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1 Introduction

This thesis deals with reaction-diffusion equations where the nonlinearity is
a hysteresis operator defined at every spatial point in a domain @ C R2
Such systems were first introduced in [8] and [9] to model pattern forma-
tion in systems in which a non-diffusing substance interacts with diffusing
substances via a hysteresis law. In these experiments a colony of bacteria
(salmonella typhimurium, denoted B) is fixed to the surface of a petri dish
however they have been denied an amino acid (denoted H) required for their
growth. After adding the missing amino acid, the growing bacteria produce
a growth inhibiting buffer (denoted G) as a by-product. Over the period of
observation, the bacteria grow in a distinctive concentric ring pattern (see
Figure 1a).

The system is modelled by the following differential equation where @ is
an open disk in R?

( 0B
= — oVB
5 aV B,
‘98—? = DyAH — BV B, (1.1)
oG
“ = DgAG —~VB
L at G G WV ’

where «, 3, v are constants that are large compared to the diffusion rates Dy
and Dg. Here V(G, H,V) is a function describing the internal mechanism
of a bacterium where V' can take values 0 (no growth) or 1 (growth). The
function V' behaves according to a hysteresis law. In detail, one defines two
curves ['og and 'y, in the G, H plane, which divide the first quadrant into
three regions (see Figure la). If (G, H) is below [yg then V = 0, if it is
above I'y, then V = 1 and if it between the two curves then V maintains
its current value ( V' =0, V = 1) and switches value when (G, H) crosses
the appropriate threshold (I'y,, Iog respectively). Indeed this operator has
memory hence the dependency of V' on itself in addition to its dependency
on G, H.

Numerical simulations of problem (1.1) were able to reproduce the pat-
terns observed in experiment, however questions on the existence and unique-
ness of solutions, as well as their continuous dependence on initial data re-
main open. In this thesis we present the first well-posedness results where
@ has dimension > 1 and V' is discontinuous hysteresis, not a regularized
analogue.

Such problems arise naturally as the singular limits of slow-fast systems,
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Figure 1: Bacterial Growth Model

where V' is replaced by a “fast” ODE, for example

ov

ot

As ¢ — 0, V behaves like the hysteresis operator described above. In the

case of the problem posed in [8] and [9], the parameter € arises due to the

difference in the rate at which the substances diffuse and the rate at which

the bacteria respond to changes in the concentration of G and H. For a

more detailed discussion of this connection see [5], the content of which will

inform how we pose the question of uniqueness of solutions to the problems
considered in this thesis.

The essential feature of these problems is that at any given time, V' can
take on different values at different points of (), and that the switching rule
is given by two distinct thresholds (as opposed to, for example, the Stefan
problem which contains only one). If we consider @) divided into two regions,
one where V' = 0 and the other where V' = 1, the boundaries between these
regions are free boundaries. There movement is due to the time dependent
switching behaviour of the hysteresis operator, which in turn occurs when
V' crosses the appropriate threshold. Thus we must simultaneously consider
the free boundary itself and points in ) where the input function takes on
a threshold value. The interaction of the free boundary and the level set of
the threshold value will form the mathematical core of this thesis.

There are already many results on parabolic equations containing some
form of regularized hysteresis. We will give a superficial explanation of some
of these results.

=g(G,H,V)



One such example is the Preisach operator. A particular case thereof is
described by the following integral

Plo)(t) = / N / T S H e (Gols), 9)(E) dsdlr (1.2)

We will not explain this equation in detail, but choose only to highlight that
g : R — R is an input, Hs,mﬂ is a hysteresis operator with thresholds s —r
and s+ (a definition of H is given in (2.1)) and p(r, s) a density that vanishes
when 7 and s are large (see [2], example 2.1.6). In other words we are taking
an average over a family of hysteresis operators, each of which have different
thresholds. In [19], a theorem on weak solutions to the problem

ou Ow
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is formulated where £ € Q C R™ and w is a version of P which is defined at
every spatial point. The original papers are [16] and [17].

Another model is to take multivalued hysteresis. Using the notation of
the bacteria model, this would mean that in addition to V =0 and V =1
we allow that V' € [0, 1] when (G, H) is on the curve I'yg or I'y,. An example
of well-posedness of a parabolic equation where () C R is an interval with
multivalued hysteresis is given in [1].

A summary of results concerning hysteresis in biological models can be
found in [10], where a version of the bacteria problem where %—f does not
depend on B is formulated. The proof of well-posedness for this simpler
problem can be found in [18].

Turning our attention to the non-regularized hysteresis, rigorous results
are much more current. For an interval ) C R , existence, uniqueness and
continuous dependence on initial data were obtained obtained in [7] and [5]
for a single equation and for systems in [6]. In [7], the authors considered

the existence of solutions to the following problem,
u — Au = f(u, H(npo, u)),
UItZO =g,

@
ov

(1.3)
=0.

where H(no,u) is a hysteresis operator defined at every spatial point.
We will give a detailed definition of this operator in section 2, but loosely
speaking one takes two real numbers a < 3 (the analogue of I'oy and T'y,)
and two curves Hy : (00, ] = R, Hy : [ar, —00). H(no,u)(&,t) = Hi(u(&,t))
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when u(&,t) < «, Ho(u(&,t)) when w(&,t) > 8 and Hy(u(&,t)) or Ha(u(,t))
for u(&,t) € (a, B) where the choice Hy or Hy depends on the prehistory of
u(&,t). The dependence on prehistory necessitates a choice of Hy or Hy for
every point in () at time ¢t = 0, and we denote by @); C @ the subset of points
where u(&,0) maps to the curve H;.

The key assumption of the papers [5], [7] and [6] is that the initial data
has non zero spatial derivative on the boundary of (); and (. In this thesis
we will formulate a similar assumption, however we will have to contend with
a further difficult, namely that the boundaries 0@, Q2 are codimension 1,
which for for a domain in R? requires additional topological constraints. The
key additional assumption we will make is that at points £ € 0Q); (j =
1,2), where u(&,0) equals a or 3, we stipulate that there is a neighbourhood
of £ such that 0Q); is the graph of a continuous function. Taking these
two conditions as the definition of transverse initial data, we will prove the
existence of solutions for (1.3). We will prove and existence of solutions for
the same problem with #H (7o, «) in place of f(u, H(ny,u)) and under slightly
different assumptions on H (7o, u). The exact formulation of the two problems
we consider are found in section 3, equation (3.4) - (3.6) and (3.7) - (3.9).
The relationship between the two problems will be made clear in Remark
3.17.

The thesis is organised as follows. In Section 2 we introduce the hysteresis
operator and, in particular, state the assumptions on H; and Hy needed to
prove existence, and the assumptions needed to prove uniqueness.

At the beginning of section 3 we introduce the necessary function spaces.
One should note that the hysteresis output is discontinuous so we will pose
our problem in a Sobolev space in such a way that the data of the problem is
in an L, space, not a Holder space. Then we will define the notion of trans-
verse initial data and make mention of some ways in which the assumption
can fail. We conclude section 3 with a statement of the main results of the
thesis, namely existence of solution to problem (3.4) - (3.6) and uniqueness
of solutions to problem (3.7) - (3.9).

In section 4 we obtain the necessary apriori estimates for existence of so-
lutions via a localization technique. The localization construction underpins
the thesis. As alluded to above, we will consider points at which the free
boundary (0Q); in this case) and the level set of the threshold values (in this
case «) coincide. We will cover all such points with a finite collection of open
sets (A; with i = 1,--- | d) and make a coordinate transform in each of these
sets. We will obtain all apriori estimates in these new coordinates and will
relate these estimates to the original problem in section 6.

The sets A; will be constructed in such a way such that an initial data is
transverse if and only if it admits such a construction (Lemma 4.3). The proof

b}



is straightforward but cumbersome, however it allows us to make the claim
that there is a sufficiently small time such that any solution is transverse
for this time. This will also tie into our formulation of the uniqueness of
transverse solution via Lemma 7.4.

The sets A; will also inform the time for which we attempt to solve prob-
lem (3.4) - (3.6), and the main method for doing so. This method involves
giving an explicit formula for the free boundary in the set A;. At the initial
time, the free boundary is, by assumption, the graph of a continuous func-
tion. We will construct a solution sufficiently close to the initial data so that
the free boundary remains the graph of a continuous function. In particular
we will not perturb the free boundary to the extent that it leaves A;. We will
also see that because of this, as the time for which we solve goes to zero, it
is still possible for the limiting function to be transverse, hence the tile local
well-posedness.

This tacit assumption can give rise to solutions where the existence time
goes to zero but the limiting solution is still transverse, hence this thesis is
titled local well posedness.

Section 5 states some auxiliary propositions about linear and semilinear
parabolic equations. The fact that we can choose time small enough such
that any solution remains close to the initial data stems from a result on the
uniform boundedness of solutions to theses auxiliary problems (Lemma 5.8,
appendix A for the proof). We will also observe that the solution belongs to
a Holder space with a certain exponent.

Existence of solutions is proved in section 6. We begin the section by cal-
culating the existence time 7" which will inform how we construct a Schauder
fixed point argument at the end of the section. This T will also allow us to
assert that outside of the sets A;, the configuration of the hysteresis does not
change. Then we solve a semilinear problem with nonlinearity f(u, H (o, uo)
where ug is known apriori. Crucially, we show that the map ug — u is con-
tinuous. We conclude the section by proving the existence of solution to
problem (3.4) - (3.6) via the Schauder fixed point theorem. The compact-
ness will come from the fact that u belongs to a Holder space with a larger
exponent than the exponent for the Hoélder space to which ug belongs.

We treat uniqueness of solutions in section 7. We first use the transver-
sality assumption to prove that the integral of H(mo,u) in the transverse
direction is Lipschitz in the argument u (Lemma 7.2). We use this Lemma
to prove that two transverse solution of problem (3.7) - (3.9) coincide for a
small time (Lemma 7.4). The final result in the thesis is the uniqueness of
transverse solutions to problem (3.7) - (3.9) (Theorem 3.19).

We conclude this introduction by mentioning some possible generaliza-
tions. Firstly, these results generalize to higher dimensions with only slight



modification. Indeed the assumption that the free boundary is the graph of
a continuous function does not explicitly need that it’s domain be a subset
R. The entire argument should carry over to functions with a domain in
R"~!. Moreover, the Green function inequalities we use to prove uniqueness
remain valid with slight modification (see of Remark 7.5). To prove existence
we use an apriori L., bound, and such a technique is amenable to systems
of equations (see Theorem 14.4 [14] where there is a framework for solving
systems of equations given an apriori L., bound). Weakening the continuous
function topological assumption is the subject of future work. A possible
tool is a set-based method. These have already been successfully applied for
@ = R and hysteresis thresholds o« = 0, § = +oo [12].

The author is indebted to Pavel Gurevich for his patience and expertise.
The author would also like to acknowledge the members the dynamics group
at the Free University of Berlin, for enduring many long discussions of the
mathematical difficulties arising in the thesis. The author was supported by
the DFG project SFB 910 and the Berlin Mathematical School.



