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Chapter 1

Introduction

This is a senior thesis presented to the faculty of International Christian University
for the Baccalaureate degree; majoring in mathematics. The purpose of this thesis is
to learn some basics of partial differential equations in order to prepare for further
studies in the future. Topics of the thesis are asymptotic behavior of solutions of the
heat equation and calculus inequalities derived from estimates of the solutions.

In chapter 2, solutions of the heat equation are introduced, followed by estimates of
these solutions. We establish an asymptotic formula of solutions of the heat equation
at the end of the chapter, which will be discussed again in the following chapters. In
chapter 3, we mention a transformation that preserves structures of partial differential
equations and introduce a notion of self-similar solutions. In chapter 4, we derive an
Ascoli-Arzela-type compactness theorem in order to discuss the asymptotic formula
in another way.

In chapter 5, we cover inequalities that are important in analyzing partial dif-
ferential equations in general; we exploit estimates of solutions of the heat equation
discussed earlier. Our primary goal in this chapter is to prove the Gagliardo-Nirenberg
inequality; to that end, we introduce the Marcinkiewicz interpolation theorem, the

Hardy-Littlewood-Sobolev inequality, and the Sobolev inequality.



Chapter 2

Asymptotic Behavior of Solutions
of the Heat Equation

2.1 The Heat Equation

We consider the heat equation

%(x,t) = Au(z,t), reR" t>0. (2.1)
Physically, the heat equation models the temperature distribution w(z,t) of thermal
conduction in a homogeneous medium in R", with constants such as the density, the
specific heat, and the thermal conductivity of the medium normalized for simplicity.
The solution u(x,t) of the heat equation with the initial temperature distribution
u(z,0):
u(z,0) = f(z), x € R,

for a given real-valued function f on R", is represented by

u(z,t) = Gz —vy)f(y)dy, xeR" t>0, (2.2)

Rn

using the Gauss kernel G(x) = g(z,t) defined by

1 2
Gi(z) = exp (—%) , zeR" t>0,

under the condition that the modulus |f(z)| of the function f(x) does not grow too

much at space infinity.



2.2 Decay Estimates of Solutions

Assume that initial data f is continuous and vanishes outside of a large ball in R™.
We expect that the solution u(z, t) also vanishes as time evolves since there is no other

heat source.
Definition 2.2.1 The set Co(R") is defined by
Co(R™) :={f € C(R™); suppf is compact}.

Proposition 2.2.1 (Decay Estimate).
Let u(z,t) be the solution (2.2) of the heat equation (2.1) with initial data f € Co(R™).
Then

sup [u(e )| < s [ 1)1y, ¢ >0 (2.3

z€R™

In particular, the solution u(x,t) converges uniformly to 0 on R™ ast — oo.

Proof.  For t > 0, we have

e =| [ o= nrma| < [ G-l a
1
< sup{G(x — dy < —— / dy.
< [ s {Gue =} v < e [ 11001 dy
]
Remark.  The solution u(x,t) of the heat equation converges uniformly to 0 with
order at least /% as t — oo.

Definition 2.2.2 The LP-norm and the L*-norm of a measurable function f on R"

are defined respectively by

1/p
oty = ([ ) " 1spes
Rn
[|flloo ;= nf{M € R; |f(z)| < M for almost all z € R"}.



Lemma 2.2.2 (The Hélder Inequality for real numbers).

Assume that 1/p+1/p" =1 for 1 <p,p’ < oco. Then, for positive numbers a and b,

a? b
abS —+—/.
p p

Proof.  Since the logarithm function Inz: (0,00) — R is concave, for A € [0, 1],
we have that AlInz + (1 — A\)Iny < In(Az + (1 — A)y). Substituting A = 1/p, z = a?,

and y = b, we get

1hrlap—l— (1—1) In b’ <In 1ap—l— (1—1> v .
p p p p

p /
lna—i—lnb—lnabgln(a——i—g).

Hence

p v

Proposition 2.2.3 (The Hélder Inequality).
Assume that 1/p+ 1/p' =1 for 1 < p,p’ < oo. Then, for f; € LP(R™) and fy €
LY (R™),

< [[fullpl 1 follpr- (2.4)

- fi(@) fo(w) dw

Proof. 1f p =1 or p = oo, the Holder inequality is obvious, so suppose that
1 < pp < oo If||fill, = 0 or ||folly = 0, then fifo = 0 and the Holder in-
equality holds. Thus, we may assume that ||fi||, # 0 and ||fo||, # 0. Integrating
the Holder inequality for real numbers (Lemma 2.2.2), with a = |fi(x)|/||f1]], and
b= 1fo(@)l/ Il folly, we obtain

Jon |f1(@) fo(2)| da
/11111 follp

1 1 1 1
- |fi(2)[" dz+— /
pllfille Jrn Pl follby Jrn

/ 1 1
< [fo(@)|” do = —+— = 1.
p p

Definition 2.2.3 Let h and f be functions on R". The convolution of h and f is
defined by

W*ﬁ@%:/;mﬁ—Wﬂw@h R



Remark. If both functions h, f € Cy(R™), the convolution h* f is well defined for

each z € R", and continuous on R".

Proposition 2.2.4 (The Young Inequality).
Let h € LP(R™) and f € LY(R"). Assume that

N (2.5)

11
ropoq

for 1 <p,q,r <oo. Then hx f € L"(R") and

17 1l < 1ALl f1la- (2.6)

Proof.  If r = oo, the balancing relation (2.5) becomes 1/p + 1/g = 1 and the

inequality yields

[ o= s do| < AL

which follows from the Hélder inequality (Proposition 2.2.3). If p = oo, since 1/r =
1/g—1and 1 < ¢q,r < 0o, we get ¢ = 1 and r = oo. Similarly, if ¢ = oo, we end up
having p = 1 and r = co. Therefore, we may assume that 1 < p,q¢,r < .

Let 0 < 0 < 1 and write |f| = |f|*7?|f|°. The Holder inequality gives us, for

reR"and 1/p+1/p =1,

(o f)(2)] < WW@—yWﬂwWﬂﬂwW@

/

1/p ) 1/p
s( \Mx—wmﬂwW4W@) ( U@Wp@) |
R™ Rn

If p=1, weset # =0. Then, 1/p’ = 0, and the inequality follows from the Holder
inequality. If p > 1, we have p’ # o0, so set p'0 = q. Now, (1 —0)p = (1 —q/p')p =

p—pq/p = p+pq(l/p—1) = p+q—pq = pg(p+q—pq)/pq = pg(1/p+1/q—1) = pq/r.
The inequality then yields

en@i= ([ me—wrora)” ([ )
:(RJMx—wWﬂwW”@)mﬂﬂW¢

5



Let ¢’ be the conjugate exponent of q, i.e. 1/g+1/¢ = 1. By the balancing relation
(25), 1/r=1/p+(1—-1/¢)—1=1/p—1/¢. Hence, 1/% + 1/% =p/r+p/qd =
p(1/r+1/¢)=p(/p—1/¢ +1/q') = 1, which means that the conjugate exponent
of r/pis ¢'/p.

Now, split |h| = |h|P/"|h[P/9 and apply the Hélder inequality.

B = )1 f ()P dy = | bz — )PP f ) dy
R™ Rn

= [ b= )P £ e = )P dy

< ([ me—vrswra)” ([ we-ra)”

p/r

R

Hence

1/r
G D@ < WA ([ = i)

Taking the r-th power, integrating over x, and interchanging the order of integration

(by Fubini’s theorem),

h * "d h rp/q’ T‘l/p'( hiz — 2 a4 ) d
R xs4J|m 171l Ag<x DPIF ()] dy ) de

= ([ nte = ae) s ([ isran)

= BT RIBILIP LF1E = (1R,

Since rp/¢' +p = rp(1/q' +1/r) = rp(1 = 1/q+1/r) = r and rq/p’ + q =
rq(1/p' + 1/r) = r, we obtain (2.6). |

Theorem 2.2.5 (LP-L9 Estimates).

Let u(x,t) be as in (2.2) with initial data f € Co(R™) and let 1 < ¢ < p < oco. Then

[Jullp(t) <

0|3 [ =

— T . 2.
om0 (2.)



Proof.  The solution u(x,t) can be written as u = Gy f. By the Young Inequality
(Proposition 2.2.4), for t > 0 and 1 < r < oo satisfying 1/p=1/r +1/q— 1,

ullp () = [1Ge* fllp < Gl f]o-

If r =00, weget 1/¢g—1/p=1. Since 1 < ¢ < p < oo, we end up having p = oo and

g = 1. Thus, the inequality (2.7) becomes

1
— , t>0
pe I

which is nothing but (2.3). So we may assume that 1 <r < co. Then

G = [ 1Gwra= [ | aal
= z)|"dx = ————exp | ———
e e o | (At CP\ T
1 / r|z|? p
= — ex — xZ.
(47t)/2 Jgn P 4t
By setting z = (Z—t)l/2 x, we have dx = (%)n/2 dz and —|z|? = W' . Hence
n/2
1 4t
a|lr = = () d
Gl = g [ evlle) (3) e
<4t

(4mt)ri2
(47rt1)m“/2 ) //Rn exp(—|z|?) dz.

