.136680364 x 10~4° —279.4291746
21 —2.196148937 x 10751 | —279.4291526 2.196148937 x 1051 —279.4291526
22 7.859412616 x 10~54 | —279.4291437 —7.859412616 x 1054 —279.4291436
23 | —2.812667505 x 10756 | —279.4291398 2.812667505 x 10—56 —279.4291399
24 1.006576308 x 1058 | —279.4291384 —1.006576308 x 1058 —279.4291383
25 | —3.602259651 x 10761 | —279.4291377 3.602259651 x 10~61 —279.4291377

TABLE 4.3
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28
P'(O)(FQFQCH)

J P](A(,L)) (F2F2q1) (0])4

P ya(FaFea)
0 1
1 —0.079555555556 —12.56983240
2 —0.006348971193 12.53046409
3 —0.00007717717964 82.26487704
4 —3.545338022 x 10~ 7 217.6863790
5 —8.150707352 x 1010 434.9730482
6 —1.111396727 x 10— 12 733.3751444
7 —9.902175453 x 10— 16 1122.376323
8 —6.177245608 x 10—19 1603.008215
9 —2.812999139 x 10—22 2195.964273
10 —9.931688197 x 10— 26 2832.347415
11 —2.502488523 x 10—2° 3968.724774
12 —8.400870671 x 10—33 2978.844242
13 2.718952861 x 10—36 —3089.744876
14 —5.708435539 x 1039 —476.3043819
15 8.172891988 x 1042 —698.4596820
16 —1.208758569 x 1044 —676.1393216
17 1.782872299 x 10— 47 —677.9838184
18 —2.630175292 x 1050 —677.8530330
19 3.880109822 x 1053 —677.8610433
20 —5.724052603 x 1056 —677.8606157
21 8.444291203 x 10—59 —677.8606357
22 —1.245726742 x 10—61 —677.8606349
23 1.837732828 x 10— 64 —677.8606351
24 —2.711077666 x 10—67 —677.8606349
25 3.999461728 x 10~ 70 —677.8606348

FIGURE 4.1. Values on V5 of an eigenfunction with eigenvalue 5)\(()5)

TABLE 4.4

0

0 0

0

0
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J
Conjecture 4.2. The limit as j — oo of (—5>\(()5)> Pj(g) exists and is a multiple of the

eigenfunction with eigenvalue 5)\(()5) shown wn Figure 4.1.

5. Monomials with periodic point singularity.

Let w and z be as in section 3. We wish to extend the family {Péz)}, k=1,2,...,6of

harmonic functions on K \ {z} to {Pj(,’j) }, for j =0,1,2,... of multiharmonic functions.
We want
(5.1) APE) =p® - on K\ {2}
) Jk (1—-Dk ’
and
(5.2) P o (Fy)" = (5770y)" P
. ik w k ik °

We will consider the case w = (0,1). We want to keep track of the functions P;;) on each
of the cells 1K, Fo K, Fpo K and Fyo K by expanding in bases of monomials centered at
the points Fiqq2, Faq1, FoFaqe and FyFjge, respectively. (See Figure 5.1.) In other words,

7 3
z 2
(53) Pl o Fi=3_3 awms' R,
=0 n=1
1
(5.4) TETA o ST I
=0 n=1
(2) 2(1—5) p(2)
(5.5) P o (FoFy) = Zzlcl w5 P
I=0n
=) o : (2)
2(l—
(5.6) Pj o (FyFy) ZZdl W52UIPE
=0 n=1

In order to have A"“HP]-(Z) =0in K \ FoF1 K, we must have (5.3)—(5.6) and in addition
matching conditions for the functions and normal derivatives at the points Fjqs = Fbqq,
Fyqo = FoFyqo, and FyFyqo = FoFpge. It might appear that the coefficients in (5.3)—(5.6)
should also depend on j, but we have set up the right hand sides in such a way that if we
have satisfied (5.1) for j* < j then we can reuse the same coefficients for [ < j and only
have to determine new coefficients for [ = j.

Since we have already determined P(k) in section 3, we may compute the coefficients
for I = 0. Assume we have determined the coefficients for all [ < j so that (5.1) holds
on K\ FyF1 K. Then (5.1) for I = j on K \ FoF1 K is automatic, provided we verify the
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q

FoF do

do FoFoy F1do Sf
FIGURE 5.1

matching conditions

PP o Fi(g) = Pfy) o Fo(q1)

5.7
( ) Oy, (Pj(li) o F1> <QZ) = -0, <P]'(Ij) © FQ) (ql)’
P.(Z) o Fy(qo) = P( o (FoF2)(g2)
(5.8) 3 . ()
s0n (P 0 F2) (a0) = =0n (i) o (FoF2)) (a2),
P o (FoF2)(a0) = P o (FoFo)(g2)
(5.9)

I (Pj(,? ° (F0F2)> (g0) = —0n <Pj(lj) ° (F0F0)> (q2)-

When we substitute (5.3)—(5.6) into (5.7)—(5.9), some of the expressions simplify because
only one term is non-zero. Thus

(P oFila) = aju, ( Py o F1) = @jok,
P o Fy(q1) = bju, ( P OFz) q1) = bjok,
(5.10)
Pj(lj) © (F0F2)(q2) = Cj1k, 8 (P( ) FOF2 > = Cj2k,
Pj(]:) © (FOFO)(QQ) = dj1k7 an <P](]j) o (F0F0)> (QQ) = dj2k

\

However, the other four expressions do not simplify, and require the transplantation com-
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putations from Part I. For the left side of (5.8) we need to use

(o ifn=1

(5.11) P (a0) =P (@) =4 Bi— ifn=2
L —Vj—1 ifn=3

( 1 ifn=1
—aj; ifn=21%#7
(5.12) 8. P1 - (q0) = 0,P . (g0) = 1 o 7
' nG=pn 0] T Ot e 2 50 ifn=2 1=

L —3nj,l+1 if n = 3.

For the left side of (5.9), we need to use

(ij_l ifn=1

(5.13) P (o) =P (@) =4 Bj—t ifn=2
[ Vi ifn=23

( nj_ ifn=1
—a_y ifn=2,1+#7
(5.14) .P?  (q0) = 0,P Y (1) =4 1 " &
~ n (G 0) = Indi e \ 91 500 ifn=2 1=

L 37”Lj_l+1 if n = 3.

For fixed k and j, (5.7)—(5.9) give six linear equations in twelve unknowns, already explicitly
solved for a1k, ajor, ¢jik, Cj2k, djik, djok, in terms of a3k, bjik, bjor, bj3k, i3k, dj3k, and
earlier coefficients with [ < j.