Common Notation

We will define the relevant notation and conventions as we proceed, however
here is a list of the important quantities

Q C R? is a domain with C* boundary, with coordinates & = (&1, &,).
Qr = @ x (0,T) with coordinates (&, 1).

6QT = 8@ X (O,T)

B(ey,m) := {(z,y) € R? | |z] < &g, |y| < 2} with coordinates (z,y).
I(e;) := [—¢€4,&,] with coordinates x.

I(ez)r == [—€x,€z) ¥ [0,T] with coordinates (z,t).

B(ey, mi)r = B(eg, m;) x [0, T].

a < (3 are the thresholds of the hysteresis.

no : @ — {1,2} is the initial configuration of the hysteresis.

H(no,w) is the spatially distributed hysteresis for the function u with
initial configuration 7. We will write H(ny, u)(&, t) to refer to hysteresis
on Qr and H(no, u)(z,y,t) to refer to hysteresis on B(e,, m).

¢ : Q — R is the initial data of a reaction-diffusion equation.

n(&,t) — {1,2} is the configuration of the hysteresis H (o, u)(&,t)

Q; = 1€ € Q [ ml&) = ji} for j = 1,2

Ly = {£€Q | pl€) = X}.

Tyo={6€ Q| u(e,t) = X)

51 = (€€ Q| n) = )

Y R? — R? is a composition of a translation and a rotation.

A C R? will be a set such that ¢(A) = [—e,, e.] X [—&y,&,].

AT =AX (0, T)

Nj = {(&:t) € Qr | n(no, uo)(§:1) = j}

As a general rule we will use subscripts to denote a derivative, for example
u,, means the derivative in the direction y. We will often need to consider
two functions and where possible we use the index j eg. u; with j =1,2. In
this case we will write u;,, for the derivative of u; in the direction y.

Remark 1.1. The key technical result in this thesis is the construction of
sets A; C @ which cover points where p(§) = a and ¢(&) € 0Q);. These will
have corresponding maps 1); such that v;(A;) = B(g%,m;). In subsection 4.1,
we will explicitly highlight the fact that we have a family indexed over i. We
will also highlight this briefly in Section 6 where, in order to prove existence
we need to describe a function in the coordinates (§,t) € Qr. However, for
the majority of sections 4 (apriori estimates) and 7 (uniqueness) we will omit
the index ¢ for convenience.



2 The Hysteresis Operator

2.1 Definitions

Let Q C R? be an open connected set with C* boundary. Fix some 7' > 0
and let Qr = Q x (0,7).
Let a, f € R with a < . Consider two continuous functions

H1 . (—00,6] — R,

Hy : o, 00) = R

(see Figure 2a) Let C.[0,T) be the space of functions [0,7") — R that are
continuous from the right. Let (, € {1,2} (an initial configuration). Let
g € C[0,T]. Define ¢ : {1,2} xC[0,T] — C,[0,T), the configuration function,
as follows.

Let X; ={t' €1[0,t] | g(t') = a or ¢g(t') = 5}. We define

1 if g(0)
C(0) =42 ifg(0)

and
¢(0) if X, =0,
(g, G)(t) =49 1 if Xy # 0 and g(max X;) = o,
2 if X; # 0 and g(max X;) = f.

For any ¢, and g define the hysteresis operator
H:{1,2} x C[0,T] — C,[0,T),

H(Co, 9)(t) = He(on) (9(2))- (2.1)

Suppose that (; and g also depend on a parameter & € (). Denote them by
(see Figure 2b)

Mo : Q - {17 2}7

u:Qr — R,

¢ : @ = R where ¢ = uj—.

Definition 2.1. ¢ and 1y are consistent if for all € € Q)

1 if p(§) < q,
() =4 2 if p(§) > B,
e{L,2} ifa<e() <p.
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(a) Scalar input. (b) Spatially distributed

Figure 2: Comparison of scalar and spatially distributed hysteresis. In the
spatially distributed case, £ is a parameter.

Suppose 1y and ¢ are consistent.

Definition 2.2. The spatial configuration function is defined by

n(no, w)(&,t) = C(no(&),u(&,-))

The spatially distributed hysteresis operator is defined by

H (o, w)(€,8) = H(mo(8), u(§,))(1)

2.2 Conditions on the Hysteresis Branches

We make the same assumptions on H; and Hs as in [5]. This is the natural
assumption when considering hysteresis as the singular limit of a slow-fast
system (one can consult [5] for further discussion in this direction). We
will need Condition 2.3 to prove uniqueness of solutions, while we only need
Condition 2.5 to prove existence of solutions.

Condition 2.3. There is a o € (0,1] such that for any U > 0 there is a
constant M = M(U) > 0 such that

M
(6 = ua)'=7 + (B = ua)

M

(ug — @)= + (ug — @)

|Hi(ur) — Hi(ug)| <

1_U|u1 - UQ‘VU’LUQ S [_U7 B)7

|Ha(u1) — Ha(ug)| <

170|U1 — ’LL2|VU1,U2 S (Oé, U]

Remark 2.4. For u > f§ we define H;(u) = H,(f) and for u < a we define
HQ(U) = HQ(O&).

10



Condition 2.5. The functions H; and Hs are locally Holder continuous with
exponent o.

Remark 2.6. Functions H; and H, satisfying Condition 2.3 are locally
Holder continuous with exponent o on (oo, 5] and [, 00) respectively.

3 Setting of the Problem

3.1 Function spaces and embedding theorems
We introduce the following function spaces.
For I > 0, noninteger (with integer part [I]) we denote by W!(Q) the space

consisting of all functions u € WIEZ](Q) with finite norm

lellwy@) = Nl o) + Z (/ dr
=l \”€

Diu(r) - D)\
|,{_5|2+p(f,[l]) df) . (31

Q

where D’ is denotes the weak derivative with respect to the multi-index j
(for more details see [11] pg.70) Let C7 denote the standard Holder space and
Wg’l(QT) the anisotropic Sobolev space i.e. the space consisting of functions
with weak derivatives D} Diu where 2r + s < 2. The space W' (Qr) is
endowed with the norm

lullwziign = D IDiDgullL,@r)-

2r4+s<2

When a function also depends on a time variable ¢t we will use C*° to indicate
that it is continuously differentiable in space and continuous in time. We will
make use of the following embedding theorems.

_2
Lemma 3.1. Let p € VVp2 "Q),0<vy<1- %, then for j = 1,2 one has

@, ¢, € C7(Q) and

Iellenia + 3 e llen@) < ellellyz-2ing,. (3.2)
j=1,2

where ¢ = ¢(p, )
Proof. See [15] section 4.6.1 O

11



Lemma 3.2. If u € W2 (Qr) withp > 4, 0 < vy < 1 —% then u,ue, €
C'(Qr) and

lullevgr + D Mg llovgr) < cllullywza gy (3.3)
j=1,2

where ¢ = ¢(p,v,T)
Proof. See [11], chapter 2, Lemma 3.3. ]

Condition 3.3. For the remainder of this paper fix
4
p>4dand 0 <y <1——
p

i.e. p and vy satisfy Lemmas 3.1 and 3.2.
Let 0Qr = 0Q x (0,T)
Lemma 3.4. Let u € W2 (Qr). Then ul— € Wg_%(Q) and

||u|t:0HW5—2/p(Q) < CHU||W§'1(QT)'

Moreover, for j = 1,2 the trace of the weak spatial derivative ug,|aq, is well
11 1

defined and belongs to I/Vp1 P2 (9Q7). Also

HU&] |8QT ||W;—1/P71/2—1/2P(QT) S CHU“WEJ(QT),

Where in both cases ¢ does not depend on u but does depend on p and
in the later case also on 7.

Proof. See [11], chapter 2, lemma 3.4. ]

2_2
The subspace of W, *(Q) consisting of functions with the zero Neumann

boundary conditions is a well defined subspace of Wﬁ 7(Q). We will denote
it by W and equip it with the norm (3.1) (see [15] 4.3.3 and 4.4.1).

3.2 Transverse Initial Data
Given ¢ and 79, define the sets
Q;=1{£€Q|n(§) =y} for j=1,2.

Iy ={£eQ]e) =X}
For a Lebesgue measurable subset Q' C @ let mes(Q’) denote its Lebesgue
measure. Let int(Q)’) denotes its topological interior.

12



Definition 3.5. We say the function o is transverse with respect to ng if

(1) Q1 and Qo are measurable, 0Q1 C Q, Q2 = 0Q,UIQ and mes(0Q1) =
0

(2) (€) < B for € € inl(Qy)

(3) ©(&) > a for € € int(Q2) U OQ

(4) TgNoQy =0 and if £ € T, N OQ, then there is a neighbourhood A of
¢ and a map ¢ such that (see Figure 3)

(i) ¥ is a composition of a translation and a rotation and

¢<A> = [_5$75$] X [_5y78y] ,@Z)(f) = (070>

(ii) There is a continuous function b : [—&,,¢,] — [—&,,&,] such that
the configuration function ng o~ in (A) (which we denote by
mo(x,y)) is given by

1 if —e, <y <b(x)
UO(x’y)_{z ifb(z) <y <e,

(iii) (¢ 017"),(0,0) >0

Yy

S
(A

(o) o>a
N e L
Ly . :/‘ . :

Q1 Y <o
(a) Coordinates & € @ (b) Coordinates (z,y) of ¥(A).

Figure 3: Local coordinates in a neighbourhood of a point £ € I', N 0Q);.

Remark 3.6. We can formulate part (4) of Definition 3.5 for points £ €
I's N 0@y, by interchanging configurations 1 and 2 in item (ii). Under this
modification, all the results presented in this thesis are still valid for initial
data where I's N 0Q1 # (), however for clarity of presentation, we will restrict
our notion of transverse to initial data satisfying I's N 0Q; = 0.

13



Remark 3.7. In the coordinates (z,y) of A, we will permit the slight abuse
of notation by writing (x,y) € Q; (for j = 1,2) instead of ¥} (z,y) € Q;.

Condition 3.8. ¢ is transverse with respect to 1.

Definition 3.9. We say that u € C'(Qr) is transverse with respect to
n(&,t) if for every t € [0,T], u(-,t) is transverse with respect to n(-,t).

We conclude this subsection with some remarks about the ways in which
the transverse assumption can fail. Solid lines denote the free boundaries
and dashed lines denote level sets.

Remark 3.10. Suppose that £ € T', N 0Q; and that Vip(£) = 0. Numerics
of a discetized version (3.4) - (3.6) with hysteresis branches Hy, Hy equal
to constants, exhibits a pattern whereby certain points in the spatial dis-
cretization switch configuration and others do not. The ratio of switched to
not-switched points depends on the ratio H;\ Hs but does not depend on the
size of the discretization. This suggests that the problem is not well posed
if one only allows the hysteresis output to take values H; and H,. Further
discussion in this direction is beyond the scope of this paper.