Since [5, exp(—|z|?) dz = 7"/2, we obtain

[lulloo(t) <

dx

1Gell = (dmt) 20775,

Considering the balancing relation 1/p =1/r +1/q¢—1,1e. 1/r—1=1/p—1/q,

( 1)7’_%

G|l = (drt) 5503 = (4rt) 2G5 = (4rt)

(-
(47rt)%<5 )

|3

N3

< (4mt)

Theorem 2.2.6 (Derivative LP-L? Estimates).

Let u(x,t) be as in (2.2) with initial data f € Co(R™). Then, there exists a constant

C = C(n) depending only on n such that

o
Oz,

C .



Proof.  Differentiating u(z,t) under the integral, we have

O, (u(,t)) = 0y, (Gy x f)(x)) = ((85,Gy) * [) ()

Furthermore

_ #\) o

9, (Gil@) = T (exp (‘47)) = (g & (—47 %\ "3
_ 2y 1 =
Tt ety 2 P\ T )

Now, we set z = |z|/(2t'/?), i.e. —2> = —|x|?/(4t), then

Ly El§ _ L R 2
ﬂexp (—E> = %exp(—z ) = mw eXp(—Z )

1 |z| 2 1 2
S mm eXp(—Z ) = mz exp(—z )

Here, if z; > 0,

Lj |z 1 2
EGXP <_E)‘ < mz exp(—z7),

oy o (Y| Ll (e
2t 4t 2t 4t

1 ||
= 112 24172

and if z; <0,

exp(—2%) = —=

Thus

Lj |z|” 1 2

o OXP <_E)‘ < Y exp(—z7).

Since z exp(—z?) attains its maximum C} = 1/v/2e at z = 1/4/2, we obtain
r; 1 |z |?
ot (drt)2 P\ T

T 1 |.I'|2 1
= sup |=; exp | ——— || = su
oo | 2t (@rty2 TP\ Ty (42 o

11 ) 11
S Gmppr e P2 S o e O

|10z,Gtl|oc = sup |0,,Gy| = sup
TeR™ r€eR™




Hence

‘ g—; = ' /n(aijt)(a: —y)f(y) dyHoo = sup /n(aijt)(x —y)f(y) dy‘
<swp | [(02;Gy)(x — y) f(y)| dy = Sup /n(aijt)(w —yIf ()l dy

< sup / sup {(02;G1)(x — 1)}/ ()] dy

zeR™ n ycR”

= sup (sup (@2, ~ ) [ 1Fldy) = sup 02,6} [ 17l dy

z€R" \ycRn

< sup |02,Gi(2)] [ 1) dy = 1|02;Cill / £ ()] dy
R™ Rn

reR™
1 1 C C

< - = h = .
< Gt [ = Sliflh where €= by

]
Remark. Similarly, the following holds:
Ju C

|5 © <im0 29)

2.3 Asymptotic Behavior Near Time Infinity

We want to know more about how u(z,t) converges to 0 as t — oo. We already
know that u(x,t) decays as ||u|lc < (47t)7"/2||f||1 by (2.3). In the following, we
will find a “nice” function v(z,t) such that the L>*-norm of u — v approaches 0, i.e.
[l — v]|so(t) — 0, faster than ¢t~/2 approaches 0 as t — oo. Such a function v is
called a “leading term” of the decay of u, and we will see that we may choose v as a

multiple of the Gauss kernel Gy.

Theorem 2.3.1 (Asymptotic Formula).
Let u(z,t) be as in (2.2) with initial data f € Co(R™), and m = [y, f(y) dy. Then

lim #"/2||u — mg||(t) = 0. (2.10)

t—o00



Remark.  We will prove the asymptotic formula (2.10) in two distinct ways: One
based on the representation formula of solutions of the heat equation (2.2), and the

other based on the structure of the heat equation.

Lemma 2.3.2 (Integral Form of the Mean Value Theorem).
Let h € CY(R™). Then

h(z) — hiz —y) = /0 (VR)(x—(1—)y),g)dr, .y R (2.11)
Furthermore
e =) =kl <lyl [ (W= (0=l eyeR. (212

Here, (-,-) denotes the standard inner product in R".

Proof.  Set F(s) = h(x—y+sy) where s € R and =,y € R". By the fundamental

theorem of calculus,

h(z) — h(z —y) = F(1) — F(0) = /0 F'(7)dr.

By the chain rule, we get

hence (2.11).

Furthermore, by the Schwarz inequality, we get

) =ha =) < [ (T = (1= 7). ar
S/O |(Vh)(x—(1—7’)y)||y|d7':\y|/0 ‘(Vh)(l‘—(l—T)y)‘dT.

10



Proof.  [Theorem (2.3.1)]. Let h,(z) = exp(—n|z|*) where n = 1/(4¢) > 0. Then,

for x € R" and t > 0,

Hence

By the integral form of the mean value theorem (Lemma 2.3.2), we have that

v%u—waMunswhéKvmxx—u—fwﬂma ry € R,

1/2

Now, setting z = n'/?|z| > 0, we get

[Vhy(2)| = | = 2nahy(2)] < | = 2na|[hy(2)] = | = 2n][z][hy ()]

= 2771/2 ( 1/2]x|) exp(—|z|?) = in/zz exp(—|2?) < 27]1/2/\/% _. 27]1/201.
Thus
1
|hy(@ = y) = hy(2)] < \y]/ on'2Cy dr < |y|2n'/*Cy = 2|y|n'/*Cy.
0
Therefore

() lu(o, )~ mo(e. 0] < [ (il ) 11w dy =55 [ Wl dy

11



which yields

P ulet) = (e 0] < e [l )] dy
Taking the supremum of the both sides, we get

"2 u — mg||oo(t) = sup [yl f(y)ldy.

4
(4m)" 2172 pogn Jan
and since f € Co(R"),

lim t"2||u — mg||s(t) = 0.
t—o0

12



Chapter 3

Structures of Equations and
Self-Similar Solutions

3.1 Invariance Under Scaling

First, we refer to a transformation that reflects structures of partial differential equa-
tions; through this transformation, we consider special solutions preserving the struc-

ture of the heat equation.

Definition 3.1.1 (Rescaled Function).

For nonzero real number ), the function u* is defined by
uM(z,t) = u(dx, \%t).

Proposition 3.1.1 Assume that u(x,t) satisfies the heat equation in an open set
Q CR"xR", ie.
Owu(z,t) — Au(x,t) =0, (x,t) € Q.

Then, the following properties hold:
(1) For a real number p, the function uu satisfies the heat equation in Q.

(2) The function u* satisfies the heat equation in

Qx = {(x,t) € R" x R; (Az, \*t) € Q}.

13



Proof. The former part follows from linearity of the heat equation while the

latter part follows from direct calculation: In fact, we have

Oz, ) = 0y (u(Ax, A1) = N2 (du)( Az, A*t),

Oxjuk(x,t) = 0y, (u(Az, N*t)) = AN(0p,u) Az, A1), (1< j <n),

AuMa,t) = (02, + -+ 02 ) (u(Az, \*)) = N (Au)(Az, A\*t).
Therefore, dyu*(z,t) — Au(x,t) = 0. |
Proposition 3.1.2 Let u(x,t) be the solution (2.2) of the heat equation (2.1) with
initial data f € Co(R™). Then, for any t > 0,

/n u(z,t)de = - f(z)dzx.

Proof.  Since [g, Gy(x) dx = 1, by Fubini’s theorem,

[ weni= [ @pwae= [ {[ G-}

:/{ 5 Gt(x—y)f(y)dx}dy:/n{ﬂw - Gt(x_‘wdx} dy
=/ fW)dy.

Proposition 3.1.3 Let u(x,t) be a continuous function on R™ x (0,00) satisfying
0# [pnu(z,t)de < oo and O [g, u(z,t)dz =0 fort > 0. Suppose that p = p(X) is a

positive function of A > 0. Then the following are equivalent:
(1) O [gu pur(z,t)dz =0 for X > 0.
(2) w is a positive constant multiple of \".

Proof.  For t > 0, setting z = Ax,

1
/ put(z,t) dr = / pu( Az, \°t) do = / pu(z, )\Zt)ﬁ dz = % u(z, A\*t) dz.

Rn
By assumption, [p, u(z,t) dz is independent of ¢, hence [, u(z, \*t) dz is independent

of A?t. Therefore, 9y [g, pur(z,t) dz = 0 if and only if 4/ A" is a positive constant. m

14



Definition 3.1.2 (Scaling Transformation)

For a real-valued function u(z,t) defined on R™ x (0, 00), we set
up(z,t) = K"u(kx, k*t), k> 0. (3.1)
A mapping u — u* (Definition 3.1.1) or u — uy, is called a scaling transformation.

Remark.  The scaling transformation preserves its total heat (Proposition 3.1.2)

and the solvability property of the heat equation (Proposition 3.1.3).

3.2 Self-Similar Solutions

Definition 3.2.1 (Self-Similar Solutions).
A solution u of the heat equation defined on R™ x (0,00) is said to be a (forward)

self-similar solution if u = u; on R™ x (0, 00) for all k£ > 0.

Lemma 3.2.1 The Gauss kernel Gy = g(x,t) is a self-similar solution of the heat

equation.