Now we assume that (5.2) has been established for all j/ < j. We then take (5.2) as a
definition for extending Pj(,':) from K\ F1 F1 K to FoF K\ (FoF1)?K, and then inductively
from (FoFy)" 1K\ (FoF1)"K to (FoFy)"K \ (FoFy)" ™ K. This will of course guarantee
that (5.2) holds, and (5.1) will hold on K \ {z} provided matching conditions hold for
each extension. But it suffices to establish this for n = 1, at the points Fiqy = FyFiq1,
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F()ngl = FOF1QQ, and F()Fo(h = F()quO. Speciﬁcally,

P70 Fi(qo) = P o (FoFy)(a)
=520, P\ o Fi(q1)

(5.15) 1 3o, (Pj(? o Fl) (q0) = —On (Pj(,j) o (F()Fl)) (a1)

5)
5 : z
——— (g) 57230]@8” (Pj(k:) ° Fl) (Q1>7

P o (FoFs)(ar) = P o (FoFy) (a2)
=520, Py o Fa(qo)

5 ; z
:“(§>5_%0%3H(P%)ofb)@h%

( P o (FoFo)(a) = P o (FoF1)(qo)
= 572j0'kPj(z) O (FOFO)(QO>
5.17 3 P 2
(5:17) =On (Pj(k) ° (F0F0)> (q1) = —0n (Pj(k) o (F0F1)) (90)
(5 (2)
\ =- (§> 5200, (P o (FoFb)) (q0),

where the first equality is the matching condition and the second equality is (5.2). Substi-
tuting (5.3)—(5.6) in (5.15)—(5.17) and using transplantation formulas analogous to (5.11)—
(5.14) we obtain six more linear equations for the twelve coefficients with | = j.

Conjecture 5.1. The twelve linear equations in twelve unknowns have a unique solution,
hence there is a unique solution to (5.1) and (5.2).

As evidence for the conjecture, we have numerically solved the equations for all j < 15.
The numerical data exhibits an exponential decay given by the number » = 5.351906737 . . ..
The evidence is that

(5.18) Jim 17 P
exists for all k = 1,2,...,6, and the limits are all multiples of a single function u, which

satisfies the eigenvalue equation
(5.19) —Au=—ru on K UFK.

It is clear from (5.2) that u must vanish on the boundary of FyFj K, but the evidence
indicates that u does not have vanishing normal derivatives at these points, so u does not
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extend to an eigenfunction on K. Indeed, because the eigenvalue in (5.19) is negative, this
would not be possible. Specifically, we found the values

(5.20)

u(qr) =1, u(F1g2) = 2.650890858. .. ,
u(gz) = 6.206573634 ..., u(Faqe) = 5.356932520. .. .

Computing the discrete eigenvalue on level 1 at the point F} gy from these values we obtain
A1 = —0.739352477, which leads to A = —r if we choose all £; = —1.

These results are quite puzzling. It is not clear why the eigenvalue is negative, why the
behavior of all six families is the same, and it is not clear what the significance of this
particular eigenvalue and eigenfunction might be.

§6. Spectral decimation with point singularity.

To describe all eigenfunctions with “generic” eigenvalue we have the method of spectral
decimation. In this section, we show how to modify the method to allow eigenfunctions
with point singularity for the case of a boundary point. In principle, the same idea should
work for any point singularity, but the details are more complicated.

Recall that the eigenvalue A may be written uniquely as

(6.1) A= lim gyfum
where
(6.2) Am = Am41(5 = Amt).

Of course, (6.2) means

5+ emv2h — 4\,
2

(63) )\m+1 -

for €, = £1, and ¢,,, = —1 for all but a finite number of m’s, so that the limit (6.1) exists.
Then A is called “generic” if no A\, equals 2, 5, or 6. If u is a A-eigenfunction on any cell
of level m — 1, say F,, K, then the boundary values u(Fy,q;) determine u uniquely in the
generic case, and in fact

—Am 2

(6.4) u(FuFoq) = - fm)(5 . [u(Fuwqo) + u(Fuqr)] + eSS

U(FwQ2)

and similar identities determine the boundary values of u on the subcells F,, F; K of level
m.

Now suppose we allow u to have a singularity at gqg. Then there will be a 4-dimensional
space of eigenfunctions in the generic case. Since we already know two global eigenfunctions
that are Rp-symmetric and one that is skew-symmetric, we need to identify one more skew-

symmetric eigenfunction on K \ {go}. Let us write ¢; = u <Fg q1> = —u (Fg q2>. We will

regard cp, ¢; as “initial data” for u, and determine all the other ¢; values in terms of ¢y,
c1 by a recursive formula.
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Lemma 6.1. Let u be an eigenfunction on K \ {qo} with generic eigenvalue, and assume
u 18 skew-symmetric with respect to Ry. Then

(6.5) 2 =) (6= XAj)e; —¢j—a] = (6 = X)) [(6 = Aj_1)ej1 —¢j—2]  forj = 2.
Moreover, u has a removable singularity if and only if (5 — A\1)c1 = ¢, in which case
(6.6) cji—1=(5—2Xj)¢c; forall j>1.
Proof. By the skew-symmetry u(F{'Fig2) = 0 for every n. Applying the spectral decima-
tion method to F} K we find
(4 — /\2)(00 + Cl)
(2=X2)(5 = A2)
Thus the A\s-eigenfunction equation on level 2 at Fyqq yields

2(4 - )\2)61 (6 - )\Q)CO
2=22)6-A2) (2= A2)(5—A2)’

(4 — )\2)01 + 260

u(F1 Foqr) = (2= 22)(5—A2)

and  u(F1Fpq2) =

(4 — )\2)01 =cCo +

Multiplying by (2 — A2)(5 — A2) and rearranging terms yields
(2—=X)[(B—=A2)eca —c1] + (2= A2)er +2(4 — Xg)eq =
(6 —=X2)[(B—=A1)er — o] +(2=X2)(5—A2)(4 — A2)er — (6 — A2) (5 — Ap)cy.
We may check that
(2=X2)+2(4—=X2)=(2—=X2)(5—=A2)(4 = X2) — (6 — X2)(5— A1)

by using (6.2), so this establishes (6.5) for j = 2. By iterating this argument, we obtain
(6.5) for all 7 > 2. If u has a removable singularity at ¢o then u(qo) = 0 and we may apply
the A\j-eigenvalue equation on level 1 at Fyq; to obtain (5 — Aq)c; = ¢g. Then (6.6) follows
for all j by (6.5). Q.E.D.

To obtain a solution with a true singularity we have to take (5 — A\1)c; # ¢o. Let us
write ¢; = (5 — A\j)c; — ¢j—1. We want to describe the asymptotic behavior of ¢; and c;.
Note that it follows from (6.5) that

I S B A
(67) Cj =37. g (H ~ )\_k> Cy.

k=2 2

Define the constant A (depending on \) by

11—~
(6.8) A:§<H _i>“

k=2 2

It is easy to see that the infinite product converges since

2\
(6.9) A = ?5_’“ +o (5"“) as k — oo

by (6.1).
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Theorem 6.2. We have the estimates

A 3\’ 3\’
~ _ paj_ 3 3 .
(6.10) c; = A3 _18A(5> —|—0<(5> ) as j — oo

and

3 11, (3 3\’
2 A3i e a2 2 R
(6.11) c; 14A3 + 420A<5) +0(<5) > as j — oo.