Remark 3.11. Suppose that V(&) # 0 and that the height ¢, of A is small.
Then the separation of regions 7(t) = 1 and n(t) = 2 can go to zero as t — t;
and hence the topology of ¢1(t1), ¢(t1) can be significantly different from the
topology of @1 and Q5. See Figure 4. Moreover this can still be considered
transverse since the measure of the separation is now zero. This highlights
that the theorems in this thesis are indeed local. We do not make claims
about the behaviour of solutions as our existence time goes to zero.

(a)t=0 | .(b)t1>0:

Figure 4: Two portions of the free boundary that are initially separated but
touch at time ¢;.

14



Remark 3.12. Consider Figure 5. Suppose that ¢ (§) > 0 and that the
level set is the graph of a continuous function (in fact C! by the implicit
function theorem) with domain &. Suppose the free boundary is the graph
of a piecewise differentiable function with a cusp at the point ¢ and with
domain & .

&2

Figure 5: A point where the free boundary and level set are graphs relative
to different choices of coordinates.

Then under a small perturbation of ¢, it is possible for the level set to
touch points on the left hand side of the cusp. Since the cusp point has
measure zero, suppose one tacitly ignores this point and attempts to draw
boxes A; at all other points where the perturbation hits the right side of cusp.
We require that the boxes are small enough so that the free boundary is still
the graph of a continuous function i.e. the boxes cannot include points on
the left side of the cusp (see Figure 6)

We will see later that we stipulate that the free boundary is never per-
turbed out of a box A;, however the widths of the boxes in Figure 6 approach
zero as one approaches the cusp, so we cannot solve in this case. This ex-
ample highlights that even though both the boundary and the level set are
graphs of continuous functions, it is necessary that they be graphs relative
to the same choice of coordinates.

3.3 Main Results

Let u : Qr — R. We will consider the existence of solutions to the following
problem

Uy — Au = f(u,%(?’]o,U)),

uli—o = ¢, (3.5)
gul (3.6)
Ov 90z o '

15
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Ry

Figure 6: An attempt to cover the set I', N 0@ near a cusp point. Note that
the width of A, is smaller than the width of A; and that one can expect the
widths of the sets A; to approach zero as one approaches the cusp.

Definition 3.13. A solution to (3.4) - (3.6) is a function u € W>*(Qr) such
that H(no, w) is measureable, (3.4) is satisfied in L,(Qr) and u satisfies (3.5)
and (3.6) in terms of traces.

Condition 3.14. (Lipschitz continuity)
For any bounded set Q C R?, there is an L() such that

| f(ur,v1) = flug, v2)| < L(|ur — ug| + o1 —v2|)  V(ur,v1), (uz,v2) €

Condition 3.15. (Dissipative)
There is a Uy such that for allU > Uy, |u| < U and j =1,2

f(U, Hj(u)) <0, f(=U, H;(u)) > 0.

Remark 3.16. The simplest example of hysteresis branches and nonlinear-
ity f satisfying these conditions is f(u, H(no,u)) = —eu + H(no,u) with
hysteresis branches Hy(u) = hy and H;(u) = hy, where hy, hy are arbitrary
real numbers. In [7] it was shown that one can take ¢ = 0 if h; > 0 and
ho < 0. We conjecture, but do not prove, that the same assertion is valid in
a multidimensional domain.
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We will also consider the uniqueness of solutions to the following problem

up — Au = H(no, u), (3.7)

uli=o = ¢, (3.8)
ou

5, =0 (3.9)

A definition of a solution to (3.7) - (3.9) is analogous to Definition 3.13.

Remark 3.17. If one assumes the hysteresis branches satisfy Condition 2.3
and that f satisfies Condition 3.14, then problem (3.4) -(3.6) can be reduced
to problem (3.7) - (3.9). Indeed by defining the hysteresis branches as Fj(u) =
f(u, Hj(u)) one can see that F; also satisfy Condition 2.3. In detail, let U > 0,
and choose M’ such that

(B—u)""7 4+ (B—u2)'"7 < M Vuy,us € (U, p,
then

|f(ur, Hi(w)) — fuz, Hi(u2))| < ur — ua| + [Hi(u1) — Hi(uz)]

Mluy — us
(B —u)'=+ (B —ug)' ™

(M 4+ M")|uy — s
T (B-uw) T+ (B —u)
Theorem 3.18. (Local Existence)
If Conditions 2.5, 3.14 and 3.15 are satisfied, then there is a T > 0 such

that

(1) There is at least one solution of (3.4) - (3.6) on Qr.
(2) Any solution of (3.4) - (3.6) is transverse on Qr.

Theorem 3.19. (Uniqueness)
Assume that Condition 2.3 holds and let uy, us be two transverse solutions
on Qr. Then uy = uy on Qr.

Remark 3.20. In particular Remark 3.17 implies that if Condition 2.3 holds
then there exists a unique solution to (3.4) - (3.6).

< |uy —ug| +

4 Local apriori Estimates

4.1 Localization

Before proceeding we introduce the notation

2
Blea,m) = {(x,9) € R* | 2] < eu, lyl < —}.

17



I(ey) == [—€u, €2

Definition 4.1. Let m be a positive integer. We say the pair (¢,m0) € En,
if there is a collection (indexed overi =1,---  d where d does not depend on
m) of sets A;, maps ;, numbers e; > 0 and numbers m; > 0 satisfying
(1) m; <m and for each i, o — B| > 1
(2) Q1 and Qo are measurable, 0Q); C Q,ZGQQ = 00Q1N0Q and mes(0Q1) =
0.
(3) 9(§) < B — 2 on Q1 and p(&) > a + 2z on (Q2UAQ)\ UL, A;
(4) The maps v; satisfy the following (where we write @' = @ oh; ')
(i) {int(A;)}L, is an open cover of T, N OQ;.
(i) FEach 1; is a composition of a translation and a rotation and
Vi(Ai) = B(el, mi)

(i1i) There is a continuous function b [—€x,€2] — [—m%_, m%] such that
16 =10 0 ;" is given by

z( )_ 1 Zf_mlS Sl—)()
BEVZN g F @) <y 2

(iv) If '(z,y) € [a — mi?,a%— #] then @ (z,y) > mi (see Figure 7)
(v) Yo € I(e}) there exists a unique a'(x) € [—-—,-~] such that
¢z, a'(x)) = a and a'(z) < ' (x).
(5) H@DHWZJ%?/P(Q) =m

Remark 4.2. In Definition 4.1, note that if T'5NJQ; # 0 then we would have
to formulate sets A; with the roles of configurations 1, 2 and the thresholds
a, f reversed. In this case we would also need ¢(§) < f—-1 on Q1\ UL, UA;.

Before proving the next Lemma, we make some remarks about Definition
4.1. The general principle underlying the definition is that hysteresis should
not change outside of the sets A; and within A; the only way hysteresis can
change is when an input takes on the threshold value «.

e Part (2) encodes the fact that hysteresis cannot change outside of A;.

e The condition |a— /3| > ﬁ ensures that under a small perturbation of

, it is not possible for point where 79(x,y) = 1 to reach the threshold
[ and thus switch to configuration 2.
e mes(Q);) = 0 will allow to decompose an integral over () in the following

way.
/Q 9(¢) = /Q G /Q RIS / EGE
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Figure 7: A cross section of interval [—2-, 2] for a fixed z € [—¢’,€l].

This will be critical when we want to obtain L, estimates on the entire
domain Q).

e The assumption ¢,(z,y) > mi when ¢(z,y) € [0 — 25,00 + 5] is
the most important technical assumption of the thesis. Tt will pllay a
key role in all Lemma 4.6 which forms the groundwork for the apriori
estimates we obtain in this section. It will also be crucial in proving
uniqueness of solutions, specifically in Lemma 7.2.

Lemma 4.3. If (p,n) satisfies Condition 3.8, then there exists an m such
that (p,m0) € Ey,. Conversely, if (o,m0) € Ey, then (w,m0) is transverse.

Proof. Let ¢ be transverse with respect to 19. To begin with, we address
part (4) of Definition 4.1. Let § € I', N9Q;. In what follows we will consider
the quantities ¢ and b from part (4) of Definition 3.5, however, in order to

construct the functions ¢; and b it will be necessary to decrease the side
lengths of the set A = [—¢,,¢e,] x [~¢,,¢,]. When we replace €, by a smaller

quantity 0 < ml < gy, b'(x) will be given by the rule (See Figure 8)

' m% if b(x) > m%,
b(z)=1q blzx) if —2 <blx)<Z, (4.1)
—Z ifb(r) < =2



This procedure constructs functions a ¢; and b at every point £ € I', N 0Q,
that satisfy items (ii) and (iii) of part (4) of Definition 4.1. It remains to
construct the function a’ and to correctly choose m; and &°.

____________ ygy

T, ;

S0 f e

L . :/a . Co
Q1 v <o

Figure 8: A point £ € ', N 0Q; before and after reducing the side lengths
of Y(A).

Continuing the proof pertaining to part (4), let £ € I', N 0@ and let
g, gz,l_)z, Y; be defined as in part (4) of Definition 3.5, where i is treated as
an index. Recall that v;(§) = (0,0) and & (0,0) > 0.

First we will specify the number m; which determines the height of A;.
Because ¢, (0,0) > 0 there is an m; such that ¢(0,0) > m% Increase m; if
necessary so that @Z(O,y) > mi for |y| < ml < 5iy. If necessary increase m;
again so that |a — 8] > 5.

Now that m; is speciﬁeé, we decrease €'. First observe that ¢(0,0) > 0 so
the implicit function theorem implies that there is a neighbourhood of (0, 0)
and a unique function C"! function a’ such that ¢(z,a’(x)) = . In particular
we can choose €’ small enough so that a' € C*(I(%)). Since a’(0) = 0 and
a' is continuous, we can further decrease ¢! so that a’(z) € [-X, X]. That

m;? my;

a'(z) < F(x) follows from part (3) of Definition 3.5 and the observation that

y > I_)Z(x) implies that (z,y) € intQ,. Since ¢} (0,y) > - we can further

decrease ¢/, until ¢} (z,y) > - in B(e},m;) which is sufficient for item (iv).
Thus for every £ € T'wNAQ1, we have constructed an A; and a b satisfying
part (4).
This construction also has the property that £ € int(A4;) so we can take a
a finite subcover (indexed i = 1,--- ,d) of the compact set ', N 0Q; by sets
A;. Note that there is clearly an m such that m > m; fort=1,--- ,d.
Using item (2) of Definition 3.5 and the observation that I'; N 0Q; = 0,
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we know that there exists an m such that p(§) < 5 — # on @Q;. Moreover
for £ € int{@Q2} U IQ, ¢(§) > « (part (iii) of Definition 3.5). This means
that the only possibility for ¢(£) = a with £ € Q2 U 0Q), is if a € T, N 0Q;.
But the A; cover ', N 9Q. Hence there is an m such that ¢(£) > a+ -5 on
(Q2U0Q)\ UL, A;. Finally, we know that there is an m large enough so that
H(p”wgﬁ/p@) < m, while part (2) of Definition 4.1 is identical to part (1) of

Definition 3.5. Therefore it is possible to choose m such that (¢, n9) € Ey,.