Proof. For k >0,z € R" and t > 0,

gr(z, 1) = k:kg(k‘m, k:Qx)

_ 1 Ry 1 _@ -
U k)2 P\ T a2 ) T w2 P\ T ) T

Proposition 3.2.2 Let u(z,t) be as in (2.2) with initial data f € Co(R"™), and m =

Jan f(y) dy. Then the asymptotic formula (2.10) is equivalent to
lim |Jur — mg||(1) = 0. (3.2)
k—o00

Proof. Tt suffices to prove equivalence for the case k> = t. By Lemma 3.2.1,

we know that g = g for any £ > 0. Letting v = u — mg, we get vy, = ux — mg.

15



Furthermore, setting z = kx,

o]0 (1) = sup ok (2, 1) = sup |k"v(kz, k%)
TER™

reR™
— sup k"[o(ka, k)] = K sup Jo(z, k2 = )] = "2]jo] (1)
zeR™ z€R™

16



Chapter 4

Proof of the Asymptotic Formula
Based on the Structure

In this chapter, we will prove the asymptotic formula by, first, showing that any
subsequence of {u;} has a convergent subsequence, and then, showing that all the

limit functions of those subsequences are mg independent of the choice.

4.1 Ascoli-Arzela-Type Compactness Theorem

To show that any subsequence of {u;} has a convergent subsequence, we introduce
an Ascoli-Arzela-type compactness theorem. To that end, we prove the Ascoli-Arzela

theorem and then modify it to obtain the compactness theorem that we need.

Definition 4.1.1 (Exhausting Sequence).
Assume that a sequence {M;}22, of compact subsets of a metric space M satisfies the

following conditions:
(1) Mj C My, jeN
(2) UjZ, M =M; and
(3) for any compact subset My C M, there exists jo € N such that My C M,,.

Then, {M;}52, is called an exhausting sequence of compact sets of M.

17



Definition 4.1.2 Let M be a metric space that has an exhausting sequence of com-

pact sets. The set C (M) is defined by

COO(M):{hEC(M); lim sup \h(z)\:O}.

I zeM\M;

Definition 4.1.3 For h € Co(M), we define the norm by

|Allco,nr = sup [h(2)]-
zeM

Remark. With this norm, C, (M) becomes a Banach space; hence Co (M)
becomes a complete metric space with the metric d(hy,hy) = ||h1 — hal|eo for

hi,he € Coo(M).

Lemma 4.1.1 Let M be a metric space that has an exhausting sequence of compact

sets. Then, the set Co (M) is independent of the choice of a subsequence.

Proof.  Let {M;}32, and {N;}32, be two exhausting sequences of M. Setting
aj = sup,ep{|f(2)]; 2 € M\M;} and b; = sup,ep{[f(2)[; 2 € M\N;} for f € C(M),
we want to prove that
leI& a; =0 & ]lggo b; = 0.
By definition of an exhausting sequence of compact sets, for each M;, there exists
i = i(j) € N such that M; C Nj(); hence b;;y < a;. Since i(j) — o0 as j — 00
and b; is non-increasing, we get lim;_,o, a; = 0 = lim;_, b;;) = 0 = lim;_, b; = 0.

Interchanging the roles of M; and N, the converse also holds. ]
Remark. In particular, Coo(M) = C(M) if M is compact.
Definition 4.1.4 A subset K of C(M) is said to be bounded if

sup | ||| oo,mr < 00.
heK

Remark. If K is a set of functions defined on M, boundedness of K is called

uniform boundedness.

18



Definition 4.1.5 A subset K of U (M) is said to be equicontinuous if

lim sup |h(z) — h(y)| = 0, for all z € M.

Y72 heK
Proposition 4.1.2 (The Ascoli-Arzela Theorem).
Let M be a compact set and let K C C(M) (= C(M) by Lemma 4.1.1). Then the

following are equivalent:

(1) K is bounded and equicontinuous in C'(M).
(2) K is relatively compact in C(M).

Proof. If M is empty, so is K C C(M); hence we may assume that M is
nonempty.

(1) = (2)]. (Step 1) Let A = {x;};°, be an at most countable subset of M (If
A is finite, set x; := x,, for [ > m.), and let {f;}32, C K. Since K is bounded, i.e.
SUPpere |[P]|oo,nr = SUDLe i SUD,cpy [A(2)] < 00, we know that {f;(21)}32, is bounded in
R. Hence, there exists a subsequence {f;}32, C {f;}52, such that f] (1) converges to
a limit f(z;). Since {f} 52, is convergent, { f;}32, is bounded. Again, fork =2,3,...,
there is a subsequence {fF} C {ff’l} such that fF(z;) converges to a limit f ).

Setting g; = f]], we get

lm f7(zx) = lim fF(a) = flaw),

j—00 j—o0
for k = 1,2,..., since {fj(mk)};";l C {f)(xx)}52, for j > k. Thus, at each point
r € A= {x}72,, there exists a convergent subsequence {g;}32; C {f;}32;.

(Step 2) By assumption, K is equicontinuous in C'(M), i.e. limy ,, sup e |f(z) —
f(y)| = 0 for all x € M. Hence, for all z € M, there is an open neighborhood V,» of

x such that

| =

sup sup |f(z) — f(y)| <
yEVIk feK

The set {Vyr}zen is an open covering of M, and since M is compact, M is already

covered by a finite subcovering {Vzk}fi(lk ) where z¥ € M with 1 <i < N(k). Thus,

19



for every k € N, there are N(k) points x¥ € M and open neighborhoods V. of x¥

satisfying
1
sup sup |f(eh) = f(y)] < ¢
fex erzk
and
N (k)
Ve = M.
=1

(Step 3) Let A¥ = {a¥ ; 1 < i < N(k), k € N} for ¥ € M. Assume that
{h;}32, C K converges pointwise on A*. Then, {h;(x)}52, is a Cauchy sequence in

R. Hence

lim sup |h;(z) — hp(x)] = 0. (4.1)

l—o00 §,m>1

For z € M,

1hi(2) = hn(2)] = |Rj(2) = by (@) + By (@) = P (@) + o (27) — P (2))]
< [hi(2) = by (@) + [ (25) = hun (7)) + [ (2F) = B (2)]

< 2§g£ [f(2) = F@D)] + [hy(xF) = hun(F)].

Next, fixing k, we pick ¥ and V,» > 2 given in Step 2. Then

15(2) = hn()] < 7 + Iy () = ()

2
<+ sup  [hy(af) = b ()],
ko i<i<n)

Hence

2
sup |hj(2) — hu(2)| < 7+ sup [ (25) — hun ().
zeM 1<i<N (k)

By (4.1), it follows that

2
lim sup sup |hj(z) — hp(2)] < —.
=00 j m>1 zeM k

That is

lim sup |h;(2) — hn(2)] <

Jm—00 e \f

Eral )
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Here, k € N was arbitrary, so we obtain

hm sup |hj(z) — hm(2)| = llm |h; — hml|oo,nr = 0.
jm

Since C(M), where M is compact, is complete with the L*°-norm, {h;}32, converges

uniformly to some h € M.

(Step 4) For {f;}52, C K, we have that {g;}32, C K converges uniformly to some
g € C(M) by Step 3. Thus, {f;}52, contains a convergent subsequence {g;}32; in
C(M); hence K is relatively compact in C(M).

[(2) = (1)]. (Step 1) For f € C(M), we define an open ball B(f,€) centered at f
with radius € by B(f,€) :=={h € C(M); ||f — h||oos < €}. Since K is relatively com-
pact, we know that K has a finite subcovering of Uscx B(f,€), i.e. K C U 1 B(fi,€)

for suitable f; € C(M); i € {1,...,N(e)}. Here, B(f;, €) are bounded, so is K.

(Step 2) Pick € > 0 and let {f;}Y f as constructed above. Since f; € C(M), we
have that, for z € M, there exists a neighborhood V of z such that | f;(z) — f;(y)] <€

for y € Vi. Now, V. := NM9V7 is also a neighborhood of z, so we obtain |f;(z) —

z

fily)| < eforeveryie {1,...,N(e)} and y € V.. By the choice of fi, ||f — filloos < €
for any f € K. Hence, for y € V,
() = FW) = |f(z) = filz) + fi(2) = fily) + fily) — [(¥)]
<|f(z) = i)+ 1£i(z) = L) + | fi(y) = f ()]
<2/f = filloom + fi(2) = fi(y)] < 2e+ €= 3e.

That is, V, is independent of f € K, which means that, for any ¢ > 0, there ex-

ists a neighborhood V. satisfying supcx |f(2) — f(y)| < 3¢ for all y € V.. Hence

limy . supseg | f(2) — f(y)] = 0. u
Definition 4.1.6 A subset K of C (M) is said to have the equidecay property if

lim sup sup |h(z)|=0.
J=0 he K zeM\M;

21



Remark. This notion is independent of the choice of an exhausting sequence of

compact sets {M;}52, as is the space Coo(M).