Proof. We have exactly

- o 1%
(6.12) ¢, = A3’ k_H v
J+1 6
Let
00 1_)\7
Ri= [] v
k=j+1 6
Then
- A A 1 — :
log R; = Z {log(l—%)—log(l—%)] =3 Z )\k+0(5_2j).
k=j+1 k=j+1
Using (6.9) we obtain
1 & 2\ = 4 s A _;

k=j+1 k=j+1
This yields

A L
Rj=1- 155 T+0(577),

and together with (6.12) we obtain (6.10).

If we assume that
‘ 3\’ 3\’
Cj = A13‘7 —|— Bl (g) + o] (g)

and substitute this and (6.10) into the definition of ¢; using (6.9), we obtain

@A () o (()) el G ()
w7 ()]
ttaw (B 20) (3) o ((2))
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This shows that

10 5) 420
To actually show that (6.11) holds, we define the remainder r; by

11 3\’
_ 3 g HAY .
=1 g ((5) )HJ’

and substitute this and (6.10) into the definition of ¢;. Using (6.9) this yields

(6.13) (5= \)r; -yt = o0 <<2)3> .

It is a routine matter to show that (6.13) implies r; = o ((%)‘7> because % < % Q.E.D.

3 3 A A 11X
Al = ﬂA and Bl = — (—1—8A> + —A1 = —A.

An entirely different approach to the problem is to note that the general skew-symmetric
eigenfunction on K \ {qo} can be expanded as

(6.14) u(z) = a i A PO () + 8 i AF PO (1)
k=0 k=0

for constants a and . This will converge in a neighborhood of gy. (The size of the
neighborhood depends on A.) As long as o # 0 the singularity will not be removable. It
is clear from (6.14) that (6.11) is just the beginning of an infinite asymptotic expansion
involving terms of order (3 . 5_Z)J forl =0,1,... and 5% for I = 1,2,.... (If 3 = 0, these
terms will be absent.)

§7. Generic eigenfunctions on blow-ups.

Fix an infinite word w, and consider the blow-up
(7.1) U F lF;l - F 'K (increasing union)

(See [S1].) If all w; are equal, say w; = 0 (or all but a finite number), then the blow-up
contains a boundary point (qp). If all w; omit a value, say w; = 0 or 1 (or all but a finite
number), then the blow-up contains a “bottom line” (the line joining ¢o and ¢1). In [T1],
Teplyaev has identified all L? eigenfunctions on all blow-ups. In part I, we studied generic
eigenfunctions on the blow-up with boundary point. In this section, we study generic
eigenfunctions on all blow-ups. We will pay attention to the “behavior at infinity” of the
eigenfunctions, more precisely in the three different “directions to infinity.”

We begin with an observation about the blow-up studied in part I that extends to
all bottom line blow-ups. In the notation of part I, we defined a basis C_y, S_) and
Q_» for the eigenspace —Au = Au for A\ negative, and also a decaying eigenfunction
E_\ =C_)—S_). Actually, the definitions are valid for any generic eigenvalue, but the
asymptotic properties depend on |A;| — oo as j — —oo. This condition is equivalent to
the statement that Ao does not belong to the Julia set J for the polynomial z(5 — z). This
Julia set is a subset of the real axis interval [0,5]. We will refer to such eigenvalues as
non-Julia generic.
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Definition 7.1. The level eigenfunction L_, is defined to be
A
(7.2) LoA(@) = Coa(@) + 5@ ()

Theorem 7.2. L_)(z) =1 along the bottom line.

Proof. From (6.15) and (6.18) in part I, we have C_)(z,) =1 — %“ and Q_x(z,) = %,
where z,, = FJ'q1 and n < 0, so L_x(z,) = 1. But the same argument works for n > 1.
In fact, we know more. Since L_x(qo) = L_x(q1) = 1, L_, restricted to K must be
symmetric with respect to the symmetry Ry that interchanges qo and ¢;. In particular,
L_\(F1Fyq1) = L_x(FyFoq1) = 1. By similar reasoning, we find that L_y(z) = 1 for every
junction point on the bottom line, and since these are dense in the line, the result follows.

Q.E.D.
It also follows from (7.2) that

L= (1-2) -2y

because C'_) is symmetric and Q)_ ) is skew-symmetric with respect to the Ry symmetry.
This function also has a “translational” symmetry: if C' denotes any cell of level n that
lies along the bottom line, then L_ is equal to 1 at the two vertices of C that lie on the
bottom line, and is equal to 1 — >‘7" at the third vertex of C. The values inside C are
then determined by spectral decimation. Note that this description makes sense for any
blow-up that has a bottom line. The function L_) is not bounded for a non-Julia generic
eigenvalue, since A, is unbounded as n — oo.

Next, we describe eigenfunctions that decay in two directions and blow up in the third
direction, namely along the sequences F, 1 F, I --- F 1g; as n — oo for fixed i. For this we
will require a genericity condition on the blow-up. We say that w is generic in direction
¢ if there exists N such that for every j, the segment wj 1, w;42,...,w;jrn of length N
contains the digit <.

Lemma 7.3. For w generic in direction 0,

m—1

E_,(F;™Fy,, F, By x
(7.3) i 2 0~ tm )
exists uniformly on compact sets, for non-Julia generic eigenvalues. The limit, which we
denote by E(_O;\(x), is a A-eigenfunction.

Proof. For x in a compact subset of SG,, we have F,, F,
enough, so

- Fy,x € K for m large

m—1

_ E_y (FO_mememf1 B 'lex)
"~ E_x(Fg "Fup Fup_y Fu o)

am

is well defined. We need to compare a,,+; and a,,. Note that

(74) E_)\ (Fo_ml') = E_5m)\(1').
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Indeed, both sides of (7.4) are 5™ \-eigenfunctions that are equal to 1 at x = go and have
limit zero as n — oo for x = F; "¢, for i = 1,2, and such a function is unique. Thus we
have

E—5m)\(zm)
7.5 o = Eosmalzm)
79 E_sm(2)
for z,, = Fy, Fu, _, - Fy,x and 2/, = F,, F, - Fu,qo. If w1 = 0 then ay41 =
Q. If Wy =1 (a similar analysis holds if w11 = 2) then

m—1

E_gmy (Fy ' Fizm)

7.6 mt1 = .
(7.6) YT s (g TFiA,)