Figure 9: Constructing a neighbourhood around (z’,y’) that is contained in
the original ¢ (A).

For the converse suppose that (¢,79) € E,, and note that we have just
observed the equivalence of part (2) of Definition 4.1 and part (1) of Definition
3.9.

For part (2) of Definition 3.5 observe that (&) < S——5 on Q; s0 p(£) < 3
on int(Qy).

For part (3), observe that ¢(§) > a4+ =5 on (Q2 UdQ)\ UL, A;, so in
particular ¢(£) > a on 0Q. If £ € A;, with 1;(£) = (z,y) then £ € int(Q2) if
and only if y > b'(z), so part (3) follows from the assumption that b'(z) >
a'(z).

If ¢ € T, NOQ; then there is an i such that £ € int(A;) with () =
(«',y"). Moreover goZ(x’,y’) > m% > 0. Choose a neighbourhood (z',y")
B(gy,m’)
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C B(g%,m;) (see Figure 9)

Let 0; = Ty, o 1; where T,/ the translation (z/,y) — (x —2',y — v/').
Note that 6;(§) = (0,0). Let Bzm,7y,)(x) = b (x4 2') — ¢/ and restrict l_)zm,7y,)
to the box B(e,, m') via the procedure specified in equation (4.1).

Then the set 0; ' (B(e,, m')) and the functions #; and l_);,,y, satisfy part
(4) of Definition 3.5 O

Remark 4.4. In what follows, we will consistently make reference to the
behaviour of solutions in a box B(g%, m;), for somei = 1,- -+ , d corresponding
to a pair (p,m0) € En,. As a means of notational convenience, rather than
repeating the definitions of ¢, b, m; etc. we will simply say (¢,71) € Epn
and invite the reader to revisit the definition.

Remark 4.5. In what follows we will be concerned with estimates for func-
tions defined on the sets A;. In later sections, the value of m; will be critical,
therefore we will continue to write B(gi,m;). However for functions we will
omit the ¢ and write (using ¢ as an example) p(z,y) instead of ' i.e. we
will use the coordinates (z,y) to indicate that we are making estimates on a

set ;i (A;).

4.2 Spatial apriori estimates

Lemma 4.6. Let j = 1,2, wj,w;,, € C(B(e,m;)). Let (p,m0) € Ep and
suppose that

1
leoj = ellomemy + Wiy = Pyllememn < - (4.2)
m;
Then
1) For each x € [—€',€!] the equation w;(x,y) = o has exactly one root.
( o1 €x q i@,y y

(2) If wj(z,y) =« let y = a;(z), then

a1 — azllcrei)) < 2mallwr — walleBe m))-

(3) ai(@) € [- i, 5] € (-2, 2).

Proof. We begin by making an observation about ¢(x,y) when y € [a(z) —
m%, a(z) + m%] Suppose a(z) <y < a(z) + m% and p(z,y) < (y — oz)m% + a.
Then p(x,y) < a+ # which means ¢, (z,y) > mL But then the mean value
theorem implies that

1 1

(v — a(w))E < p(x,y) — oz, a(x)) < (y — a(m))ﬁ'
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This contradiction proves that ¢(z,y) > (y — a(z)) - = + o when y €
la(z), a(z) + -] and one can similarly show that ¢(z,y) < (a(z)—y) -+ +a
when y € [a(x) — m%_, a(x)]. In particular we have

1 1
ora(a) = ) €~ 0
o(z,a(x) + ! )>L—|—a
’ 4ml - 4m
By the intermediate value theorem w;(z,y) = «a has a root a;(x) € [a(x) —
%mi, a(m)%—%mi]. Moreover wj.,(x,y) > %— Tz > 5, Since the y-derivative

must be strictly positive at any such a;(z), a;(x) must be unique. This proves
part (1) of the Lemma, while combining these observations with the fact that
o(z,a(z)) € [-, —] (Definition 4.1, part (4), item (v)) implies part (3) of
the Lemma. Z

For part (2) we fix some x € [—¢',&’].

Case: wj(z,aj(xr)) = a for j = 1,2. Without loss of generality as-
sume that ai(x) < ag(z). Let y € [ai(x), az(x)]. We have just shown that
Wiy, y) > ﬁ By the mean value theorem

la1(z) — az(x)| < 2myilwi(z, a1 (7)) — wi(w, as())|
= 2m;|wa(z, az(x)) — wi(z, az(x))|
< 2myl|wr — walle(Beym))- (4.3)

Case: al(x) = ay(x) = —= is trivial. In (4.3) take the supremum over all

T € [—¢ This gives part 2. of the lemma (note that due to the implicit

CE7 IE]

function theorem, the a; are continuous)

O
4.3 Temporal apriori estimates
Before proceeding we introduce the notation I(g%)r := [—¢’,e!] x [0, 7] and

B(E—:i,mi)T = B(eé,mz) X [O,T]
Lemma 4.7. Let (¢,n9) € Ep,. Consider u : B(e',,m;)r — R. Assume that
u e CY(B(e, m;)r) and for each t € [0,T],

‘ ~

Hu(7 '7t) - SOHB(EQ,mi)T + Huy<'7 '7t) - @y”B(eé,ml) < (44)

W

m

If u(x,y,t) = « let y = a(x,t). Then a(x,t) is unique, a(x,t) € C(I(c)r)
and for any two uy,uy satisfying these assumptions (with a; and as defined
analogously)

@-[\')

~—

lar — azllceiyr < 2millur — uzlles e mon- (4.5)
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Proof. First note that a(x,t) is unique and well defined due to Lemma 4.6.
Let (z,,t,) — (z,t) in I(})7. Since a(zy,,t,) € [—12, 2], (see part (3) of

- 4m;? 4m;

4.6) there is a subsequence, not relabelled, and a y € [—7>, =] such that

_4_77%" am,;
a(xp,t,) — y. Since u is continuous in Qr and (z,, a(x,,t,),t,) — (z,9,1),

WX, a(zy, tn), t,) = u(z, y, 1),

w(zp, a(x,, t,), t,) = a = u(z,y,t) = a.

Since a(z,t) is unique one has y = a(z,t). One can always construct such a
subsequence such that a(x,,t,) — a(x,t) therefore a is continuous in I(£%)r.

For estimate (4.5), note that I(¢%)r is compact so there is an (z,t) €
I(g")7 such that

lar — asllc(rei)yy = lai(z,t) — ag(z,t)|.

This choice of (z,t) also implies that

a1 (z,t) — ag(x,t)| = [Jar(-, 1) — az(-, ) |lce))-

By part (2) of Lemma 4.6,

a1 () — aa(, Doy < 2millui(c, - 1) — ua(s, - OllesE m)-

But we also have that

i (s 5 t) = w2, OllomEm) < llu = vallee m) -
Tying these inequalities together gives (4.5). O
Lemma 4.8. Let a € C(I(el)r) and define

b(z,t) = max a(z, s). (4.6)

s€[0,t]

Then
(1) b e C(I(ey)r) .
(2) If a; € C(I(eX)r) with b; defined analogously, then

161 = ballc(rei)ry < llar — azllere)y)-

Proof. Let us prove item (1): Let (x,,t,) — (x,t). Then there exists a
sequence 6, > 0 with §, — 0 such that ¢, € [0, + 0,,] By definition, there
exists s, € [0,t + d,] such that b(z,,t,) = a(z,,s,) Choose a convergent
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subsequence, not relabelled, such that s, — s with s € [0,¢]. Let 5(x,t) =
a(z,s"), with s’ € [0,t]. Since a is continuous

a(xy,, ) — a(x,s)

a(z,,s) — a(z,s)

Since a(z, s') = b(z,t), we have that a(z, s') > a(z,s). We claim in fact that
a(x,s) = a(x,s’). If this were the case then we would have

lim b, t,) = b(x,t)

n—oo
Hence, assume for contradiction that a(z,s) < a(x,s’). Then for sufficiently
large n, a(x,,s,) < a(x,s’). But since a(z,,s’) — a(x,s’), for sufficiently
large n, a(zy, 5,) < a(t,,s'). But this would mean b(z,,t,) < a(z,, ') which
in turn means s’ > t, for all n and thus s’ = ¢ Now note that a(z,,s,) =
b(zn, t,) implies that

a(xp, Sn) = a(Tp, ty).

Taking the limit on both sides a(z, s) > a(x,t) = a(z, s'); a contradiction.

| t

Figure 10: The maximum of |ay(t) — as(t)| occurs at a time bigger than or
equal to the maximum of |by(t) — ba(t)|.

For part (2) we will prove the claim that for every x € I(e%),

||’~?1(17» ) = 52(% ')||C[0,T] < lay(z, ) — as(z, ')||C[0,T}

The result follows by taking the supremum over all z € I(g).
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Since z is fixed, we temporarily adopt the notation a;(¢) with a; € C[0, T
and b;(t) = maxefo, ¢;(s) where j = 1,2. We need to prove

||51 — B2||C[0,T] < |lar — asl|cpo. (4.7)

Asa special case of part 1 where the dependence on x is trivial, observe that
|Bl( t)—bo(t)] € C[0,T7], so there exists a minimum value ¢, € [0, 7] such that
161 — boll o = ]bl (t1) — bg(tl)\ (see Figure 10). Without loss of generality
assume that Hb1 —b2||0[0 T = b1 (tl) Eg(tl) We claim that l~)1 (tl) = al(tl). If
not, then ¢; # 0 and there exists a t; such that 0 < ¢, < t; and a;(t) = by (t1).

It’s clear that Bl(tQ) = ay(tz), otherwise a;(ty) > El(tl) Since b, is non-
decreasing one obtains the inequality bi(t1) — ba(ty) < by(ta) — ba(ty). This
implies that ||b; — bg”c[o T = by (t2) = by (t2) which contradicts the minimality
of t;. Now using that as(t;) < ba(t;) we obtain

Bl(tl) — Bz(tl) S al(tl) — a2(t1).
By the choice of ¢; we obtain (4.7). O

Lemma 4.9. Let b € C(I(c.)r) be monotone increasing and b € C(I(€)).
Then the function b(x,t) = max{b(x,t),b(x)} is continuous and if by, by are
also continuous monotone increasing with by, by defined analogously,

161 = D2lle(rei)) < 11 — B2"|C(1(5§c)T) (4.8)

Proof. For continuity observe that given (x,t) € I(¢%)r and € > 0 one can
choose 0 > 0 such ||(z,t) — (2/,t")|| < ¢ implies that

max{?(m’,t’),l_a(x’)} > max{b(z,t) — &,b(x) — e} > bz, t) — ¢,
max{b(z,t'),b(z")} < max{b(z,t) +¢e,b(x) +e} <b

~ For (4.8) consider a fixed x € [—¢
ba(x,t), then

If, for instance by (z,t) < b(z) <

I’ I‘}

bo(z, ) — by (x,t) = bo(x, ) — b(x) < bo(z, 1) — by (. 1).