Lemma 4.1.3 (Lower Semicontinuity of the Supremum,).
For m € N, let h,, be real-valued functions defined on a set X. Then the supremum
1s lower semicontinuos, i.e.

sup lim Ay, (2) < lim sup hp, ().

ze€X m—o00 m—oo r€X

Proof.  Since hy,(x) < sup,cx hm(x), we have that, for each z € X,

lim Ay, (z) < lim sup hp, ().

m—oo m—oo z€X
Hence

sup lim hy,(2) < lim sup Ay, (z).

z€X m—o0 m—o0 z€X

Proposition 4.1.4 Let M be a topological space that has an exhausting sequence of
compact sets {M;}52,. Suppose that, on each Mj;, the sequence {hp,}_; C Coo(M)
converges to a real-valued function h defined on M. Then, h € Cy(M). Moreover,
if H := {hy,}>°_, has the equidecay property, then {h,}>°_, converges uniformly to h
on M.

Proof.  Since M = U2, M; and h,, converges uniformly to h on M;, we have
h € C(M). Now we want to show that
lim sup |h(z)|=0.
J700 pe M\ M;
By assumption, we know that h,, converges pointwise to h on M. Using the lower

semicontinuity of the supremum (Lemma 4.1.3),

sup |h(z)|= sup | lim hp(z)| < lim  sup |hn(x)] <sup sup |h(z)].
reM\M; x€M\M; ™70 m—o00 x€ M\ M; heH zeM\ M,
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By the equidecay property of H,

lim sup sup |h(z)| =0,
I heH xeM\M;

which shows that h € Co(M).

Moreover,

sup [, () — h(z)| < sup |hm(z) = h(@)[ + sup  [hn(z) = h(z)|

zeM zeM; xeM\M;
< sup [hp(z) = h(z)| + sup  ([hn(2)] + [A(2)])
xeEM; xEM\M;
< sup [fm(2) — h(2)| + 2sup sup [B(z)].
zeM; heH €M\ M;

Since each h,, converges uniformly to h on M; and H has the equidecay property,

lim /A — Pl|lsonr < 2sup  sup ]B(a:)\ -0, (j— 00).
m—00 he H €M\ M;

Hence, by the squeeze theorem,

lim || — Blooas = 0.
m—0o0

Theorem 4.1.5 (Ascoli-Arzela-Type Compactness Theorem).
Let M be a topological space that has an exhausting sequence of compact sets { M, };’il,

and let K C Coo(M). Then the following are equivalent:
(1) K is bounded, equicontinuous, and having the equidecay property.
(2) K is relatively compact in Coo(M).

Proof. (1) = (2)]. (Step 1) Let {f}5>_, C K. Since M, is compact, by the
Ascoli-Arzela theorem (Proposition 4.1.2), we may choose a subsequence {f}}%_, C
{fm}2_, that converges uniformly to a function f! on M. Similarly, if {f&=1}o_,
converges uniformly to f*~! on Mj_;, then we may choose a subsequence {f*}>_, C

{fk=11%0_ that converges uniformly to f*¥ on M. Since f/ = f* on M, if j > k, there
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exists a function f such that f = f*¥ on My. Setting g,, = f™, {gm}>_, converges

uniformly to f on each Mj.

(Step 2) By Proposition 4.1.4, {g,,}5°_; converges uniformly to f on U2, M) = M.

[(2) = (1)]. (Step 1) Analogously to Step 2 of the latter part of the proof of the
Ascoli-Arzela theorem (Proposition 4.1.2), there exists a finite set { fi}ZN:(f) such that
K C Ufi(f)B (fi,€). Therefore, boundedness and equicontinuity of K follows exactly

the same way as in the previous proof.

(Step 2) For f € K, choose f; so that f € B(fi,¢). Here, observe that we may

assume that

sup  sup |fi(z)] <e
1<i<N(e) z€M\M;

by taking sufficiently large j. It then follows that

sup |f(z)| < sup |f(z) = fi(z)| + sup |fi(z)]
M\ M; M\ M; M\ M;

< ||f - fz‘”oo,M + € < 2e.

Thus, for each € > 0, we have that supycx sup,epnag, [f(2)] < 2e for suitable M;.

Here, {M;}52, is an increasing sequence, so we arrive at

lim sup sup |f(x)] =0,
I feK ze M\ M;

hence K has the equidecay property. [

4.2 Relative Compactness of the Family of Rescaled
Functions

In this section, we shall prove relative compactness of the family of rescaled functions
{ux}. To that end, it suffices to consider behavior for large k, so we set k > 1. Here,
as a shortcut, we use estimates obtained from the representation formula; however,

these estimates could be obtained without the formula.
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Lemma 4.2.1 Let u(x,t) be the solution (2.2) of the heat equation (2.1) with initial
data f € Co(R™). Assume that there is an open ball Bj, centered at the origin with

radius jo > 0 such that suppf C B,,. Then, for n € (0,1),

111

ol 0] < b exp (el 4o Blel ) w€R pSesin (42)

Proof.  Since

u(z,t) = / gz =y, ) f(y)dy = /B gz —y,0)f(y)dy = /|<. g9z =y, 1) f(y) dy,

Jo

we have

w0l =| [ ate=y i < [ late=nnsl
=/||< gz —y.)|f ()l dy < sup g(a:—y,w/'( )l dy

lyl<jo

< sup g(x —y,t) |f(y)|dy < sup g(x —y,t)||f]1-

ly|<jo R ly|<jo
Furthermore, [z—y|? > |2]*=2|z||y|+|y|* > |z|*—2|z|jo for |y| < jo, s0,if n <t < 1/n,

we obtain

1 |z —y[?
sup g(r —y,t) = sup —s exp | —————

ly|<jo wl<jo (4mt)"/ At
lyl<jo (47m)"/? 4/n (47rm)n/? 4 =] |2170)
Hence
Il M 12 . 1£111 ,
[uz, t)] < (4mn)n/? exp —Z(|5L’| — 2|z|jo) :Wex |x! +77 |x|

Proposition 4.2.2 Let M = R" x [n,1/n] for n € (0,1), let u(x,t) be the solution
(2.2) of the heat equation (2.1) with initial data f € Co(R™), and let uy. be as in (3.1).
Then, K = {uy, ; k > 1} is relatively compact in Coo(M).
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Proof. By the Ascoli-Arzela-type compactness theorem (Theorem 4.1.5), it suf-
fices to show that K is bounded, equicontinuous, and having the equidecay property.
Note that u, € C'(M); hence K € C(M). We show that K C Co(M) in Step 3.

(Step 1) By the decay estimate (Proposition 2.3),

lun||oo(t) = sup [k u(kz, k*t)| = k" sup |u(z, k*t)|, where z := kx
z€R™ z€R™

1
< k”WWHl i )n/QHle

If n <t, we get

1
oM = ) < ——|IfIh-
|| |oo, 1 (;tl)lgMIUk(af )| (4m)n/2||f||1

Here, the right hand side is independent of k£ > 0, so K is bounded.

(Step 2) By derivative LP-L? estimates (2.8) and (2.9), we have

C .
102 ulloc(®) < =z lfll, T =10 om,

[|0rul|oo(t) < +1Hle

Similarly to Step 1, we arrive at

10z k| |oo () S

S

N[

N\ﬁ
QT

||0suk||oo () < t2+1||f||1

Hence, we can take a constant L, independent of k, such that

||am]uk||oo,M = Ssup ’am]uk(x7t>’ S L
(z,t)eM

||0vur||oonr = sup  |Opug(z,t)] < L.
(z,t)eM
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By the integral form of the mean value theorem (2.3.2), for (v, s), (z,t) € M,

lur(y, s) — ur(z,t)|

< VI dP =P [ I(Tu) (@) + (1= )y =25 = 1) 7

= \/|a: —yl2 4t — / | (O, ks - - Gxnuk,ﬁtuk)(y +(x—y)T, s+ (t —s)T )| dr
(*)

1 /n+1 1/2 1
< \/Iw—y|2+|t—8|2/ (ZL2> dr = \/Iw—yl2+lt—8|2/ L(n+1)"*dr
0 \i=1 0

= L(n+ 1)1/2(\x —y? |t - s|2)1/2.

Note that the second inequality results from the fact that each element of the norm ()

is less than or equal to L as estimated above. It then follows that, for all (z,t) € M,

lim  sup |ug(y,s) — ug(z,t)| =0,
(y,s)—>(m‘,t) up€K

i.e. K is equicontinuous.
(Step 3) Since f € Cyp(R™), we can take an open ball Bj, centered at the origin
such that suppf C Bj,. Moreover, a scaled function wy is also a solution of the heat

equation with initial data fi(z) = k" f(kx), x € R™, as well as having ||fx|l1 = ||f]]1,

we may assume that suppfi, C Bj, for k > 1. By Lemma 4.2.1, for j > jo and k£ > 1,

Jr
sup |ug(z,t)| < (LrnlLl/Z sup exp ——|x|2 +n O 2| n<t<1/n.

|z|>j ||>j

Again, since || fi||1 = ||f|]1, and that |z|*> — 2jo|x| > |2]*/3 where || > j > 3jo, we

obtain

1 f1]1 ks :
sup |up(z,t)| < ————= supexp ( —r—~ ] =0, (J = 00).
2] (4mn)"/? a1,

Hence

lim sup sup sup |ug(z,t)| =0,
J700 k21 [a|>j n<t<1/n

i.e. K has the equidecay property.
Furthermore, supj,>;sup,<;<1, [ux(z,t)| is bounded by a sequence of positive
numbers that is independent of k and that converges to 0 as j — oo. In particu-

lar, we single out uy € Co(M). u
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4.3 Characterization of Limit Functions
Next, we will examine the limit of fi(x) = k" f(kz) as k — oc.