Now we claim that

(7.7) E_gmy (Fy 'Fiz) = _ALE_W(z) +0 ( ! )

—m

for z € K. Also note that

1 1 \? 1
)\—m—l T ()\—m) +O ()\—m—2>

for large m and Ao ¢ J. First we verify (7.7) at the boundary points. We know
E_sma(q0) =land E_smx(q1) = E_5mx(g2) = =40 <>_i71) while E_smy (Fy 'q1) =

E_s5m)y (Fo_lqg) = _A_Tln_l + 0 (/\_}n_Q) by Theorem 6.5 of part I. Then by spectral dec-
imation E_gn (Fy 'Fig2) = 52— + 0 (51— ). Thus

1 1 _
-—+0 ( ) = E_sm\(q1) = E_smx (Fy "Fiqo)

/\—m )\—m—l
1 1
=——F &sm @)
- 5ma(qo) + ()\_m_1>7
1 1 1 -1
- +0 = E_smx (Fy 'q1) = E_5mx (Fy "Fiqh)
>\—m—1 )\—m—2
1 1
=——F &m @)
s Alq) + ()\_m_2>7
and
2 1
p— +0 ()\_m_Q) s (Fp  Figo)

1 1
= —EE—E)MA(QQ) +0 ()\m1> .
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This verifies (7.7) at boundary points of K, and it follows for all points by spectral deci-
mation, since the cumulative multiplication factor for the error is bounded by

ﬁ ( 214 — N\ +2 )
A 12 =15 =50/

j=—o0

which depends only on .
Using (7.7) for z = z,, and 2/, in (7.6) yields

0 ()
am+1 = Qm + m

Thus to establish the existence of the limit in (7.3) we need to show that
) 1
& ol)

(7.8) ——

is finite. Under the generic assumption, the points z,, for large m are confined to a subset
of K of the form |J F,,» K where each w’ is of length N and contains the digit 0. On such
a subset we have an upper bound for (|E_sm(2)||A\_sm|)~" that decays exponentially, so
(7.8) converges. Q.E.D.

We could obtain the same conclusion under somewhat weaker genericity assumptions,
but it is not clear whether or not such assumptions can be dispensed with entirely.

We may similarly define eigenfunctions Egl))\(x) and E(f))\ (x) if w is generic in direction
1 or 2 by permuting the boundary points.

In order to describe the decay of these eigenfunctions we introduce the notion of a chain
of cells of fixed level I. The chain C is a sequence {C),} of cells that may be finite, infinite
in one direction, or infinite in both directions, such that consecutive cells intersect at a
single point. A finite chain is called a cycle if the first and last cell also intersect at a single
point. If we fix the initial cell C'1, then there are three canonical infinite chains that pass
through the points F 11F1;21 -+ F1g; for fixed i, for all large m. (Here we only need to
assume that the blow-up does not have a boundary point.) Indeed, if we have a finite chain
C,n connecting C; to a cell containing F,1F_1... ngiqi, we may continue it to a chain

1 w2

Cmi1 by traveling in a straight line from F 1F_ 1. --anllqi to FJllFuj; R e

1 w2 Wm = Wm41

along one side of the cell F,1F 1... F-! FK. (If w41 = i, then take Cpy1 = Cpy.)

17 w2 W41

Then the chain C( is the union of all C,,.

Theorem 7.4. Assume w is generic in direction 0. Then E(_()))\ vanishes at infinity along
the chains CV) and C?, and is unbounded along the chain C(©).

Proof. Consider the cell F;F ... F 1 K for large m, and the portion of the chain c

17 w2 Wm+1

or C?) that lies along the line connecting Fu_)lF,l;21 e FJW{ q; to FujllFJ; S e S 8

1 Wm = Wm41

Using (7.5) we see that E(_O;\(x) is the ratio of E_smy(2,,) with z,, lying in Fy 'Fy K U
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Fy 'K, to E_sma(2),) with 2!, lying in a subset of K as described in Lemma 7.3. Since

|E_s5ma(zm)] = O (ﬁ) we obtain the desired decay. On the other hand, the chain

C© contains the points F lF, ! - F gy where the numerator in (7.5) is 1, and the
denominator tends to 0. So the ratio is unbounded. Q.E.D.

We can describe the rate of decay in quantitative terms. To do this we need to observe
that E_smy on a cell F, K of order N, where at least one digit of w’ is 1, is bounded
below by a multiple of L (This may be established by induction using spectral

| )\_m‘l—Q—N :
decimation.) Thus the rate of decay is |)\_m|_2_N.

If w is generic in all three directions, then we have a basis E(_Oi, E(_li, E(_?, for the space
of eigenfunctions, each decaying along two of the three chains C(”. On the other hand,
if the blow-up has a bottom line (say w; # 2) and w is generic in the directions 0 and 1,
then E(_()))\, E(_l))\ and L_, form a basis.

Finally, for the blow-up with boundary point g9, we consider the 4-dimensional space
of eigenfunctions with singularity at ¢o. We could obtain a basis by adjoining any of
the eigenfunctions constructed in section 6, since these extend to the blow-up by spectral
decimation using (6.5) to determine c; for negative values of j. But we would like to pick
out one solution for which ¢; — 0 as j — —oo. This is clearly unique (up to a constant

multiple) since all these functions are skew-symmetric, and Q_(x) blows up along F, 7 q;.

Since (6.5) tells us that
4 = 2= g
-1 = 6= X J

and 67’;; — 1 rapidly as j — —oo, we may conclude that ¢; is bounded and tends to a
limit as 7 — —oo. We may take the limit to be 1. Then

(7.9) - ﬁ (g:i:)

n=—oo

Note that (7.9) is consistent with (6.7), and substituting (7.9) for j = 1 into (6.8) gives a
formula for A in terms of the values {\;}. We also note that (6.5) may be written (using
Aj-1 = A5 =4))

Ci Ci Ci_1
7.10 =g 4 I
( ) )\j )\j—l )\j—l

If we want lim;_,_, ¢; = 0 we should take

oo~
N C_k+1
(7.11) G=X>Y e
k=1
Indeed, the infinite series in (7.11) converges, because the numerators are bounded and
denominators go to infinity rapidly. Then we can check that (7.10) holds, and

(7.12) dlim ¢; =0

j——o0
because the ratios A;/\;_j tend to zero rapidly. Although all the equations are explicit, it
seems difficult to determine the values of a and 3 in (6.14) for this particular eigenfunction.
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§8. Nongeneric eigenfunctions on blow-ups.

Continuing the notation of section 7, we consider what happens if A\ is nongeneric or
Ao € J. In the nongeneric case, we have \,,, = 2,5 or 6 for some my. Some of these
eigenfunctions are described in [T1] because they contribute to the L? spectrum of the
blow-up. Note that if A,,, = 6 then A,,,41 = 2 or 3. For simplicity of notation, we will
take my = 0, since the general case just requires a rescaling.