The other cases can be checked similarly. Taking the supremum over all
(z,t) € I(€\)r gives (4.8).
O
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4.4 L, apriori estimates

Remark 4.10. Let the initial configuration of the hysteresis (i.e. the func-
tion b) be given by item (iii), part (4) of Definition 4.1. Let u and a be
defined as in Lemma 4.7, b as in Lemma 4.8 and b as in Lemma 4.9. Then
b(z,0) < b(z) and the configuration of the hysteresis 7(no, u)(z,y,t) on the

set B(g%, m;)r is given by

1 if — 2 <y <b(a ),
77(”07“)(%(%” = { 92 if b(xmtz> <y< 2 (4'9)

and the output of the hysteresis is given by

H(UO,U>($,y>t) = { HQ(U(I‘,y,t)) if b({L‘,t) <y < mll (410)

In this case, the function b(z,t) is playing the role of a free boundary.

Lemma 4.11. For j = 1,2, consider functions u; : B(e,,m;)7 — R and
Suppose that ||u;|lc(s(ei m)r) < U. Then

HH(UOa Ul) - H(7707u2)’|2£p(3(536,mi)ﬂ < CT(Hu1 - UZHC(B(s;,mi)T)

i (4.11)
+ [Jur — w2l

Eiﬁmi)T))'
where C' = C(U,p,o,m;, &) > 0 but C does not depend on u.

Proof. Let b be defined as in item (iii), part (4) of Definition 4.1, u and a be
defined as in Lemmas 4.7, b as in Lemma 4.8 and b as in Lemma 4.9. As an
intermediate step we will prove

HH(UOa Ul) - H<7707u2)Hip(B(ggc’mi)T) < Olg;T(Hbl - bQHC(I(Eé)T) (4 12)

+ [Juy — U2||Z'IZB(53,m¢)T))’

where C; depends on U,p and o.
Consider

T efc mll
/ / | / Moy 1) — H(110, w)|P (9, £) dy dx . (4.13)
0 —&l _"%‘

Fix a value of z and ¢ and assume that by(x,t) < by(x,t). Then the inner
integral in (4.13) is (omitting the arguments of the integral for convenience)
equal to
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bl(w,t) bg(x,t)
[, ) = Bl dy+ [ Haw) - i) dy
——= b1 (z,
m o) (4.14)

2

- / " |Ha(ur) — Ha(us)[” dy.
bz(z,t)

Recalling that H; and Hy are locally Holder continuous with exponent o (see

Remark 2.6) one has

bl(:v,t)
[, ) = i) < Cullus = w2l

my

Observe that C; = C1(U, p,0) and that one has the analogous estimate for
bo(x,t) <y < ml Next, we make the estimate

bz(:c,t)
/ | Ha(u1) — Hi(u2)[” dy < 2°[|by = ballcesyr) ﬁgg{!m(v)\, | Ha(v)[}P
b U=

1(1‘,t)

Integrating over x € [—¢%,e’] and ¢ € [0, 7] gives the result.
Now combining Lemmas 4.7, 4.8, 4.8 and 4.9,

HH(nOaul) 7_[(7707/“2)” B(gi,m;)7)
)

< G T(1by = balleer ) + Hu1 sl et miye)
S Cpf;T(”bl — bg”o([ (ei)7) + ||U1 u2||g]EB(a;,mi)T)) (415)
< CieyT([lar — azlleqenn) + 1w = u2llGip e mop
< 2CIEmel<||u1 - U2HC B(ei,mi)7) T llur — U2HZ~IEB(5§T,W)T))
Take C' = 2C1&\m,;. O

5 Auxiliary Results

5.1 Linear parabolic equations in Wg’l(QT)

Let Ty > T
Theorem 5.1. Let F' € L,(Qr) and p € W. Consider the equation
— Au = F(¢,1), (5.1)
uli=o = ¢,
dul (5.3)
N |50,
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Then (5.1) - (5.3) has a unique solution u € W (Q7) that satisfies (5.1) in
L,(Qr) and (5.2) and (5.3) in terms of traces. It also satisfies the following
estimates:

lullorv@m + Y lue lev@r < el Fllz,@n + lellyz-2migy),  (5:4)
7j=1,2
lullwz1qry < Ul Lp@r) + lllyz-2rmg))- (5.5)

where ¢y, ¢ depend on p, v and Ty but not on wu.

Remark 5.2. Though (5.4) can be thought of as a consequence of (5.5) (due
to Lemma (3.2)), we highlight that (5.4) and the corresponding constant ¢
will play a central role in section 6 and 7.

Proof of Theorem 5.1. One can consult [11] for the proof of the theorem,
however only inequality (5.5) is proved therein and moreover the constant
¢ depends on 7' in their formulation. We will not prove the existence and
uniqueness of solutions here, but we will prove inequality (5.4) and that both
the constants ¢; and ¢ in (5.4) and (5.5) can be chosen to depend on Tj only.

Indeed let F' € L,(Qr) and define Fyy by

_J Rt 0<t<T
F‘)(g’t)_{o T<t<T,

Let ug be the solution of (5.1) - (5.3) with nonlinearity Fy. Then

lellwz1 o < luollwzrgry < c(To)(IFollzy@r + ¥l o

P
(To)IF y@m + 9]_s s
» 1 (Q)

2
p

)
)

Il
s

s

Hence we can take ¢(Tp). If we denote the constant from Lemma (3.2) as
d(T) then we can write

(T)HUHWZ?J(QT)

<c
< D) AT F |, + , 2
< (T)e(To) (1 F llwzr gq) IISOIIWP g(Q))

HuHCW(@) + Zj:1,2 H%Hm(@)

Now one can repeat the same procedure for the constant ¢(7T")c(Tp) to obtain
the constant c¢;(71p). O

We will call solutions to (5.1) - (5.3) strong solutions.
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5.2 Semilinear Parabolic Equations in L. (Q7)

Consider the equation

u — Au = fo(u, &, t), (5.6)
uli=0 = ¢, (5.7)

ou

3 o =0. (5.8)

Definition 5.3. We say that u is an E p-mild solution of (5.6) - (5.8) for
initial data ¢ € Lo(Q) on the interval [0,T), if u is a measureable function
on Qr and satisfies

(1) u(-,t) € Loo(Q) for a.e. t €10,T),

(2) supseio 0l 9wy < o0 Vit € (0.7),

(3) U(-,t) = P@)QO + f(f P(t - S)(fO(“('? S)v E 8) ds Vt € (OvT)7
where P is a semigroup on Ly (Q) (defined in Appendiz C) and the integral
is an absolutely convergent Bochner integral in Lo (Q)

Lemma 5.4. Suppose that for every bounded set Q@ C R x @ x [0,00) the
function fo(u,xz,t) satisfies the following:
(1) ol €,0)] < L(Q) Y, 1,1) € Q
(2) |f0(u17 gat) - f0<u2a gat)’ < L(Q)‘ul - ’LL2| V(Ul,f,t), <u2a gat) € Qa
(3) For every fized u € R, the function fy(u,&,t) is measurable in Qr.
Then for each initial function ¢ € Loo(Q), there exists a T € (0, 00] such
that (5.6) - (5.8) has a unique Es r mild solution on the interval [0,T).

Definition 5.5. We say that Ty € (0,00) is a mazimal existence time for
the initial data ¢ if problem (5.6) - (5.8) has an E 1, -mild solution on the
interval [0,T1) but for any T" > Ty, there is no Eor -mild solution on the
interval [0,T").

Lemma 5.6. Assume that ¢ € Lo (Q) and the conditions of Lemma 5.4 are
satisfied. Then there is a mazimal existence time Ty € (0,00] and problem
(5.6) - (5.8) has a unique Eo 1, -mild solution on the interval [0,Ty). If Ty is
finite then

i (0 . ) = o0
Proof. The proofs of Lemmas 5.4 and 5.6 are formulated as Theorem 1,
pg.111 in [13]. O

Lemma 5.7. Let fy satisfy the assumptions of Lemma 5.4 and u be the
Eo r-mild solution of (5.6) - (5.8). Then F(&,t) = fo(u,&,t) € Ly(Qr) and
u coincides with the strong solution of (5.1) -(5.3).
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Proof. Since u € Loo(Q7r), the set (u,&,t) C R x Qr and so by part (1),
| fo(u, &, )] is bounded and hence F(zi,t) = fo(u,&,t) € L,(Qr). Therefore
there is a solution ' of (5.1) - (5.3) and one can show that u = u’, however
the proof is beyond the scope of this thesis. O

Lemma 5.8. Assume that u satisfies (5.6) - (5.8) and that ¢ € W and
F(&,t) = fo(u,&,t) € L,(Qr). Further assume that there is some U > 0
such that
(1) fo(+,&,t) : R — R is continuous at the points £U uniformly with re-
spect to (§,t) € Qr i.e. for all e > 0 there is a & > 0 such that
|U —U’'| <6 implies that |fo(U,&,t) — fo(U',€,t)| < € where § can be
chosen independently of (§,t),
(2) fO(U7€7t) < 07 fO(_Uagat) >0 fO?" all (f,t) € QT;

(3) llelle@ < U-
Then HuHC(@) <U

Proof. We refer the reader to Appendix A. m

6 Existence of Solutions

Remark 6.1. In this section we will continue to write functions (using u as
an example) u(z,y,t) as shorthand for wo; ' (z,y,t). We also introduce the
notation A; 7 = A; x [0, 7]

Fix some Ty > 0. Consider (¢,7m) € E, and the quantity U, from
Condition 3.15. Choose U so that

then define V' = max, <y {|H1(u)|, |[H2(u)|} and

hSA

To
Jon = (/0 max | f(u,v)Pd¢ dt) . (6.2)

Q luI<U vV
Fix some A € (0,7) and let ¢, be an embedding constant
lullea@zy) < xalluller@my- (6.3)

Note that the embedding constant cy,y depends on the diameter of the do-
main, so, even though we have chosen Qr, in (6.3), the same constant is valid
for the sub-domains Q7 with T" < Tj,.
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Consider inequality (5.4). Let

¢ = axya(fom +m). (6.4)
Finally choose 7' such that
1
™<—. 6.5
Gl = A2 (6.5)

Definition 6.2. Define P)Qr) as the set of all functions u, ug; € CNQr)
(7 = 1,2) equipped with the norm

||U||PA(@) = ||U||ck(qTT) + Z ||U£j||cA(Q7)-
j=12

Lemma 6.3. P*(Qr) is a Banach space.

Proof. 1t is clear that ||| pa(g,) is a metric since C*(Qr) is, so one only needs
to show that P*(Qr) is complete. Let j = 1,2. For any Cauchy sequence in
PMQr), say {u,}, the sequence {u,,,} is also Cauchy in C*(Qr) and hence
has a limit w,,¢, — v; in C*(Qr). Similarly, u has a limit v, — v € C*(Qr).
In particular both {u,} and {ung,} converge uniformly to there respective
limits and so wg; exists and ug; = v;. We have also shown that the sequences

converge in C*(Qr), and hence u,, — u in PA(Qr). O

Definition 6.4. Define R*(Qr) € PMQr) as the set of all functions such
that

(1) |U<f,t)‘ <U V(f,t) S QT;
(2) llullexigry + 22 jo12 lug lloxgr) < c2, (where ¢y is given in (6.4))
(3) u(&,0) = (&)

Note that R*Q7) is a closed convex set.