Proposition 4.3.1 For f € Cy(R", we set fi(x) = k"f(kz), k > 1. For any ¢ €
C(R™), we have

lim fr(x)p(z) de = my(0), where m = f(x)dx.
Rn

k—oo R™

Proof. Let y = kx, i.e. dy = k"dx, then

[ h@v@ = [ i@ = [ e k=),

n Rn
Since

[v(y/k)| < sup{|v(y)]; y € suppf} =: co <0,

we have

|f()Y(y/k)| < colf(y)]

as y € suppf. Thus, the right hand side is an integrable function independent of k.

By the dominated convergence theorem, we arrive at

lim | fe(z)Y(z)de = . f(y) lim ¥ (y/k) dy = (0) . f(y) dy = my(0).

k—o00 Rn

Remark. Initial data f, converges to m multiple of the Dirac ¢ distribution;
hence the limit of initial data is not a function. Nonetheless, we can still formulate

the problem defining weak solutions of the heat equation.

Definition 4.3.1 (Weak Solutions of the Heat Equation).

Let u be locally integrable in R™ x [0, 00), i.e.

T
/ / |u(z,t)| dedt < oo, forall R,T > 0.
0 |[z|<R
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(1) For an integrable function f on R", u is said to be a weak solution of the heat

equation with initial data f if

0= [ ¢(z,0)f(z)de+ /000 /n(&«b + A¢)udxdt, (4.3)

Rn

for any ¢ € C§°(R™ x [0, 00)).

(2) For an integrable function f on R™, u is said to be a weak solution of the heat

equation with initial data mo if

0 = mg(0,0) + / / (Ord + A¢)u dxdt, (4.4)
0 n
for any ¢ € C5°(R™ x [0, 00)).
Before we move on to characterize the limit of the family of rescaled functions,

we establish a test that gives conditions for weak solutions of the first type (1) to be

indeed of the second type (2).

Theorem 4.3.2 Letv; € C(R™ x [0,00)) be a weak solution of the heat equation with
initial data v;o € C(R"), i € N, and let m € R. Then, v € C(R™ x (0,00)) is a weak

solution of the heat equation with initial data mé if the following hold:
(1) (Limit of initial data) For any ¢ € C{°(R™),

lim v (x) drv = map(0);

1—00 R™

(2) (Uniform estimate)

supsup [[ui]|1(£) < o0 and
i>1 >0

(3) (Convergence) In any compact subset of R™ x (0,00), the function v; converges

uniformly to v as 1 — o0.
Proof.  Since v; is a weak solution with initial data v;y, we have that

0= - d(x,0)vy(x) dox + /0 /n(at(b + Ag)v; dxdt,
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for any ¢ € C§°(R" x [0,00)). By (1), the first term converges to m¢(0,0) as i — oo,

so we want to show that the second term converges to

/Ooo /n(atgb + A¢)v dxdt,

as ¢ — oo, and that v is locally integrable in R™ x [0, 00).

(Step 1) Set F;, (i € N), and F respectively by

Fi(t) := /n (Oep(z,t) + Ad(z,t))v;(, t) da,
F(t) = /n (Op(z,t) + Ag(z,t))v(z,t) dz.

Then, we can take an interval [0, T), independent of 4, that contains supports of F;
and F. By (3), the function v; converges uniformly to v in any compact subset of

R™ x (0, 00), so we have that, for any ¢ > 0,

lim F;(t) = F(t).

1—00
Furthermore, we have that F;, F € C'(0,T), and
[F(t)] < sup 00+ AP | |vil,t)|dx
(z,t)ER™ % (0,00) R™
whose right hand side is bounded in ¢ > 0 and ¢ € N by (2). Hence, by the dominated

convergence theorem,
T T
fim [ Fi(t)dt = / F(t) dt.
1—00 0 0
Since F; and F' are compactly supported, it then follows that

lim [ Fi(t)dt = / h F(t) dt.

=00 Jo
(Step 2) Similarly, we obtain
T T
_hm/ / (s (1) davdt —/ / (e, )] dadt < oo,
= Jo JBgr 0 JBg
i.e. v is locally integrable in R™ x [0, 00). u
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Proposition 4.3.3 Let u(x,t) be the solution (2.2) of the heat equation (2.1) with
initial data f € Co(R™), and let uy, be as in (3.1). Assume that a subsequence {ug} C
{ur; k > 1} converges uniformly to a continuous function U in any compact subset of
R™ x (0,00) as k — 0o. Then, U is a weak solution of the heat equation with initial

data md, where m = fRn fdx. Moreover,

sup |U11(8) < 1111 (45

Proof. ~ We only need to check three conditions of Theorem 4.3.2.

(Step 1) Condition (1). follows from Proposition 4.3.1.

(Step 2) Condition (2). is satisfied as

urlls(8) < [ fells = [ f1]1,  £>0;

hence

sup sup ||ug|]1(t) < oo.
i>1 t>0

(Step 3) Condition (3). is assumed in the proposition.
To obtain the estimate (4.5), by Fatou’s Lemma,
VIO = [ Jim e O]de < i [lusea(0) < 171
R™ k' —o00 k" —00
|
Furthermore, the following uniqueness theorem for the heat equation holds, pro-
vided that the solution u does not grow rapidly at space infinity; however, we do not

carry this out in this article.

Theorem 4.3.4 Assume that the function v € C(R™ x (0,00)) satisfies
sup ||v]]1(¢) < oo,
>0

and that v is a weak solution of the heat equation with initial data md where m is a

real number. Then, v is unique and, for (xz,t) € R™ x (0,00), we have v = mg.
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4.4 Completion of the Proof

Finally, we are ready to prove the asymptotic formula (3.2) which is equivalent to
(2.10) shown in Proposition 2.3.1.

Proof. By Proposition 4.3.3 and Proposition 4.3.4, limy_,, up» = U. Further-
more, similarly to Step 1 of Proposition 4.1.2, a diagonal argument yields that, for
any subsequence {ug } C {ug; k > 1}, we can take a subsequence {uy} C {ug } that
converges uniformly to a continuous function U in R™ x [n,1/n], i.e. the limit U is

independent of the choice of a subsequence. ]

32



Chapter 5

The (Gagliardo-Nirenberg
Inequality

In this chapter, we cover calculus inequalities derived from estimates of solutions of

the heat equation. Our primary goal is to prove the Gagliardo-Nirenberg inequality.

5.1 The Marcinkiewicz Interpolation Theorem

Definition 5.1.1 (Lorentz Space).

For a positive number ¢ the set of all Lebesgue measurable functions f on R” satisfying
| Flae := sup dm (A7 < oo
A>0
is denoted by L%*°(R™).
Remark. A Lorentz space L#*(R") is not a norm space with the norm | - |, o:

however, for ¢ > 1, the norm | - |, is equivalent to a norm. Moreover, the Lorentz

space L9*°(R™) become a complete metric space with this norm.

Definition 5.1.2 (Distribution Function).

For a Lebesgue measurable function f on R", its distribution function is defined by
my(A) = {z € R*; [f(z)] > A}l

Here, |A| denotes the Lebesgue measure of a subset A C R™.
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Lemma 5.1.1 Forp >0 and |f[P € L'(R"), we have

(1) mp(A) < AP o | f(@)|Pde, A>0, and

(2) Jen

F)p e = p [0 mg(t) .

For p =2, the inequality (1) is called the Chebyshev inequality.

Proof.  (1). For A > 0, we set F\ = {x € R™; |f(z)| > A}. Then

NPmg () :/\p/ dx:/ N dz < |f(z)]P dx < |f(x)]P dz.
F F F R™
(2). For a nonnegative function h € L'(R"), we have that
h(z)
/ h(x) dx :/ / ldy | dz.
n n \Jo
By Fubini’s theorem, letting W = {(z,s) € R"*; 0 < s < h(x)},

/nh(a:) dz = [W].

If we set H, = {x € R"; h(x) > s}, we have that W = {(z,s) € R"™'; x € H,,s > 0},

/ h(a:)d:c—\W|—/ |Hg|ds.
n 0

Now, set h = | f|P. Then, since

and

Hy={z €R" |f(2)]" > s} = {z € R"; |f(2)| > s'"} = Fop,

we obtain
f@P o= [ (s ds.
R 0

Substituting s = t*, i.e. ds = pt?~1 dt, we arrive at

iz —p [ m(t) d.
[@pde=p [~ otmn

Remark. It still remains valid if we replace any open set {2 C R" with R".
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Lemma 5.1.2 For measurable functions g, g1, g2 satisfying |g| < |g1| + |g2|, we have

that
lg(z)| >t implies |g1(x)] > t/2 or |g2(x)| > t/2, (5.1)
foranyt >0 and z € R".

Proof. ~ Suppose that (5.1) does not hold; then |gi(x)| + |g2(x)| < t whereas

lg(z)| = |g1(z)| + |g2(z)| > t. Contradiction. u
Remark. By (5.1), we know that

X{g1>63 (%) < X{lgr>1/23 (T) + X{jgal>/2} (),

for x € R™ and t > 0. Here, x4 denotes the characteristic function of a set A C R".