Case 8.1: \g =6 and A\; = 3.

In this case, the space of eigenfunctions is infinite dimensional, and there is a one-to-one
correspondence with the space of functions on V_;. In other words, we may specify u(z)
for x € V_1 in any way. Then we extend u to Vy using the A\ = 6 spectral decimation
formula,

(8.1) u(z) = =[u(a) —u(b) —u(c)] for x e Vo \ V_q,

where a is the opposite vertex and b and ¢ are the closer vertices of the level —1 cell
containing x. Of course, (8.1) guarantees that u satisfies the 6-eigenfunction equation on
level 0 for points in Vp \ V_1. But it is also easy to verify that the same equation holds
at points in V_;. Indeed, suppose a € V_1 and b,c and V', ¢’ are the other vertices of the
two level —1 cells containing a. Let z,y and 2’y be the neighboring vertices in V; \ V_;.

Then u(z) + u(y) = 3[u(b) — u(a) — u(c)] + 3[u(c) — u(a) — w(b)] = —u(a) by (8.1), and
similarly u(z’) +u(y’) = —u(a), and so u(z) + u(y) + u(z’) + u(y’) = —2u(a), which is the
6-eigenvalue equation at a.

We may then continue to extend u to V,, for all m > 1 by spectral decimation since
we never again encounter 2, 5 or 6 for \,,. When u|y_, € [*(V_1), we obtain an L2
eigenfunction as described in [T1] (using slightly different normalization conventions). If

uly_, € 1°(V_1), then we obtain a bounded eigenfunction.

Case 8.2: \j =6 and \{ = 2.

In this case, the eigenspace is 3-dimensional. As we will see, spectral decimation holds
at all levels except level 0, and a modified version goes from V_; to V;.

Consider a cell of level —1, and suppose the values of u are given on the boundary.
Then spectral decimation determines the values on the three points in V; \ V_; in the
cell, so that the 6-eigenvalue equation at level 0 holds at these three points. It turns out
that there is a unique extension to the points in V; \ V so that the 2-eigenvalue equation
on level 1 holds at all the points in V3 \ V_; in the cell. That extension is shown in
Figure 8.1 for boundary values (6,0,0). It is easy to check that the 2-eigenvalue equation
is satisfied, and it may be checked that this is the unique extension with this property.
Note that at a boundary point a with neighbors x,y on level 1, the extension algorithm
implies u(z) + u(y) = [~3u(a) + su(c)] + [-3u(a) + Su(b)], where b, ¢ are the other level
—1 vertices. The analogous result holds on the other level —1 cell containing a, so the
2-eigenvalue equation on level 1 at a becomes 10u(a) = u(b) + u(c) + u(b’) + u(c’), where
b,c, b, ¢ are the neighboring points to a on level —1. But this is exactly the —6-eigenvalue
equation on level —1 at a, and —6 = A_;. In other words, if u|y_, is a —6-eigenfunction
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6

FiGUrRE 8.1. The extension to all points in Vi from boundary values
(6,0,0) satisfying the 2-eigenvalue equation at all points except the
boundary.

and we perform the extension exhibited in Figure 8.1 on every cell of level —1, then the
extension is a 2-eigenfunction on level 1.

To actually construct a global eigenfunction we would start with the 2-eigenfunction
on level 1 shown in Figure 8.1 on a cell of level —1. We can then use outward spectral
decimation to extend it inductively to a \,-eigenfunction on level n on a cell C),, of level
n for n = —2,-3,.... Then we use inward spectral decimation to extend it to a —6-
eigenfunction on level —1 on all the V_; vertices in C,,. Then we use the modified spectral
decimation of Figure 8.1 to extend to a 2-eigenfunction on level 1 on all V; vertices in C),.
When we take the union over all negative n we obtain a 2-eigenfunction on level 1 on all of
V1 and after that inward spectral decimation produces a A-eigenfunction on SG,,. If we do
the same with the other two rotations of Figure 8.1, we obtain three linearly independent
M-eigenfunctions. We can then find special eigenfunctions using the methods of section 7,
just as in the non-Julia generic case.

Case 8.3: \o = 5.

In this case, it is known ([T1]) how to construct an eigenfunction supported in any
cell C), of level n < —2. In fact, the support is the cycle of level —1 cells that goes
around the inner triangular loop. The case n = —3 is illustrated in Figure 8.2. Each
level —1 cell intersects the support of only 3 such functions, corresponding to the inner
triangular loops containing the 3 sides of the triangle containing the cell. Thus any infinite
linear combination of these functions defines a A-eigenfunction. The function is L? if and
only if the suitably normalized coefficients are in [?, and is bounded if and only if the
nonnormalized coefficients are bounded.

This does not quite exhaust the A-eigenspace, however. In fact, the above is a sub-
space of codimension 2. To construct the missing eigenfunctions, we consider the doubly
infinite chain of cells of level —1, connecting C(®) and CV). We easily construct a A-
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FiGURE 8.2. The 5-eigenfunction on level 0 on Vj in a cell of level —3.
(Unmarked vertices have value 0.)

eigenfunction supported in the chain by imitating the construction in Figure 8.2. We can
do the same construction replacing the pair (C ONG (1)) with (C(l),C(Q)) to get the second
missing eigenfunction. We do not get anything new using the pair (C(O),C(2)) because it
is a linear combination of the previous two and the finite loop eigenfunctions.

Case 8.4: \o = 4.

In this case, the eigenvalue is generic, so there is a 3-dimensional space of eigenfunctions,
but A\g € J. In fact, 4 is an expanding fixed point of the polynomial, so \,, = 4 for all n < 0.
The spectral decimation formula for \g = 4 is the same going outward and inward, namely
u(z) = —u(a) if x € Vo \ V_1 and a € V_; is the vertex opposite = in the level —1 cell
containing x. Since the same is true on any level n < 0, it follows that all eigenfunctions
are bounded, but none tend to zero along any path to infinity. In fact, the restriction to
every cell of level 0 is identical to one of a finite number of functions. This is a kind of
quasi-periodic behavior.

In the case of the blow-up with boundary point qg, the eigenfunctions with singularity
at go may be described explicitly as in section 7. In this case, (6.5) tells us that ¢;_; = —¢;
for 5 <0, so we may take

_ , 1 jeven
¢; =(—1) and cj:{o i 0dd

for j < 0. In particular, the eigenfunction remains bounded away from the singularity, but
does not decay at infinity.

Case 8.5: \o = 0.