Lemma 6.5. If ug € RNQr) then H(no,uo) is given by (4.10) on the set
A, (in (x,y) coordinates) and by

H(uo(&,1)) if € € Q\U; 4,
Homw)(6.0 = { i) TEEUA 6o

Moreover w is transverse with respect to n(ng,u) and

W t)>a if€eQ\U, A
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Proof. First we elaborate on the choice of T. Observe that for every ug €

RMQr) and (&,t) € Qr,
o (&, 1) — uo(€,0)| + Y luoe, (&, 1) — uoge, (€, 0))]

Jj=1,2

< ([luoller gz + Z HUO;QH(JA(@))tA-
j=1,2

Taking the supremum over all ¢ € @ and using Definition 6.4 and (6.5) one
obtains

luo(-, 1) = ¢lloy + Y o (1) — ¢ llog) < T
7j=1.2

1
<—. 6.8
S (6.8)

Consider in some A;, ug|a, 7 and ¢|4,. Since 1); is a composition of a trans-
lation and a rotation (see Definition 4.1, part (4), item (i)), both ug(&)|a, r
and p(&,t)|4, in the coordinates (€, t) of A; 1 can be related to the correspond-
ing functions ug(z,y,t) and ¢(z,y) in the coordinates (x,vy,t) of B(gl, m;)r
in the following way.

[uo(-s -5 8) = (5 )losEmy) < lluo- 1) = ¢()lle@):
[uozy (55 8) = @y (5 )lesem) < Z [uoe; (1) = 2¢, ()l e

In particular

1 1
Hu0<'7 K t) _90<'7 ')|’C(B(€§c,mi))+ HUO;y<', K t) _90<'7 ')yHC(B(éé},mi)) < H 4_

S[\')

Therefore, in each set A; 7, ug(x,y,t) and (x,y) satisfy the assumptions of
Lemma 4.7. By Remark 4.10, the output of the hysteresis on the set A; r is
given in the coordinates (x,y,t) by (4.10).

Moreover, using part (3) of Definition 4.1 combined with (6.8) one sees
that for (£, t) with £ € @y

1 1
Uo(fat)<5—ﬁ+m<5 (6.9)
A similar assertion holds for (Q2 U 0Q)\ U; A; and «. These two observa-

tions prove (6.6) and (6.7).
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Turning our attention to the transversality claim, we have just shown
that the hysteresis does not reach the threshold S on ()1 or a on Q2 U 0Q).
Therefore if we let ¢;(t) = {{ € Q | n(no,w)(§,t) = j}, then ¢1(¢t) C Q1 and
¢2(t) C (Q2U0Q). _

In the set A;, note that since ¢(x,y) < § — # for —m% <y < b(x), we
have that u(z,y,t) < 5 on —m%_ <y <bx). If b(z) <y < b(x,t) then there
is a time ¢ < ¢ such that u(z,y,t) = a, thus u(z,y,t) € [a — ﬁ,a + ﬁ]

and u(z,y,t) < . This proves that u(£,t) < 5 on ¢ (¢) which in turn implies
that T N g1 (t) = 0 where 'y, = {£ € Q | u(§,t) = 5}. One can argue
similarly (using the observation that u(z,y,t) > a for b(z,t) <y < =) to
show that u(&, ) > a on int(gz(t)) UQ. Thus we have shown parts (2) and
(3) of Definition 3.5.

By referring to (4.9), we see that the set of (z,y) € B(g’, m;) where
n(no,w)(z,y,t) = 1 and n(no, u)(z,y,t) = 2 are both measurable and that
the free boundary b(z, t) is of measure zero. This, plus part (1) of Definition
3.5 for 1, Q2 and OQ imply that ¢;(t), g2(t) and dq(t) also satisfy part (1)
of Definition 3.5.

It remains to consider points £ € 'y, N dgi(t). In this case, £ € int(4;)
for some i =1,--- ,d.

In the coordinates (x,y,t) on A;7 with ¢;(§) = (2/,v'), we have that
up (¢',y',t) > 0 (since p(a',y) € [a — m%g,oz + #] implies that ¢, (z,y) > -
which in turn implies that u,(2’,y’) > 0). Now using a procedure almost
identical that used in the proof of Lemma 4.3, we can translate by (z/,y’)

to construct a box around § with corresponding map 6; and free boundary
i

(/). LThis gives part (4) of Definition 3.5 and thus completes the proof.

O

Theorem 6.6 (Solutions to the semilinear problem).
Forug € RNQr), let fo(u,&,t) = flu, H(no,uo))(E,t). Then the following
holds:
(1) The semilinear problem (5.6) - (5.8) has a unique strong solution u €
W21(Qr).
(2) u e RY(Qr)
(3) Let ug, € RMNQr) be a sequence with fo, and w, defined analogously.
If ugn — ug in PNQr) , then u, — u in P7(Qr).

Proof. (1) Given ug € R*Qr) let us show that f; satisfies the assumptions
of Lemma 5.4. Let Q@ C R x Qr be a bounded set. For part (1) note
that |ug(&,t)| < U, hence H(no, uo)(€,t) is bounded. Since f is locally Lip-
schitz in both arguments (Condition 3.14), and w is bounded, fo(u,§&,t) =
f(u, H(no, uo) is also bounded. For part (2), let (u,&,t), (v,&,t) € Q then
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|f0(u7§7t) - fo(U,f,t)l = |f(U=H(7]0’U0)(§»t)_
f (v, H(no, uo) (€, 1)) (6.10)
< L(Q)|u — v

The constant L comes from the boundedness of v and v, and the local
Lipschitz continuity of f. Observe that (£,¢) only appears in the second
argument of f(-,-) i.e. we obtain an estimate that is uniform in (£,t) € Q7.

For part (3) let u be fixed and observe that the real valued function f(u, )
is measurable since it is continuous. Compositions of measurable functions
are measurable so it suffices to show that H(no, ug) : Q7 — R is measurable.
To this end define the sets

N; ={(&1) € Qr [ (0o, u0) (&, 1) = j}-

Let x C R be measurable. Consider

H(no, uo) " (x) = ((H1 0 uo) " (x) N N1) U ((Ha 0 ug) ' (x) N Na).

Hj oug and Hy o ug are continuous (hence measurable) so it remains to show
that N; and N, are measurable. We begin with N;. First note that by
Lemma 6.5,

((Qu > (0, T)\Air C Ny,

hence we need to show that NyNA; 7 is measurable. Because ' is continuous
it suffices to show Ny N A;; is measurable in the coordinates (z,y,t) i.e.

2
Ai,T N Nl = {(x,y,t) ’ _E < Yy < b(l’,t)},
is measurable. We claim in fact that since b(z,t) is continuous, this set is
closed. In detail if (x,, yn,t,) — (x,y,t) then —m% < Yn < b(zp,t,) and so
—% <y < b(z,t). For Ny we write

2
Air NNy = {(z,y,t) | b(z,t) <y < E}

It’s closure is measurable and is formed by adding the points (x,y,t) such
that y = b(z,t). However the set {(z,y,t) | vy = b(z,t)} is itself closed
because b(x,t) is continuous. Hence A;r N Ny is a measurable set modulo
a measurable set, and is thus also measurable. Thus we have obtained part
(3) of Lemma 5.4.

We can now apply Lemma 5.4. Let f be the unique E, 1,-mild solution
of (5.6) - (5.8). with maximal existence time Tj. Since the data is only
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defined up to 7', we must have T} < T. By Lemma 5.7, f is also a strong
solution of (5.1) - (5.3).

All that remains to show in part (1) is that 77 = T. Let us show the
conditions of Lemma 5.8 are satisfied for some T, < T;. Firstly recall that
we have chosen U such that U > Uy (Condition 3.15) and [|¢||o@) < U. For
part (1) observe that by (6.10), fo(-,&,t) is locally Lipschitz with Lipschitz
constant independent of (§,¢). In particular it is continuous at U € R which
gives part (1). Part (2) follows from Condition 3.15, therefore Lemma 5.8
implies that ||u||C(Q—T2) < U. In particular,

sup u(-,t)l|2..@) < U.
te(0,T1)

By Lemma 5.6, T} < T would require a blow up in the L* norm of u(-,t),
but since this is not the case we conclude that 77 = T..

(2) To show that u € RY(Qr), we begin by noting that we have just
shown item (1) of Definition 6.4. Since u is a solution to (5.1) - (5.3), item
(3) of Definition 6.4 follows from Theorem 5.1 and Lemma 3.1 i.e. at t =0
the trace is regular enough for us to say u(£,0) = ¢(§), as opposed to the
equality holding a.e.

For item (2) we use estimate (5.4) (which also implies that u € P?(Qr))
to calculate

Il + D llue

Jj=1,2

or@m < allFl L@ + el g):

<cal(fur +m), (6.11)

<enyal(fuonm +m) = co,

where we have used that ¢y, > 1 (indeed the norms of C*(Qr) and
C7(Qr) coincide on constant functions).

3. Assume for contradiction that for a sequence uy, satisfying the condi-
tions of the theorem, there is an € > 0 such that

e < lun — UHPW(QT) = [Jun — UHCW(@) + Zj:l,Q Hun;Ej - uﬁjHCW(@)
< cln ~ ullyi g,
(6.12)
By (5.5)
[tnllyy21 (g < c(fum, +m)

where ¢ is independent of {u,}. By compactness of the embedding of

Wg’l(QT) in C(Qr) we can extract a subsequence, not relabelled, that con-

verges in C(Qr).
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For w,,, u,, their difference satisfies (5.1) with F' replaced by fo,(u,, &, t)—
Jom(tm, &, t), along with the zero initial and the zero Neumann boundary
conditions. Inequalitiy (5.5) gives

||un - umHWg*l(QT) S C||f0n(un7§7 t) - me(uma §7t)||Lp(QT) (613)

Now using the local Lipschitz continuity of f (Condition 3.14) and the bound-
edness of u,,, u,, and H(no, up)

Hun - um”Wg’l(QT) SL(”Un - umHLP(QT)+

(6.14)
HH(UO; uOn) - H(Um uOm)||Lp(QT))7

Where L depends on [|H(no, uo, )| L=(@r) and [[ug, [|z~(q,) and thus only on
U.