Thus, we obtain

my(t) < mg, (t/2) +my,(t/2), t>0. (5.2)

Theorem 5.1.3 (The Marcinkiewicz Interpolation Theorem,).

Let 1 <p; < q; < oo fori=1,2 where q; # qo. Assume for p and q that

1 0 1—-6 1 0 1—-6
= —+ , -=—+4 (5.3)
p N D2 q q1 q2

for some 0 € (0,1). Furthermore, suppose that T is a linear operator from LPi(R™) to

L%>(R%) and that there exists a constant C' > 0 satisfying

Tf

aoo < Millfllp,  f e LP(R") N L=(R"), (5.4)

fori=1,2. Then, T extends to a bounded linear operator from LP(R™) to LY(R™). In

particular, there exists a constant C' > 0 satisfying
ITfllg < CMIM || fllp,  f € LP(R). (5.5)

Here, C depends only on p;, q;, i = 1,2, and p, q.
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Proof.  Without loss of generality, we may assume that p; < p < ps. For s > 0

and f € LP(R") N LP2(R"), we set

oy [ H@ @)
) {o, F)l < s

o @l
fS()_{f(x), @) < s

Then, we have f(z) = f5(z) + fs(z) for x € R™. Since T is linear, we get T'f =
Tf*+Tf,, and

TFWI = 1T7 W)+ TFHWI < T+ Ty,

for y € R% By (5.2), we obtain

mTf(t) < mTfs(t/Q) + mry, (t/2), t > 0. (56)

By assumption (5.4), we have |Tf*|,, o« < Mi||f*||p, and |T fs]ge.00 < Ma|| fsl|p,; hence,
for t,s > 0, supt/2>0(t/2)mTfs(t/2)1/q1 < M| f2)]py s 1e. mpps(t/2) < (%)q2 [[£1]2L.

Similarly, we also have myy, (£/2) < (222)% | fsl|22. Therefore,

2M q1 2M. q2
mar) < (50) 1l + (352) sl (5.7)

Now, observe that we may assume that s depends on t, say s = ¢(t), with g a suitable
function. Then, the task is reduced to an estimate of ||Tf||,.

By Lemma 5.1.1. (2),

1

Lanwrdy= [ oo ar
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By (5.6) and (5.7), we get

1 q ~ g-1 2M \ ™ s||a1 <2M2>q2 qz}
cLwenwrars [Te f(BE) e (37) I fae

(M) B 5 (2 Mo )22 B
[ g a s [T e

= (2M;)" / £ 2|2 dt + (2Mo)® / IR £ |22 dt
0 0

e a1/p1
= (2M1)q1/ VAR (/ | f(z)P dx) dt
0 |f (@) |>g(t)=s

00 q2/p2
+ (2Ms)® / trtme ( / | f ()P da:) dt.
0 |f(@)|<g(t)=s

Next, we estimate the right hand side of this inequality by choosing suitable g and t.

(The case p; = ¢;) If p; = ¢;, then p = ¢ by (5.3). In this case, we set s = g(t) =t/A

with a positive constant A that we will define later. Then, we have t = As and
1 oo
o[y < e [T ([ ) a
q Jrd 0 If]>s

+ (2M,)® / (As)a—1-a ( / Vs d:c) dt
0 Ifl<s
— (2]\/[1)q1Aqq1/ g~ l—a (/ ’f|p1 d:L’) ds
0 |fI>s
+ (2M2)q2Aqq2/ gl 1—az (/ | f|P> dx) ds.
0 [fI<s

Setting W = {(z,t) € R""; 0 <t < |f(z)|} and H, = {z € R"; |f(z)| > s}, and

interchanging the order of integration, then implies

/Ooo o (/|f|>s 7 dx) ds = //W s"TIP f (@) dsda

If@r | f(2)|PP
_ p1 p—1-—p1 — p1
- [ 1@ ( - ds) do= [ WL

b
B 1
P —P1 Jrn

o 1
/ gP1-p2 </ | f|P? dx) ds = —— | fIP du.
0 IfI<s D2 =P Jgrn
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Therefore, since p; = ¢; and p = q,

2 M p1 Ap—pl 2 M P2 Ap—pz
1/ TP dy < << ) i 2>_ ) |f(@)I" ds
q Jrd pP—nD P2 —DP R™

= X(4) [ [f@)ds

The term X (A) is valid for all A > 0, so we will find its minimum value by differen-

tiation with respect to A:

diAX(A) = (2Ml>p1Ap—l—p1 — (2M2)p2AP—1—p2 — O7

which implies that

—P1 P2

— p2—P1 p2—P1
AHliIl — 2M1 M2 .

2 M, \Pr —p1 ) pP—p1 2 M., \P2 —p1 P2 p—p2
X(A)‘ _ ( _1) 2M1p2*z71 M;z*m + ( _2) 2M1p2*p1 MQPZ*Pl
A:Amin p pl p2 p

1 1 p1(P2—P) pa(p—p1)
- ( + > PM, 2 M,
pP—pP1 pP2—0p

Here, 1/p = 0/py + (1= 0) /ps, 50

1 _Opp+(1=0)pr _ 0@2—p)+p

p pP1ip2 P1ip2

i.e.
Op = p1(p2 —p).
P2 —P1
Also,
p(1—0)=p—pd=p— p1(p2 — p) _ p(p2 — p1) — pi(p2 — p) _ pa(p — p1)
P2 — D1 P2 —P1 P2 — D1
Hence
P1(p2—p) p2(p—p1)

2pM1 p2—P1 M2 P2—P1 2prpM2(179)p.

Therefore

1-6
Tl < P My Mg =% fI I,
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p—p1 p2—p

1/
where € = 2 (52 + 1) " Since P (R™) N LP(R™) is dense in LP(R"), the
operator T' extends uniquely to a bounded operator on LP(R"); i.e. (5.5) is valid for

all f € LP(R).

(The case of general exponents) It suffices to consider f € LP*(R™) N LP*(R™).
First, suppose that ¢ < ¢o. In this case, set s = g(t) = (t/A)Y* with A, > 0.

Similarly to the case p; = ¢;, we will estimate the right hand side of the inequality:

Q1/p1

1 q q ~ q—1-q P1
s Lenwra s e [Teen ([ )

o) q2/p2
+ (2M2)‘12/ A (/ | f(x)[P? d:c) dt
0 |f(@)|<g(t)
= (2M1)q1 Jl + (QMQ)qQJQ.

Calculation shows that
1
J, < Ao Hsz‘h/pl’
q—q1

and that

1 _ po q2/p2
Jo < AT — ( A |f|(q q2)#5§ dl‘) '

Furthermore, (5.3) gives us

0 _Yag—1/e 1/p—1/p»
1-60 1/q—1/q 1/pr—1/p’

hence

:ﬂp—pl :CI_2P—p2
b1qg—q1 P24 —Qq2

Therefore

Jo < AT ® 1 HfHPQQ/PQ.
B @—q "

Combining J; and J,, finding the minimum value, and organizing the right hand side,

then implies that

1T fllq < C" MM £,

v
where C" = 2( 4 1 > q, i.e. (5.5) holds for ¢; < go.

a—q1 q2—q

For the case q; > g2, we only need to interchange roles of ¢; and ¢s. [
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5.2 The Hardy-Littlewood-Sobolev Inequality

Definition 5.2.1 (Inverse of the Laplacian).

For 0 < a < n, the operator (—A)~/2 is defined by

1
[(a/2)

()2 = o [ fe GoR)
0
Here, we define e'®f := G, * f.

Definition 5.2.2 (The Riesz Potential).

Let 0 < a < n. The Riesz potential I,(f) of a function f is defined by

I.(f)(z) :/R &d(y— ! * f, r € R™ (5.8)

wlz =yl Jafne

Lemma 5.2.1 We have that

/OO t2 et fdt = /ootil ( Gi(z —y) f(y) dy) dt
0 0 R™

= / (/Oootgth(m ) dt) f(y) dy. (5.9)

for f € Co(R™).