In this case, we are dealing with harmonic functions. In [S3], it was shown that there
are no nonconstant harmonic functions that are bounded. But we can say even more:
there are no nonconstant harmonic functions that are bounded on any of the chains C(¥).
Indeed, consider the cell Fy'F/b - F;' K, when wy, # . The chain C () must pass along
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half of one of the sides of the cell, and so contain the three points F 'F ! F g,
F R, F ' Fiq; and F'F, 1. F 1 F;F;q; for some j. The values at these three
points uniquely determine the harmonic function, in particular the values at the other
two boundary points of the cell, via a linear identity whose coefficients are independent of
m. In particular, if there were a uniform bound for the harmonic function on these three
points in the cell, this would yield a uniform bound at the boundary of the cell, hence on
the whole cell, and this would contradict the unboundedness of the nonconstant harmonic
function.

Case 8.6: \o = 3+ /3.

These are the period 2 points in J. Thus it is natural to look at spectral decimation
two steps at a time. If we start with the values of v on the boundary of a cell of level
—2n and contract twice in the same direction, the boundary values (now on a cell of level
—2n + 2) are multiplied by the matrix

1 0 0
My=|1+v3 -1 =2
1+v3 -2 -1

or some permutation of it. Note that the eigenvalues of M; are 1 (with multiplicity 2)
and —3. Also, the intersection of the 1-eigenspaces for all 3 versions of M is trivial. The
inverse of M; has eigenvalues 1 and —1/3, and gives the boundary values on a cell of level
—2n — 2 if the expansion is taken twice in the same direction. On the other hand, if we
expand twice in different directions, then boundary values are multiplied by the matrix

L (V31 43 2v3-2
M51:§ V3 3-2v3 V3-3
-2 1-2v3 V3-2

=1EVI3 a1 of which exceed

or some permutation of it. Note that M5 ! has eigenvalues 1,
1/3 in absolute value.
Now we claim that if the blow-up has a boundary point, say w = (0,0,0,...), then

there exists a bounded eigenfunction. Start with initial values

(u(qo),ulq1),ulgz)) = (0,1,1).

Note that this is the eigenvector of M; ! with eigenvalue —1/3. Thus
(u(QO)a u(FO_QRQI)a u(FO_QTLQZ)) = (07 (_3)—71, (_3)_n)7

so u is very small (O(37™)) on the boundary of F, *" K. To obtain the boundary values of
uw on any cell of level 0 contained in FO_Q”K we would multiply by n matrices of the form
M or M, (or permutations). Since the largest eigenvalue of either of these (in absolute
value) is 3, we obtain a universal upper bound for u on Vj, and this shows that u is
bounded. Incidentally, v does not vanish at infinity in any direction, even though the
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values u (F0_2”q1) and u (Fo_zan) do tend to zero. The bounded eigenfunction we have
found corresponds to S_) in the notation of part I.

Now suppose the blow-up has no boundary point. Then we claim that there are no
bounded eigenfunctions. Again we start with any nonzero boundary values on K, and blow-
up 2n times. This will multiply by n matrices of the form M| Land My ! (or permutations).
A lower bound on the size we can obtain is

3 " (\/ﬁ_ 1>n2
6

where n; + no = n and n; is the number of choices of M j_l type matrix. We can then
contract n times in one of the 3 directions so that the values are multiplied by 3. We end
up with a cell of level 1, where the boundary values are on the order of

g2 (\/ﬁ— 1)@
5 .

So if no — oo as n — oo we see that u is unbounded. It may happen that ny remains
bounded, for example if w = (0,0,1,1,0,0,1,1,...) then ny = 0. In that case, we simply
have to shift the cycle by one, starting with F; 'K rather than K. Since Wit1 7 W
infinitely often, one or the other case must work.

We believe that this case is typical of all examples with A\g in J and A\g # 4. Suppose
that Ao is a periodic point in J with period p. Consider the matrix analogous to M;
above, where we contract p times in the same direction. It is easy to see that there are
three eigenvectors,

1 0 0
a|,| 1] and 1
a 1 —1

(for the appropriate choice of a). The first has eigenvalue 1. The third has eigenvalue
equal to the product of ﬁ over the cycle, which also equals 1 by (6.2). The eigenvalue
of the second eigenvector is the product of % over the cycle, which is the same as
the product of % over the cycle. If this number is greater than 1 in absolute value, then
we can essentially repeat the argument given above, since we can estimate from below the
eigenvalues of M, .

We tested this on the three periodic cycles of period p = 4. The products were —25.698,
—2.72 and 7.427, corresponding to A\g = 0.059188 ..., 1.031512... and 0.183262....

§89. Normal derivatives.

Let u be a Dirichlet eigenfunction, and fix a boundary point, say go. We wish to compute
Onu(qo). Since u(qo) = 0, the definition yields

m—oo \ 3

(0.1 Ouulao) = — lim (§)m[u<Fgﬂq1>+u<F$qgn.
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Suppose m is large enough that spectral decimation is valid on level m. Then

(6 _ )‘m)
(2= Am)(5 = Am)

This leads to the infinite product formula

(9-2) u(Fg"qu) +u (Fg"q2) = [u (F" ) +u (Fg"a2)]

2 (1= 5Am)
(9.3) Onu(qo) = Am, T :
o m:];;[)-l-l (1 - 5)\7”) (1 - 5/\m)
for
(9.4 Aoy == (5) W)+ u ()]

Now suppose u is normalized (||u|l = 1). Then we can use Corollary 2.3 of [OSS] to
control the size of u on V,,,,. Specifically, if my = 1 then

> 1 _ 2
(9.5) 1=2-372 1__[2 8 - gi:g 8 — gi:g [u(Foq1)? + u(Foga)? + u(Figa)?] .

If Ay = 2, then u(Fpq1) = u(Foq2) = u(Fi1q2). Suppose we choose them to be negative.
Then

(9.6) Onu(qo) = 0.3 [H T - ?AM) 2

1/2

3 V2

m=2
We can simplify this somewhat since

oo

1 5"Am 2 X
51) };IQ (1—$Am) }_:[2 51 15 A
If we define a function ¢(t) by
(1- 4
(9.8) c(t) =
(1—3) (1= 3t)
then
1/2
V10 -
(9.9) Inu(qo) = T)\lp I com| -
m=2

Similarly, if Ay = 5 then there is a 2-dimensional space of eigenfunctions. If the eigenfunc-
tion is skew-symmetric with respect to Ry then 0,u(gp) = 0. For a symmetric eigenfunc-

tion, we will have u(Foq1) = u(Foge) = —3u(Fig2). Taking u(Fyqi) to be negative, we
have
~ 1/2
2
(9.10) Ou(go) = ng 11 c(Am)]
m=2
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In order to estimate the normal derivative, we need to bound the infinite product in
(9.9) and (9.10). Each sequence {\,,} is determined from A\; = 2 or 5 and

(9.11) A1 = % (5 +5m\/m> RS
We want to show that the product is largest when all ,,, = —1. Let
(9.12) c(t) = ﬁ c(tj)

j=1
for t; =t and
(9.13) bt = % (5 VZ5 L.