We will treat this inequality in some detail. First note that since
ugn € RMQr), Lemma 6.5 applies. This allows us to write (omitting the
arguments of the integrals and referring to Figure 11)

/ |00y ton) — H (1o o) P deilt,

T

T
< / / |y (tt0n) — H (1) ? delt
0 Ql\Ul A;

T (6.15)
+/ / |H2(U,0n) — Hg(UQm)|p dfdt
0 JQ2\U; Ai

d
+ > 100, won) = Hlmo, wom) 15, 4, -
=1

Using Condition 2.5 and Lemma 6.5 we can estimate two of the terms in
(6.15) as follows

T
L[ )~ i) P déde < OTIQluo, = won[g, s (610
0 Ql\UiAi

T
L[ Hatuon) — Hauon)| dédt < CTIQlluon = wonlfEiays (647
0 JQ2\U; A

where C' depends on U and m (i.e. ||ug,||z=(0,) < U and by (6.9) uo, is sep-
arated from the relevant thresholds by #) Next we estimate the functions

H (1o, won) in Ly(A;) by considering them as functions H(no, uon)(z,y,t) in
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Figure 11: Boxes A; covering a section of the boundary between Q1 and Q5.

the coordinates of B(g’, m;)7. By Lemma 4.11 and the associated inequality
(4.11)

||/H(7]0’ UOn) - 7'[(770, uom)Hip(B(e;,mi) ) < CT(HUOTL - uOm||C(B(£§D,mi)T)

T

0 (6.18)
+ ||uon — UOmHCIZB(e;;,mi)T)>’

where C' depends on U and m. Combining (6.14), (6.15) (6.16), (6.17) and
(6.18) we see that {u,} is Cauchy in W>'(Qr) and therefore has a limit

which we denote by u/. Note that by Lemma 3.2, u,, — v/ in P'(Qr). By
replacing the quantities with subscript m by their respective quantities for
u' and by applying Lemmas 6.5 and 4.11 as we did above, one can see that

fﬂ(um K ) - fO(u,> E ) n LP(QT)'

Because u, converges to v’ in W>'(Qr) and satisfies (5.6) - (5.8) with
fon in place of f, this means that ' satisfies

u; - Au/ = fO(u/7£7 t>7

Ullt:() = ¥,
ou’
— =0.
MW g
But this problem has a unique solution, namely u, hence u = wu’. This

contradiction concludes the proof of part 3.
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proof of Theorem 3.18.

1. Given (¢,n9) € E,n, consider the set R)(Qr) defined in Definition 6.4.
We will show that there is a u € R*(Qr) that is a solution of (3.4) - (3.6).
We refer the reader to the beginning of this section and Theorem 6.6 for the
relevant notation. Given uy € R Q7), let u be the solution to (5.6) - (5.8)
with fo(u, &, t) = f(u, H(no,up)). By Theorem 6.6, part (2), u € R (Qr) and
so by (6.11)

lullor@m + Y el
j=1,2

<esy(lullovgm + D g lovam),
j=12
<exyai(fur +m) = co. (6.19)

Therefore u € R*Qr) and we can define a nonlinear operator
R: RNQr) = RNQr), R(u) =u.

This map is continuous by part (3) of Theorem 6.6 and the continuity of the
embedding P?(Qr) C PMQr). In part (2) of Theorem 6.6 it was shown that
R(RM Q7)) C RY(Qr). In particular R(R*(Qr)) can be treated as a bounded
subset of P?(Qr) and therefore as a precompact subset of P*(Qr). The
later observation follows from the compactness of the embedding C7(Qr) C
CMQr). Recall that RMQr) is a closed convex set, so by the Schauder fixed
point theorem, there is a function w such that R(u) = u. It is immediate
that u is a solution (3.4) - (3.6).

2. Assume that uy € W2'(Qr) is a solution of (3.4) - (3.6). In or-
der to show that wg is transverse we will show that for 7" satisfying (6.5),
uy € RMQr) and is therefore transverse by 6.5. If we let fo(u, i, t) =
f(u, H(no,up)), then by lemma 5.7, ug is also a solution to (5.6) - (5.8).
One can now proceed as in the proof of part X of Theorem 6.6 to show that
[uollo@yy < U, with the observation that the terms H (1o, uo) in (6.10) cancel

out and hence it is not necessary to assume apriori that ug € R*(Qr).
Arguing as in part 1 we see that (6.19) is valid and hence ug € R Q7).
m

7 Uniqueness of Solutions

In this section let Ty > 0 be fixed and assume Condition 2.3.
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Remark 7.1. For Lemma 7.2, we will consider a function u satisfying Lemma
4.7 and the quantities a, b in 4.8 and 4.9 respectively. We will also need to
recall the function b defining the initial configuration of the hysteresis as given
by item (iii), part (4) of Definition 4.1. In this framework the configuration
of the hysteresis 1(no, u)(z,y,t) on the set B(e m;)r is given by (4.10).

Lemma 7.2. For j = 1,2, let u; : B(el, m;)r — R satisfy the assumptions
of Lemma 4.7 and further suppose that ||uj||c(p(imy, < U . Then for all
(z,5) € I(L)r

2

7 ) 5) ~ i us) )y < Clls =l (7

my

where C' depends on m; and U but does not depend on x, s or T.

Remark 7.3. Let us comment as to why we have formulated Lemma 7.2
in addition to Lemma 4.11. In what follows we will prove that u; and us
coincide. To this end we will find a continuous function F(T') such that
F(T) — 0 and such that

lur = uslcgr) < F(D)llur — wallcgn

If there did not exist a 7" such that |luy — uzl/¢gy) = 0 then one could take
T sufficiently small so that F/(7') < 1 and so

Hu1 — UQHC(@) < HUQ - UZHC(@)’

which is clearly a contradiction. However if one only had the inequality
s = wallory < F(T) s — wall? gy

then there is no contradiction for F(7) < 1. Therefore we must improve
estimate (4.11) to the estimate (7.1). We shall see that in order to obtain
this estimate, we need more than Condition 2.5 i.e. we must use Condition
2.3.

Proof of Lemma 7.2. Let (z,s) € I(¢%)r be fixed and assume that by (z, s) <
ba(x,s). We will divide the interval [—%, ml] into several subsets. For con-
venience we will omit the arguments of the fntegrals.

Case V1 = {y | y < bi(x,s),ba(z,s)}. Then —U < u;(x,y,s) < a so by
Condition 2.3, H; is Lipschitz on Y7, thus

2

Hi(w) ~ Hi(w)ldy < [ LU — sl dy

Vi —2
< Co(U,my) |lur — ualle (et m)r)- (7.2)
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Case Yo = {y | bi(z,s) <y < ba(x,s)}

ba(z,s)
/ | Ho(ur) — Hy(ua)|? dy < Cs(U) by — balleqaiesrn.
b

1(z,s)

Arguing similarly to the proof of Lemma (4.15)

161 = balleresyr) < 2C5(U)millur — wallogset mr)-
Case Y3 = {y | y > bi(z,s),b(x,s) and (z,y) > a + —z}. Then by

(4.4), u;(z,y,s) > o+ 2;12. A similar calculation to the case Y; gives

| Ha(u1) = Ha(uz)| dy < Co(U,mi)|lur — uslloseyman-
Y3
Case Yy = {y | y > bi(x,s),ba(x, s) and p(x,y) < a4+ - }. In this case,
1 7

Ujiy(2,y,t) > 5,-, so using the mean value theorem

luj(z,y,s) —a| =u;(z,y,s) —u;(z,a5(x,s), s)

> (= ay(08)) 2 5oy~ 50)

Using Condition 2.3, this implies that

T Muy — |
|Ha(u1) — Ha(uz)| dy < / b i
Vi be) 2g; (y = b))~
o 5 1—0
(7.3) < C5<U)”u1 —UQ||C(B(s§.,mi)T)/_£ (y+ %> dy,

< Co(U,mi)|[ur — vall e ma)-

Finally, observe that the constants C; through Cs do not depend on (z, s).
]

Lemma 7.4. Let uy, ug be two transverse solutions of (3.7) - (3.9) on Q.
Then there is a T > 0 such that uy and us coincide on Qr.

Proof. Let uy,uy be two transverse solutions of (3.4) - (3.6). Letting w =
uy — ug and h = H(ng, u1) — H(no, uz) we have

wy — Aw = h, )
wli=o = 0, (7.5)
ow
— = 0. (7.6)
ov Or
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We will show that there is a decreasing continuous function F'(T") such that
F(T)>0, F(T) — 0 as T'— 0 and such that for any (k,t) € Qr

jw(r, )| < F(T)[wllogr:-

Taking sup{|w(k,t)[} gives ||w|c@rm < F(Dlwllegy) I llwllegy > 0 for
all T' > 0, taking 7' > 0 small enough so F'(T) < 1 one obtains |[w||c @7 <
|wllc@r; a contradiction. Because h € Loo(Qr), (7.4) - (7.6) has a solution
which can be represented via the Green function (see eg. [4]) in the following
way

Ch 1€ — &
|G(€ —K,s —1)| < g &P (—m) ;

w(i, £) = /0 t /Q G(E — k.5 — )h(E, 5) deds. (7.7)

First note that there is an m such that (¢,n9) € E,,. Also observe that u;
(j = 1,2) and its spatial derivatives are bounded in C”?(Qr). Now choose
T small enough so that for both u; and uy and every ¢ € [0,T7], (6.8) holds.
By arguing as in the proof of Lemma 6.5, (6.7) holds for both u; and wu,.
Therefore on Q1\ U; 4; (resp. 2\ U; A;) uy,ug are strictly removed from
the threshold 8 (resp. «) and since [|uil|o@y) and |lusll¢gy) are bounded,
Condition 2.3 implies the Lipschitz estimate

[h(€, 8)| = [Hi(ua (€, 8)) — Hi(ua(§, 5))] < Clua(E, ) — ua(€, )],

for every £ € Q\ U; A; and s € (0,7) where C is independent of s. An
analogous result holds for ()2, Hs, therefore

t G le — &)
/0 /Q\UiAi t—s P (_m> |h(&,s)| d&ds,
t Cy Hf _ “HQ B
S/O /R t—s (_M) deds [lwllo@r),

SCZ”H“’HO(@),

<CorT|wllc@r)-

(See Proposition B.1 the estimate on the integral of the Green function).
Define Fy(T) = CyonT, then Fy(T) — 0 as T'— 0. We have shown that

t c € - w2
/o /Q\UiAiEeXp (‘m) [h(&, 5)|déds < Py(T)|wllo@n.  (78)

42



Recall that v; is defined as a map R? — R?. Let k' = ¢;(k) = (K%, k),

xr My
h (:1: y,s) = h(y; '(x,y),s) and consider the following integral over the set

// t—s ( !f(t_ H))"”L(f’ s)| € ds, (7.9)
:iAL/;}/;t€zem)(_mﬁyz;£;5ym%>m4%yﬁﬂdmwd&

(7.10)

Note that rotations and translations are volume preserving so there is no
extra factor in (7.10) from changing coordinates.

By observing that we have already chosen T small enough for the as-
sumptions of Lemma 7.2 to be valid, we have that for every (z,s) € I(g})r

2
7 sy < Callulor, (7.11)
The constant Cj is independent of (x,s) € I(¢%)r but depends U and m,;.
However since ¢ is indexed over a finite set we can choose the constant Cs
independent of 7.
We now distinguish two cases. First, assume that (k!
Let 2’ =z — k! andy’:y—/{;.

(7.10) / / / i (_%) |

\h' (' + KLy + KL, s)| da’ dy' ds.

k') € B(et,m;).