Proof. ~ We need to check integrability: By LP-L? estimates (Theorem 2.2.5), we

have

1
e flloe < —

W’m’m,

and

e fllo <

vls|

WWHL

Since f € Cy(R™) and 0 < o < m,, we get

oo 1
[T ([ o) a <l [ i<,
0 Rn 0

and
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Lemma 5.2.2 We have that
(—A) 2 f = C(n, @) L(f)

where

I'(n/2—a/2)
Cn,0) = 5o 2y 2oz

€ |x|n—a - 2047-‘-n/2|x|n—a ’

1 /°° n_a 4 . dT I'(n/2 —«a/2)
- T2 2

Hence

O = g [, N = [ G

S S BT DVt f— 1 F(n/Q—a/Q)*
T ), TGS = et i e

_F(n/Q—a/Q) ! x f =0C(n, o
_F(&/Q)Qa'/r”/? ’ﬂnfa f C( ) )Ia(f)'

|
Lemma 5.2.3 We define T,(f) by
To(f) = /Ooté“—lemf dt.
0
Assume for a,p,r that 0 < a<n, 1 <p<oo, 1 <r < oo, and
% - }9 - % (5.10)
Then, there ezists a constant C' = C(p,a,n) such that
Ta(Plroe < Clifllp, f € LP(RY). (5.11)

Proof. For S > 0, set

o0

S
FS:/ t27 et fdt, and FS:/ t2 et f dt.
0 S
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Then,

[(Ta()) (@) < [F*(2)] + | Fs ()],
for z € R™. By (5.2), we have mq, (5)(t) < mps(t/2) +mpy(t/2) for t > 0, and since

16 Flloe < 11F e
o0 o o0 o " "
Fslloe < / £|e fl dt < C / 54 dt) ], = C'SH ||
S S

where C' = 2rC/n. Hence, if weset Stobet/4 = C'S™ ) ie. S = (4C'||f|],/t)*/™,
we get mp(t/2) = 0 for ¢t > 0. By Lemma 5.1.1, we have mps(t/2) < (t/2)7||F%|[?,

and since [|e"® f[[, < [|f]l,.
s g 2 2
1Sl < Nl [ 657 de = 2 )77
0 oY
Since SP/2 = (4C"||f||,/t) @ /™ (@P/2)  we obtain
mps (t/2) < C"ergmer/e|| p|prerr/n
where C" = 27(2/a)?(4C")*?r/". By assumption (5.10), 1+ ar/n = r/p, so
mr,(n)(t) < mps@e +0 < C| I,
for ¢t > 0. ]

Theorem 5.2.4 (The Hardy-Littlewood-Sobolev Inequality).

Let 0 < a <n. Assume for 1 < p,r < oo that

1 n—oa 1 1 «
- = +—-=1==——.
T n P p n

Then, there ezists a constant C = C(«a,p) such that, for all f € Co(R™),

LDl < ClIfllps | € Go(R?);

hence, the operator 1, extends uniquely to a bounded linear operator from LP(R™) to

L™ (RY).
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Proof.  For p and r, we can take 1 < p;,r; < oo (i =1,2) and 0 € (0,1) so that

r1 # ry and
1 9+1—(9 1 0 1-6 1 1 «

9 )

p_p_l D2 r 1 T2 ri o pioom
By Lemma 5.2.3, T,, is a bounded linear operator from LPi(R"™) to L™*°(R™), so by
Theorem 5.1.3, T,, extends to a bounded linear operator form LP(R™) to L"(R™). Since

B (—A)~o/2f B 1 OO S-1(ptA _ 1
I(f) = C(nja) C(n7a)r(a/2)/o (R f)dt = C(n, Oé)F(Oé/Q)Ta(f)

by Lemma 5.2.2, the inequality holds. [

5.3 The Sobolev Inequality
Proposition 5.3.1 Let n > 3. For any f € C5°(R™),
(1) (-A)'Af =—f, and
(2) (=A)'f =Exf,

where E(z) = 1/((n — 2)[S"7|z[*%) for z € R". Here, |S"7| = 2a™/2/I'(n/2)

denotes the area of the (n — 1)-dimensional unit sphere.

Proof.  (1). By definition,

(—A)‘lAf:L/ emAfdt:/ eAAfdt = lim | eAfdt.
P(l) 0 0 m—oo Jo
Since
1 1 C
tA < - _. =
1628l < g8 = g A7 = AT,

the convergence above is uniform in x € R”. Moreover, e!*Af = Ae!® f, so

/etAAfdt:/ Aemfdt:/ ietAfdt:emAf—f.
0 0 0 dt

Since |[e™2 f]|o0 < #Hf“l — 0 as m — oo, we have that (—=A)'Af = —f.
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(2). Choosing o = 2, the inverse of the Laplacian becomes

(~8)f = O DR = (g [ dy

_ 1 fly) o _ 1 L i,
/R" T ey Y = e e 1

where C(n,2) = I'(n/2 — 1)/(I'(1)2*7™/?). Here, we used |S"~!| = 27"/2/T'(n/2). =

Proposition 5.3.2 For z € R?\ {0}, set E(z) = —In|z|/27. Then
(1) limagz [[(=A)"PAf + flloe = 0, for f € C5*(R?), and

(2) limapa ((—A)7%/2h)(z) = (E = h)(z), for v € R* and h € CF(R?) satisfying

Jgo P(z) dz = 0.

Proof.  (1). Fix € > 0, and split the interval of integration:

(—=A)"2Af = (;m (/ootg‘l(emAf)dt+/0€t(5‘1(emAf)dt>
1

(Ji + Jo).

T T(a/2)

Regarding J;, we estimate
Jy =/ t2 1A Af) dt:/ t2 71 (aemf> dt
— 451 ptD _ = a 2_2/ tA
"= [ (G- et na

——iean) - (1) [ e

Since [ flloo < (47t) /|| ]l =t Cot ™| f[]1, we get

o o %717%
)/ tr?(emf)de écl||f||1/ AR = Cillfllig

5—1-3%
Furthermore
11 + € lloe = H edn) = (5-1) [ e par e o \
< — (% — 1) ‘ /Eootz—Q(etAf) dtH +|]—e2 M e R ) + eS|
§—<%—1)01]|f]]1#+|} He )+ e S]] — 0.
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as a 1T 2. Regarding J,, we estimate

HJQHOOZH/Eﬁ—l(emM)dtH S/EHt‘S—l(@tAAf)Hoodt
0 00 0

€ o € o 2 o
< [ e A flldt < [ #5710l = 2EHIAS 1 = A
0 0
as a T 2. Therefore
%II(—A)_“/QAJC + flloo <1 =€ flloo + €| Af[Joc = 0

as € — 0.

(2). For 0 < av < 2, we have

(—A)=2h = C(2,a) 14 (h) = ?i;;;;ﬁ: (!xli—"‘ . h) .

Note that, since [5, h(y)dy =0,

Fl-a/2)( 1 N\ ,_ [ T0-0a/2) 1
F(a/2>2aﬂ- (’xPa 1) h /RQ F(Oé/2)2a7r (|x — y|27a 1) h(y) dy
_ [ T-a/2) 1 I'(1—a/2)

/ a/2)20m & — y|27ah<y) dy + / T(a/2)20T —————~h(y)dy

I
[ T(-a/2) 1 _T-a/2) (1
= | T gm0 0= T (|x|2—a h) '

Hence

C(2,a)I,(h) = Eq xh, where E,(z):= 11:((2/_2;12/373 (mi—a _ 1) )

Now, I'(1 — o/2) = (2/(2 — a))T'(2 — «/2) implies that I'(1 — a/2) — oo with the
principle term 2/(2 — «). Set 6 =2 — . If x # 0, we have

z| 0 — 1 _ exp(=dIn|z]) — exp(—0ln|z]) — —In|z|

) 4]

as 6 — 0, i.e.
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for any z € R?\{0}. To interchange limit and integration, we appeal to the dominated
convergence theorem. Indeed, we have

((—A)~/2h) (z) = /

RQ

Eo(x —y)h(y) dy = / Eo(y)h(z —y) dy

RQ
as h is compactly supported, and by the mean value theorem of integral form (2.11),

for y # 0,
1
o = 1= ol = ol 00 = [ (= nfgle 600 5 g7
1 " 1
= / (—In |y|e_5ﬂn|y‘) ddr = —01In |y|/ e 0TIl g,
0 0

which implies

'Iy|“S — 1‘ O mylllyl™ o<yl <1,
0 Iyl ly| > 1,

for 0 < § < 1. Hence

sup [Eq(y)| <
1<a<?2

Collny||ly|~', 0< |yl <1,
CyIn Jyl, ly| > 1,

where

T2 - a/2)
Cy = ==Y
27 2l 20 15T (a)2)

Thus, |E,(y)| is bounded from above by a locally integrable function independent of

a € (1,2). Therefore, by the dominated convergence theorem,
: . —a/2 —

lim ((~2)7%h) (&) = (B » )(e).
Remark. We have that B« Af = —f for f € Cg°(R?).

Definition 5.3.1 For h: R"\ {0} — R, we define the scaled function hy by hy(x) =
h(Ax) for A > 0. The function h is said to be positively homogeneous of degree d if
there exists d such that hy(z) = A?h(x) for A > 0 and z € R\ {0}.
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Lemma 5.3.3 We have the following:
(1) Let n > 2. Assume, if n =2, that || > 1. Then

sup |02 E(z)| |z|"*1 < 0.
zeR™\{0}

(2) For 1< j<n, O,,E is locally integrable on R™.