If all €,,, = —1, then

g(ﬂ) if A\ =2

00 2
(9.14) IT <) =
m=2 [ 5— \/g .
c if Ay = 5.
2
On the other hand, if ¢, = 4+1 and ¢,, = —1 for all m > k, then
(%) k
(9.15) IT cOm) = [H c()\m)] e Nig1)-
m=2 m=2

If we change € to —1, then the only change in (9.15) is in ¢(Ag41).

Lemma 9.1. For anyt in [0, 5]

(9.16) 5(% (5+¢ﬂ)) <E(% (5-@)).

Proof. Note that (9.16) is equivalent to

(9.17) 5 —2) < dz) for0<z< %(5_@.

This is evident from the graphs in Figure 9.1 Q.E.D.
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FIGURE 9.1. The graphs of ¢(z) (top) and ¢(5 — x) (bottom) on the
interval [0, % (5 — \/5)]

Lemma 9.2. If u is a normalized eigenfunction with A\ = 2 or 5, then

(9.18) 10pu(qo)| < MAY2,

Proof. By (9.16), we increase (9.15) by changing 5 to —1. Repeating the same argument,
we can one by one change all ¢, to —1, increasing (9.15). Thus

g(‘r’%\/ﬁ> if A\ =2

(9.19) IT cOm) <
m=2 ~ 5 - \/g .
c ifA =5
2

and we obtain (9.18) from (9.9) and (9.10). Q.E.D.

Note that the estimate (9.18) cannot be improved. If we take ¢, = +1 and all other
em = —1, then we easily obtain a lower bound for [[~_, c(An) of ¢(Agt1), since all
other ¢(\,,) are greater than 1, and ¢(Ag11) > ¢(5) = 5. On the other hand, for most

eigenfunctions (9.18) is far from sharp. At the other extreme, suppose €,, = +1 for m < k

and €, = —1 for m > k. Then \,, ® 4 for m < k+ 1 and c(4) = g. More precisely, if
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Am =4+ 0, then 0,11 ~ —%5m, and c(4 + 0,) & 8 -
above and below by multiples of (g)k Thus [9,u(qo)|
can write this as

Om- So [1o°_, ¢c(A\y) is bounded

m=2

5
7 k/2
~ A2 (3) 2 Since A ~ 5%, we

(9.20) 100 u(go)| & Alo8 5/ 1085

along this sequence of eigenvalues. Note that log g/log5 =1/(d+1) ~ 0.3173938. It is
not hard to show that (9.20) is always a lower bound.

Next we consider other Dirichlet eigenfunctions. Of course, for joint Dirichlet and
Neumann eigenfunctions, d,u(gp) = 0. In particular, this covers all eigenfunctions when
A = 6 and A1 = 3 for some k£ > 2. When )\, = 5 for some k£ > 2, the joint Dirichlet and
Neumann eigenfunctions have codimension 2 in the space of Dirichlet eigenfunctions. Thus
we can choose an orthonormal basis for the Dirichlet eigenspace so that 0,u(gp) = 0 for
all except 2 basis elements. If we choose a symmetric and skew-symmetric (with respect
to Rp) eigenfunction from the 2-dimensional space, then the skew-symmetric one must
have 0,u(qp). Thus it remains to compute 9,u(qo) when u is symmetric, normalized, and
orthogonal to all joint Dirichlet and Neumann eigenfunctions. It turns out that we can do
this computation exactly, and in fact give an inductive description of this eigenfunction.

For this discussion we let u; denote a symmetric A-eigenfunction with Ay = 5. For
the moment, we will not insist that w; be normalized, and the other eigenfunctions
us, U3, ... that we construct will not be normalized. The idea is that u; will be a (5’“‘1)\)—
eigenfunction with A\, =5 and

1
Uk|F k= ug—1 0 F}

1 _

(9.21) uklp K = §(uk—1 — ug—1 0 Ry) o Fi!
1 —

uk|F2K = g(uk_l — Uk—1 oRl) OF2 1.

It is easy to check that uy is Ry symmetric. To check that uy is actually an eigenfunction,
we need to check the matching conditions on the normal derivatives at Fyq, Fyge and
Figs. At Fiqo both ug|m ik and ug|p,x are skew-symmetric, so have normal derivative
equal to zero. At the other points, we begin with the observation 9,u1(q1) = Opu1(g2) =
—50nu1(g0). We then observe from (9.21) that the matching condition at Fyg; and Fygo
and

(9:22) (1) = Dutun(a2) = 3 Ok a0

follow by induction, using the identity % [1 — (—%)} = % (This explains the choice of the
constant 3 in (9.21).)

Lemma 9.3. The eigenfunction uy is orthogonal to all joint Dirichlet and Neumann eigen-
functions with the same eigenvalue.

Proof. When k = 2, there is only one joint eigenfunction, looping around the inner triangle,
and it is skew-symmetric. Since us is symmetric, they are orthogonal.
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We prove the general case by induction, assuming that it is true for £ — 1. The above
argument still shows that wu is orthogonal to the joint eigenfunction looping around the
inner triangle. All the other basis elements for the joint eigenspace are supported in either
FyK, F1K, or F5, K. Then we can use the induction hypothesis, since the orthogonality
condition is preserved by reflection. Q.E.D.

FIGURE 9.2. The values of ug on V3 (normalized so all values are inte-
gers). By restricting to lower left triangles, one can read off the values
of up on V5 and uq on Vj.

Having constructed the desired eigenfunctions, we now tackle the normalization prob-
lem. Figure 9.2 shows u3 on Vj.

Lemma 9.4. For all k > 1, we have

1
(9.23) /(uk o Rj)updp = ) / lug|2dp for j = 1,2,

and

(9.24) [ = (g)’“ [P

Proof. We will use Corollary 2.3 of [OSS], which tells us that
a(A)
(9.25) / unfPap = S S )
eV

for a fixed constant a(\). We prove both identities by induction on k. When k = 1, (9.24)
is obvious, and we see that (9.23) holds because

Z ui(z)ur (Rjz) = —% Z up ().

zeVy eV
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Now assume both identities hold for ujx_1. Using (9.21), we have

2
S lu@))P= ) |Uk—1(90)|2+§ > fup-1(x) — w1 (Rjz))?
zeVy x€Vi_1 x€Vi_1
13 9 4
=3 > fup-a(z))] 9 > uka(@)up-1(Rz)
r€eEVE_1 xEVE_1
5
=2 > @),
336ka1

Using (9.25) and the induction hypothesis yields (9.24). Similarly

Z up(x)up(Rx) = Z up—1(T)up—1(R;x)

€V cEVE_1
2
+5 2 [u(@) —u(Rem)] [u(Row) — u(R1)
z€VE_1
15 9
~733 Z uk—1(z)]%,
€V _1
which proves (9.23). Q.E.D.