(E’ y

Note that we are using - in a multi-line equation to indicate multiplication.
Now observe that

——exp | — exp | ————
f_s P At—s)) " t—s P 4t —s) )’

Ki Cl I‘
1 " ds-
(7.10) //_6 i ep( 1= ))dx ds

/mz |n' (2 + KL,y —|—/<; ,s)|dy.

therefore



Applying (7.11) and Proposition B.1 we have

(7.10)§/0t/i

01 /OO 1 ( "2 ) ,
< exp | — dx" ds ||\w|| ~7=,
_/0 (=i ) (t—s)s T\ 4t lwleqn

T

04 1

< [ St tlulegn < AT oo, (7.12)
o (t—s)2

i

x Cl 33'/2 /
co (~ gy ) & dslollem,

n;ct_

R,

(refer to B.1 in the appendix for the derivation of the inner integral). If
F5(T) := C4T2 then we have shown that

(7.9) < B(T)lwllc@n) (7.13)
Next consider the case where &' ¢ B(el,m;). Let K* = (K., K}) be the
point in B(e’,m;) closest to x'. Since

(2, y) = (K, KNP < (2 y) = (5, m)|

one has

exp (_ H(x,yi(; Eﬁ;) /‘62)H2> < oxp <_ H(x’y)él?t (_K;c) Ky)||2)

It is now possible to proceed as in the previous case with K in place of k
to obtain

(7.9) < B(D)|wllc@mn-
Combining (7.7), (7.8) and (7.13)

i) < | t [ e (-l heondeas, s

t < _M)
S/O/Q\UiAit_Sexp( 1t —s) ) IM& sl deds,

+g/0t /Ai%exp (-%) |h(, s)| d€ds, (7.15)

< (F(T) + d(F(T) [wlcgry: (7.16)
Letting F(T) = (F1(T) + dFy(T)) gives the result.
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Remark 7.5. Let us make the observation that the key step in (7.12) can
be done in higher dimensions. In effect we are factor out a (¢ — s)2 term
and then integrate over an area that has one less spatial dimension than the
original problem. Indeed, this calculation is the same as integrating a Green
function for the heat equation in R™~!, hence we have written the inequality
in Appendix B in dimension n.

proof of Theorem 3.19. Consider the set

X = {t S [07T0] ‘ U1(£7t) = u2(£7t> a‘e‘(£7t) € Qt}

We know that 0 € x so ty = sup x is well defined. Assume that t, < Tp.
Because u; and us are continuous in @7, by Lemma 3.2, we have u;(&,tg) =

U2 (5, t()) .

By assumption, u;(£, %) (j = 1,2) is transverse with respect to n(no, u;).
Therefore by Lemma 7.4 there exists a 7 > 0 such that any two solutions of
(3.4) - (3.6) with initial data u;(-,tp), initial configuration n(no, u;) coincide
on the set (). However by the semigroup property of the hysteresis operator

H(no(&), u; (€, ) (to + 1) = Hn(&, 1), u; (€, to + ) (1),

we see that ui(&,tg +t), ua(&, to +t) with ¢ € [0, 7] are solutions of (3.7) -
(3.9), therefore they coincide on [ty, ¢y + 7], a contradiction. O
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Appendix A Uniformly Bounded Solutions

Definition A.1. Let u € C(Qr) and suppose that u(&,0) < Uy for all € € Q.
We say that t € (0,T] is a Uj-attainability moment of u if there exists a
¢ € Q such that u(€,t) = Uy. We call the set of all Uy -attainability moments
the U;-attainability set, denoted by 7.

Remark A.2. If (§,,t,) is a sequence of points such that ¢, — ¢ and
u(&n,t,) = Uy, then by taking a convergent subsequence in 7 and noting
that u is continuous, it becomes clear that 7 is a closed set.

Definition A.3. We call the minimal element of T the first Up-attainability
moment.

Lemma A.4. For any t € 7 let X(u,t) = {€ € Q | u(&,t) = Uy}, Let
u, — u in C(Qr) and u(€,0),u,(£,0) < Uy, for all € € Q. Let 7, 7, denote
the Ui -attainability sets of u, u, respectively, let 7,7, # 0 and let t, be the
first Uy -attainability moment of u,. Suppose that t, — t'.

Then t' € T and for any € > 0, there exists an N € N such that for all
n > N, the set X (un,t,) lies in the € neighbourhood of X (u,t’).

Proof. We will first show that ¢’ € 7. Take §, € X(uy,t,) and form a
sequence (&,,t,) € Qr. Choose a convergent subsequence, not relabelled,
such that (&,,t,) — (£,t') in Q7. Then

|u(§,7 t,) - U1| < |u(§,7 t,) - u(&n’tnﬂ
+ [u(€n, tn) = un(Ens tn)| + [tn(én, tn) — Ul

Consider the right side of inequality (A.2). Reading from left to right, the
first term goes to zero because u is continuous, the second because u,, — u in
C(Qr) and the last term is equal to zero because (&,,t,) € X (un,t,). Thus
U(fl,t/> = Ul.

2. It remains to show that for all € > 0 there exists an N € N such that
&n € X (up,t,) implies that there is a ¢ € X (u,t’) such that ||&' — &,|| < e.
Consider a sequence of points (&,,t,) with &, € X(u,,t,). Take a conver-
gent subsequence (&,,t,) — (£',t'), then reasoning as above we conclude that
u(g',t") = Uy. If there was an € > 0 and a sequence &, € X (uy,t,) such that
inf{||&, —&|| | £ € X(u,t')} > ¢, then we have just shown that there is neces-
sarily a subsequence converging to something in X (u, t'); a contradiction. [

(A.1)

Corollary 5.8. Assume that v € W2>'(Qr) satisfies (5.6) - (5.8) with p € W
and F(£,t) = fo(u, &, t) € L,(Qr). Further assume that there is some U > 0
such that
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(1) fo(,&,t) : R — R is continuous at the points £U uniformly with
respect to (§,t) € Qr ie. for all & > 0 there is a § > 0 such that
|U — U’'| < ¢ implies that | fo(U,&,t) — fo(U', &, 1) < e, where 0 can be
chosen independently of (£, 1),

(2) fo(U,&,t) <0, fo(=U, & t) >0 for all (€,t) € Qr,

(3) llelleq <U.

Proof. Choose U; < U sufficiently close to U such that

lelle@r) < Ut

and using the continuity of fy in the first argument further assume that
f(U17€7t) < 0 and f(_U17€7t) > 0. <A2)

We will show that max; ,g- u(§,t) < Uy (the statement min cg- u(€, 1) >
—U, is proved similarly).

Let ¢, € C*(Q) and F,, € C*(Qr) be sequences of functions such that
o, = ¢ in W and F,, — F in L,(Qr). The functions F,, can be constructed
by mollifiers (c.f. appendix C, Theorem 6 of [3]).

By Theorem 5.3 in chapter 4 of [11], for each n the problem

w = Au+ F,(§,t),
uli=0 = Pn, (A.3)

ou _
v ‘BQT =0,

has a unique classical solution which we will denote by w,. By Theorem 5.1
u, = uin W2 (Qr) and thus by Lemma 3.2 also in C(Qr). Therefore it
suffices to show max o un(&,t) < Uj.

To this end, we begin by taking n sufficiently large and then relabel the
index in such a way that ¢, (&) < U; for all £ € Q and n € N. Let 7,, 7’ be
the Uj-attainability sets of u,,, u respectively.

If 7/ = or if there is a subsequence 7,, = 0 (i.e. u,(§,t) < Uy V(,t) €
Qr), then the lemma is proved. Therefore assume that 7/, 7, # ). Let t,, be
the first U;-attainability moment of u,. Choose a converging subsequence,
not relabelled, with limit ¢, — ¢’ and note by Lemma A.4 that t’ € 7'.

Because of (A.2), there is an L > 0 such that

fO(u(glat/)afﬂf) = fO(U1a£7t) < _L V(f/,t,) € X(“? t,) and <£7t) S @

Let Y. be the intersection of the e-neighbourhood of the set X (u,t") x {t'}
with Q7. Since u is continuous and fy is continuous in the first argument at
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the point U (uniformly in (§,¢)), we can choose ¢ small enough so that for
all (&,t) € Yz, u(&, t) is sufficiently close to U; to imply that

F(E,0) = folulé 1,6,1) < =

If the F), were constructed via mollifiers, then for sufficiently large n
L
F.(&t) < 5 V(1) € Y. (A.4)

By Lemma A.4, X (up,t,) x {t,} can be chosen within distance 5 of X (u,t") x
{t'} for sufficiently large n i.e. X (un,t,) x {t,} C Y. Hence

Fo(6tn) < —g VE € X (up,t,). (A.5)

However since ¢, (§) < U; and t,, was was the first U;-attainability moment
we must have for j = 1,2

2
a—“; <0 VE € X(up,tn), (A.6)

and hence by (A.4) and (A.6)

ou,,
ot

<0 V¢ € X(up,ty).

Therefore t,, is not the first U; attainability moment of u,,. This contradiction
proves that 7,, = (), which in turn proves the Lemma. O

Appendix B Green Function Inequalities

Let G be the Green function for the heat equations for a bounded domain
Q) C R™ with smooth boundary. By [4], G satisfies the estimate

b <O (ME=AIE
e =t =91 < e (<)

Proposition B.1. There is a constant C'(n) such that

|G(§ — k,t — s)|déds < C(n).
Rn
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Proof. Consider
2
<—M) drds.

=

- €x
re (t—5)2 4(t — s)
Let 7 =t — s and 2’ = £ — k. One obtains

/112
/ Qi exp (—M) dx'dr.
R 47

Convert to polar coordinates in R™ with radial direction denoted 7.

2w 2 00 2
/ / / gi exp (_r_) " tdrde™ !
T2 4t
—_——

n—1 o]
e e 2
2 0 T 2
n—1 es]
= €1 (27) P exp (—2') d?/,
2 0
Ci@2m) Tty
=3 ! (5) =0
]

Appendix C Mild solutions of semilinear
parabolic problems

Consider the following operator Ay,
0
ul o),

Do) = (e @] 3|

Ap(u) = Au.

By Lemma 1 pg.15 of [13], for 1 < p < oo, Ap has a closure in L,(Q)
(i.e. the closure of the graph of Ay in L,(()) corresponds to the graph of an

operator on L,((Q))) and generates an analytic semigroup S,(t) on L,(Q).

Moreover for 1 < p < ¢ < 00
D(A,) C D(A,), Ayu = Au Yu € D(A,),
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Sp(t)u = Sy(t)u, t€0,t) ue L, (Q) C Ly(Q). (C.1)

By Lemma 2 pg.19 of [13]

sup{[|Sp(t)ull Lo [ T € [0, TT} < C(T), [JullL=(q)

(For the operator A one can take C(T) = 1, however this may not be the
case for an elliptic operator with lower order terms).

Therefore, for u € Lo (Q) one can define P(t)u := S,(t)u which is well

defined by (Cl) Since Sp(tl -+ tg) = Sp(t1>sp(t2), P(tl —+ t2) = P(t]_)P(tQ)
i.e. P is a semigroup on L. (Q).
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