Proof.  (1). If h is positively homogeneous of degree d, then 0,, F is positively
homogeneous of degree d — |a|. In fact, if there is a d such that hy(z) = X\h(z) for
A>0and z € R"\ {0},

(0h)a() = (Oh) (\x) = A1108 ha(2) = A0 (AMh(x)) = A1 (@2 h) (x).
For n > 3, i.e. E(z) =1/((n—2)|S"!||z|"%) where |S"!| = 27"/2/T'(n/2),
E\(z) = E(\x) = |\*"E(z) = > "E(x);

hence E is positively homogeneous of degree 2 — n. Therefore, 07 F is positively
homogeneous of degree 2 —n — |a|.
For n =2, i.e. E(z)=—In|z|/(27), we use direct calculation:

1 1 1 1
Ex(zx)=EMx)=——In|\x|=——InA— —In|z| = —— I AE(x),
2m 2m 2m 2m

and

(@Eh@pquxmyzxﬂxum@—%mm):xM@Eux

hence 02 F is positively homogeneous of degree —|a| =2 —n — |a|.
Now, consider z € R™ on a sphere centered at the origin, i.e. |z| =r > 0. Since
0% E is positively homogeneous of degree 2 — n — ||, we get

T

°B(z) = 0°F (|2 — ) = [z loeE [ = ) .

||

Here, 0% E is continuous on the sphere, and the sphere is compact; hence

o ()
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(2). By (1), there exists C' independent of x such that

Hence

d R
/ 10y, B(x)| dx < (J/ L C’|S”‘1|/ Pl g = OR|S™Y < oc.
Br B 1" 0

Thus, 0, F is locally integrable on R. [ ]

Theorem 5.3.4 (The Sobolev Inequality).

Letn > 2. Assume forr and r, that 1 <r < oo, 1 <r, <oo, and 1/r. =1/r —1/n.

Then
ullr, < C[|Vull, (5.12)
for all v € C}(R™).
Proof. We use direct calculation for the case r = 1, and use the Hardy-

Littlewood-Sobolev inequality for the case 1 < r < oo.
(The case r = 1; r, = n/(n — 1)) By the fundamental theorem of calculus, for

u € Co(R™),
T
u(z) = / Op, (X1, oo T 1,8, Tis1y -y Sp) dS
—00

for 1 <3¢ <n. Hence

o

|u(x)|§/ |8riu(x1,...,s,...,xn)|dsS/ |Op,u(zyy ..oy s, . a)| ds,

—00 o0

which implies

dx;;

MMWSH/I%U
j=1"Y =X

hence

|wm%s<H/ @MMJ .
i=1Y —>®
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Integrating this inequality with respect to xq, by the Holder inequality,

/ |u(:c)]n%1 dx, g/ ( / |0, u da;i) dxy —/ H (/ \Gggu]d:vz) dx,
- - . =17~ L oo— i=1 N~ L
(1ot [TTI( [ 0atan) "
00 %1 n i:200 o) -
< (/ |0, ul d:cl) H (/ |0, u
—00 i—9 —00 J —00

Iterating this procedure with respect to other variables,

x%dxg Oy, u| dx
e <TL( [ nolac)

Since the geometric mean precedes the arithmetic mean, i.e.
1

n n 1 n
<gai> < ﬁ;ai

n—1

dl‘ldl'l)

1

n—1

lu
Rn

where a; > 0, we get

1

=l < o, uldr) <~ 0, ulde < Y .
=il < TL( [ o) < 5 [ S ountae < 2wl

[|u

(The case 1 < r < 0co) By Lemma 5.3.3, we have

|VE(z)| = \/(8$1E(x))2 +oo ot (O, B(2))” < \/(|$|nc—_12+1)2 4+ (W?—_”ZH)Z

_\/O%+-~+Cg e

|z [201) - iz 1

By Proposition 5.3.1 and Proposition 5.3.2,

u(w) == [ B p)auly) dy

hence
@ < [ HVEa =), Vu)ldy < | IVE@ =) [Val)ldy
< [ IVl dy = ¢ ROVl a)

By the Hardy-Littlewood-Sobolev inequality (Theorem 5.2.4),

ro < CYL(VUl)llr, < CY VUl ]y = Cl[Vall,.

I
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5.4 The Gagliardo-Nirenberg Inequality

Theorem 5.4.1 (The Gagliardo-Nirenberg Inequality).

Assume for 1 < p,q,r < oo and o € [0,1] that

1 1 1 1
—=(1—-0)= - — . 5.13
(-0 ta(r-1) (5.13)
We also assume, if n > 2, that
pF£ oo, or r#n. (5.14)

Then, there ezists a constant C' = C(p,q,r,n) > 0 such that
[lull, < CllullIVull7, (5.15)

for allu € C}(R™). Ifn =1, p = o0, and r = 1, the inequality (5.15) holds with
C=1.

Proof. 1f 0 =1, i.e. 1/p = 1/r — 1/n, then this is nothing but the Sobolev
inequality (5.12). Suppose ¢ = 0. Then, we have 1/p = 1/q and the inequality
becomes ||u||, < C||u||, which is trivial. Hence, we may assume that 0 < ¢ < 1. To

prove the inequality, we use the duality characterization of the LP-norm of u:

lully =sup{ | uwlote) o lolly < 1.0€ G0 |
where p’ is the conjugate exponent of p, i.e. 1/p+1/p = 1.

(The case p > g and p > r) Since

t d t
Py —u = —e™Budr = Ae™udr,
o dr 0

we obtain, for ¢ > 0,
t
full = s { [ (26 [ aeoar)aos 1l < 1o e Orn)
n 0

t
< sup{ / uet®¢ dx / / ulAe™ ¢ drdr
n 0 n

= sup{li(9) + L(0); [|9lly <1,¢ € Cg°(R™)}.

+

el < Loe 05°<R">}
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Regarding I1, by the Holder inequality and L¢-L?" estimate, for t > 0,
_ng1l_ 1 _n(l_1
L(9) < llullolle™®élly < llully Cot™ 2526l < Cat™ 23 [ullgl @]
Regarding I, by integration by parts, for ¢ > 0,

/0 t / n(Vu, Ve 2 ) drdr| .

By the Holder inequality and L"'-L?" estimate,

[2(¢) =

t
uwz/Wwwmwﬂmvms%fﬁwwm
0

where

__nl 1_n11
4=y p ) 2\r p)’

Now, I, is integrable with respect to 7 on the interval (0,¢) if and only if 1/2+a < 1,
ie. 1/p > 1/r — 1/n. Here, by assumptions p > ¢ and 0 < ¢ < 1, we have that

1/p > 1/r — 1/n; hence I, is integrable. Therefore, for ¢t > 0,

t
“(liq C
I5(9) §O2||vu||ry|¢||p,/ ) g — O
0 E

2

1_, 1_,
[IVulle||o]lpt2™" =: Cs[Vull,[|¢]] 27

«

Thus

n

[ullp < Cat™ G ull, + Cat2 ||V,
Choosing t > 0 so that the two terms on the right-hand side equal, we arrive at

[lully < Cllully [ Vull7.

(Cases excluded above) The negation of the case p > gand p > risp < qorp < r;
however, the case p < ¢ and p < r does not occur. In fact, suppose that p < ¢ and
p<r,ie 1/¢<1/pand1l/r <1/p. If 1/q <1/p, the assumption (5.13) implies that
1/g<1/p<1/r—1/n;hence 1/p <1/r—1/n,ie. 1/n <1/r—1/p. Contradiction.

Thus, we only need to check two cases p < g and p < r.

ol



(The case r < p < ¢q) By assumption (5.13), r < p < g implies that r < p < q.
Here, we appeal to the Sobolev inequality (5.12). First, suppose that p < ¢q. Observe

that r, < p < ¢ for 1/r, = 1/r — 1/n and replace r with ¢, ¢ with r,, and p with o.

Then, we get
[l < [Jull7, fully™
where
1 Y 1—0
p T q
Therefore

lully < (ClIVull)?ully™ =: Cllullg? [ Vull].

Next, suppose that p = ¢. By assumption (5.13), 1/¢ = 1/p < 1/r, = (1/r —
1/n) < 1/r; hence 1/¢ =1/p =1/r, < 1/r. We break this case into even more cases
r. < oo and r, = 00:

If r, <oo, then0<1/r, <1/r,ie. 1 <r <r,<oo. By the Sobolev inequality
(5.12), we arrive at (5.15).

If ro. =00, then 1/¢g=1/p=1/r. =0,1ie. p=q=r,=00. By (5.14), we get
n = 1; hence r = 1. Thus, ||ule < C|Ju||157]|%||7, which is trivial.

(The case p < r) By assumption (5.13), p < r implies that ¢ < p < r. Moreover,

(1/r —1/n) < 1/r < 1/q, which is equivalent to existence of oy € (0, 1) satisfying
1 1 1 1
— =01 - - — +(1—0'1>—.
p r.o.n q
By the case p > ¢ and p > r,
lull: < Cllully™ [ Vull?
Now, observe that ||u||, < |[u|[%]|u[|}”. Then
- —0 o1\~
[llly < Hullgllll;= < [lully (Cllully™ [Vull7) "
= [[ul[fC* |l =V PV 71070 =2 O[] [0 ||V 700,
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Setting p = (1/p—1/r)/(1/q — 1/r) and 0 = 01(1 — p), we arrive at (5.15). n

Remark. For thecasep =2, 0=1-2/(n+2),¢=1,and r = 2 in (5.15) is

called the Nash inequality:
2 == -
lullz < Cllull7 [[Vull, ™.

Moreover, the inequality (5.15) holds for even larger sets of functions; namely, for any
u € LI(R™) satisfying 0,,u € L"(R™), [ = 1,2,...,n, with condition p > ¢, r < oo,
and ¢ < oco. In particular, (5.15) implies u € LP(R™). Here, 0,,u is the derivative in

the sense of distributions.
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