Theorem 9.5. The ratio %m is the same for all uy constructed above. In particular,

the estimate (9.18) holds for all normalized eigenfunctions.

Proof. Clearly, Opur(qo) = (g)k_l Onui(qo) and the eigenvalue of wy is 57! times the

eigenvalue of u1, so (9.24) implies the ratio is constant. Q.E.D.

Figure 9.3 shows a plot of the ratio d,u(q)/v/X on a log-log scale as a function of A for
all eigenfunctions with 0,u(go) # 0, where the eigenvalues have ¢, = —1 for m > 10 (so
there are 512 eigenvalues with A\; = 2 or 5, etc.). It is clear from this figure that there is a
rich self-similar type structure to the values 0,,u(qp). In Figures 9.4, 9.5, and 9.6, we zoom
in on the top half, quarter, and eighth of the data points. In Figure 9.7, we zoom in on
the second quarter from the top, and in Figure 9.8 we display a mirror image of the same
data. The similarities among Figures 9.4, 9.5, 9.6 and 9.8 are striking. At the present
time, we have no explanation for this.

Next, we consider normal derivatives of the Dirichlet heat kernel. The heat kernel may
be written

(9.26) pelz,y) =Y e Nu(x)uy(y),

where {u;} denotes an orthonormal basis of Dirichlet eigenfunctions with associated eigen-
values {\;}. (Note this is different form our previous notation.) For any fixed value of
t > 0, we may obtain a good approximation by terminating the sum once \;t becomes
large. Looked at another way, if we take a partial sum up to A\; < IV, then we will have a
reasonable approximation for values of ¢ such that ¢tV is reasonably large.



52

NITSAN BEN-GAL, ABBY SHAW-KRAUSS, ROBERT STRICHARTZ, CLINT YOUNG

il = o o o o o o
# s > & & 2
0 - ., ® &
i T s
. N T
. §
x| 2 CE-I} ‘g:-g %g
-0.5 s e 5 g
] L og
E o 4
] o [ B,
o
14 i @
A % W2
B o
~-1.54
o
] 5
T T 17T 1T 17T T T T°1 I T T 17T 17T 1T 711
4 8 12 16
eigenvalue
FIGURE 9.3. A log-log plot of the ratio d,u(q)/V/X as a function of .
7] b
_ o o &
0 . % g
7 g ¢
B = % = o
14 g 4 o 2 g%
—-0.5 3§ o % 0%
1. & 2% 83 BF
of o
:% gg & i % 2@ g%%’
— i En ﬁ 5 Lo g & i Eo
155 8 2 %
_g %ﬂe s .
— o @ P o
-1.5 4 5" go %‘3 % o
] g ﬁ .92 5]
B v o
S I
] =3
— ]
F'TTTTTTTTTTTTTI FTT T T TTTI1
18.1 182 18.3 18.4 18.5
eigenvalue
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representing the top half of the data points.



CALCULUS ON THE SIERPINSKI GASKET II

] o
= o &
S 2 g %
0 - & . 5 g &
Lo
eE 8 %4 5%
| C'g § " 2 o e
&
— =L e € £
o0 QD % g,
0.5 - @ o
. q% B{? 5 %@ @?; o 28
N -
J 5 B 9 g 8
P & T 2 [
] g o Gq. @
| =) - oy 0@ 7T
= & = & Qo
-1 = g’ & g a
o5 el ®Z Fa ok
. 3 e =g
_ 2
L]
s Oa Ls
o oo
a o
—1.5 @ o g
| 5
o
T TTT FrTTTTTTTTTTTTTTTTTTI
18.42 18.44 18.46 18.48 18.5

eigenvalue

FIGURE 9.5. A zoom of the right half of Figure 9.4, representing the
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top eighth of data points in Figure 9.3.



54 NITSAN BEN-GAL, ABBY SHAW-KRAUSS, ROBERT STRICHARTZ, CLINT YOUNG

eigenvalue
18.04 18.08 18.12 18.16 18.2
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
[+
T8 « a
i % § 03
—0.5 4 [ o
I T o B
i g =
o 5 & 5 o
Tas 3 2 7 2
4 a'g -:Ig_ o o o
Pt & g o
-14 @ Fo © o= 2% @
A o
@SQ o8 %ﬁ 08 & 'E':-S ?
= v BT g
] & & 2 £ &
) o o ® £
4 o 2 oy 7 =}
s} T ga o
—1.5 om 7 Qgﬂ o o
4 g o O o &
1l = a = g o
=
u ) a q}f’ ]
a4t =
i, Y o
1 o
7] ]

FIGURE 9.7. A zoom of the left half of Figure 9.4, representing the third
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The normal derivatives of p,(x,y) that we are interested in may be written

(9.27) In0npt(q0,q0) = Z efkjtanuj(%)?

(In other words, we take normal derivatives with respect to both variables at the same
boundary point qo.) Estimates for the heat kernel are known ([Ba], [Ki2]); in particular,
we have sharp upper bounds on the diagonal

(9.28) pe(x, ) < ct™1085/1083  for 0 <t <1,

but the behavior as z approaches the boundary has not been understood. In [S6], it was
conjectured that

(9.29) OnOnpe(q0, qo) < ct ™15 5/ 1985 for 0 <t < 1.

This estimate has important consequences for analysis on the product SG x SG.

0.36

0.355

0.35+

0.3454

0.34

4 6 8 10 12 14 16
log (1/time)

FIGURE 9.9. The graph of (9.30) as a function of log(1/t).

We are now in a position to present strong evidence that (9.29) holds and is sharp, in
the sense that similar lower bounds hold. We approximate (9.27) by taking all the values
of Opuj(qo) and A; included in the data in Figure 9.3. In Figure 9.9, we show the graph of

(9.30) #ho8 2/ 10859, 9,14 (g0, qo)

using this approximation, as a function of log(1/t), so the behavior as t — 0 is transformed
to log(1/t) — oo. In the range 6 < log(1/t) < 16 the function (9.30) exhibits a striking
periodicity, with period log 5.
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Conjecture 9.6. (a) There exists a positive, continuous, periodic (of period log5) func-
tion g such that

(9.31)

tlog 2_??/10g56n6npt(q07 qo) - g(lOg(l/t)) —0

ast — 0. (b) For every nonboundary point x € K, there exists a positive, continuous,
periodic (of period log5h) function g, such that

9.32)

tlos /1083y, (1, 2) — g, (log(1/t)) — 0

ast — 0.

Although we have no direct evidence for (b), it seems unlikely that the asymptotic
periodicity in the normal derivatives should not also manifest itself in the heat kernel
itself. There is ample precedent for asymptotic periodicity, as for example in the Weyl
ratio for the spectrum (although the periodic function in that case is discontinuous). See

[FS], [K

L), [ASST].
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